Stresses and deformations in impulse water turbines by Macduff, Iain B
 
 
 
 
 
 
 
https://theses.gla.ac.uk/ 
 
 
 
 
Theses Digitisation: 
https://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/ 
This is a digitised version of the original print thesis. 
 
 
 
 
 
 
 
 
Copyright and moral rights for this work are retained by the author 
 
A copy can be downloaded for personal non-commercial research or study, 
without prior permission or charge 
 
This work cannot be reproduced or quoted extensively from without first 
obtaining permission in writing from the author 
 
The content must not be changed in any way or sold commercially in any 
format or medium without the formal permission of the author 
 
When referring to this work, full bibliographic details including the author, 
title, awarding institution and date of the thesis must be given 
 
 
 
 
 
 
 
 
 
 
 
 
 
Enlighten: Theses 
https://theses.gla.ac.uk/ 
research-enlighten@glasgow.ac.uk 
STRESSES AND DEFORMATIONS IN  IMPULSE WATER TURBINES,
THESIS PRESENTED FOR THE DEGREE OF 
DOCTOR OF PHILOSOPHY OF THE 
UNIVERSITY OF GLASGOW
by
IA IN  B. M ACDUFF, B ,S c.
17, LARCHFIELD ROAD.
BEARSDEN.
GLASGOW. JULY, 19 69
ProQuest Number: 10662678
All rights reserved
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uesL
ProQuest 10662678
Published by ProQuest LLO (2017). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode
Microform Edition © ProQuest LLO.
ProQuest LLO.
789 East Eisenhower Parkway 
P.Q. Box 1346 
Ann Arbor, Ml 48106- 1346
'(îiesiç
Ccp^i.
- 1 -
ABSTRACT
T h is  th e s is  conce rns  th e  th e o re t ic a l and e xp e rim e n ta l in v e s t ig a t io n  
o f th e  w o rk in g  s tre sse s  and de fo rm a tions  in  th e  Turgo im p u lse  w hee l and , 
to  a le s s e r  exce n t, in  th e  P e lton  w h e e l. These v /hee ls  are th e  o n ly  
im p u lse  w a te r tu rb in e s  in  common u se .
D ire c t ly  re le v a n t p u b lic a t io n s  are v e ry  fe w . The m ost recen t 
s ig n if ic a n t pape r, w h ich  d is c u s s e s  a lim ite d  e xp e rim e n ta l a n a ly s is  o f the  
app rox im a te  je t  lo a d in g  s tre sse s  in  a P e lton  b u c k e t, was is s u e d  in  1934,
A much more recen t R ussian  p u b lic a t io n  is  much le s s  in fo rm a tiv e .
I t  appears th a t no th e o ry  has been advanced to  e x p la in  th e  w o rk in g  s tre ss  
b e h a v io u r o f th e  bucke ts  o f th e se  w a te r w h e e ls , and th a t no a ttem p t has 
been made at ra tio n a l th e o re t ic a l s tre ss  a n a lyse s  fo r  th e ir  s tren g th  d e s ig n . 
Im pu lse  w a te r tu rb in e  bucke ts  are o f s h e ll fo rm , and are c r i t ic a l  com ponents 
from  th e  s tre n g th  a s p e c t.
An In tro d u c tio n  ske tch e s  th e  background to  th e  in v e s t ig a t io n  and 
in d ic a te s  th a t p o te n tia l advantages in  respec t o f d e s ig n  and perform ance 
are a tte n d a n t on a re a l is t ic  know ledge  o f the  w o rk in g  s tre s s e s . The 
l i te ra tu re  is  re v ie w e d  and a cu rs o ry  g lance  g iv e n  at in d ir e c t ly  p e rtin e n t 
p u b lic a t io n s  re la tin g  to  th e  s tre ss  an a lyses  o f o th e r typ e s  o f w a te r tu rb in e .
The Turgo im p u lse  w h e e l, w h ich  is  a s id e - je t  w he e l in c o rp o ra tin g  
a rim  round th e  b u c k e ts , is  d e sc ribe d  in  C h ap te r 2, and the  bucke t 
geom etry  is  d is c u s s e d . I t  is  shown th a t the  bu cke t shape app rox im ates 
re a so n a b ly  to  th a t o f pa rt o f a s h e ll o f re v o lu tio n  o f v a ry in g  th ic k n e s s .
Assum ing an id e a lis e d  but re a l is t ic  bucke t and ilm  geom e try , 
approx im ate  th e o re t ic a l a n a lyse s  are deve loped  in  C h a p te r 3 , to  de te rm ine  
the  o rd e r -o f“ m agn itude o f th e  c e n tr ifu g a l and je t  lo a d in g  s tre sse s  in  a 
w o rk in g /
“ 11-
w o rk in g  Turgo w h e e l. These a n a lyse s  are based m a in ly  on e lem en ta ry  
energy m e thods, and assume th a t the  bucke ts  behave as beam s.
A lb e it a p p ro x im a te , th e  c a lc u la t io n s  re lia b ly  re ve a l th e  dom inance o f 
c e n tr ifu g a l a c t io n ,  th e  maximum approx im ate  c e n tr ifu g a l s tre ss  be ing  
about tw ic e  the  co rresp o nd in g  maximum approx im ate  je t  lo a d in g  s tre s s .
Both m axim a o ccu r on the  b ucke t edges.
C h a p te r 4 p resen ts  the  exp e rim e n ta l s tre ss  an a lyse s  o f a Turgo 
w h e e l. The s tra in  m easurem ents com prise  s ta t ic  lo a d in g  te s ts  on 
separa te  s in g le  b u c k e ts , c e n tr ifu g a l te s ts  u s in g  s l ip  r in g s , w ith  th e  
w hee l s p in n in g  in  th e  d ry  c o n d it io n , and app rox im a te  je t  lo a d in g  te s ts  on 
the  s ta tio n a ry  w h e e l, the  lo a d in g  be ing  s im u la ted  by m e chan ica l m eans. 
M o s t o f th e  im p o rta n t p re d ic t io n s  o f the  approx im ate  th e o re t ic a l a n a lyses  
are c o n firm e d . I t  is  dem onstra ted  th a t the  s tre ss  b e h a v io u r o f a bucke t 
under w o rk in g  c o n d it io n s , app rox im ates re a so n a b ly  to  th a t o f a to ro id a l 
s h e ll su b je c te d  to  in -p la n e  b e nd in g .
An approx im a te  th e o re t ic a l s o lu tio n  is  d e rive d  in  C hap te r 5 , fo r  th e  
s tre sse s  and de fo rm a tion s  in  a v a ry in g - th ic k n e s s  open to ro id a l s h e ll 
under in -p la n e  b e n d in g , a case w h ich  does no t seem to  have been tre a te d . 
Th is d e r iv a t io n  is  founded on the  w ork o f R. A. C la rk ,  d e a lin g  w ith  
th e o re t ic a l s tre ss  an a lyse s  o f p ip e -b e n d s  and th in  to ro id a l s h e lls .
C la rk 's  approx im ate  non-hom ogeneous com p lex  d if fe re n t ia l e q u a tio n  and 
a g ive n  approx im ate  p a r t ic u la r  in te g ra l are re le v a n t. An a sym p to tic  
s o lu t io n  fo r  th e  com plem enta ry  fu n c tio n  is  th e n  fo u n d , u s in g  a m ethod 
deve loped  by R. E. Lang e r. A p p lic a tio n s  o f th e  genera l s o lu tio n  to  
s im p lif ie d  cases are perform ed u s in g  the  s p e c ia l fu n c tio n s  ta b u la te d  by 
L . N . O sipova and S. A. T um ark in . The s tress  b e h a v io u r in d ic a te d  by 
th is  s h e ll th e o ry , f i t s  w e ll w ith  the  w o rk ing  s tre ss  be h a v io u r m easured 
on Turgo w hee l b u c k e ts .
In  C hap te r 6 com parison  is  made betw een th e o re t ic a l and 
e x p e r im e n ta l/
-Ill"
e xp e rim e n ta l re s u lts  fo r  th e  w o rk in g  Turgo im p u lse  w h e e l. An approx im a te  
r ig id i t y  fa c to r  from  th e  s h e ll th e o ry  o f C h a p te r 5 , is  a p p lie d  to  some o f 
th e  c a lc u la t io n s  o f C h ap te r 3 to  m o d ify  the  beam a n a lyse s  to  ta ke  s h e ll 
b e h a v io u r in to  a c c o u n t. R easonab ly good co rrespondence  is  found 
be tw een  th e o ry  and e x p e r im e n t.
In  C ha p te r 7 s h e ll th e o ry  is  a p p lie d  in  an app rox im a te  m anner to  
the  case o f th e  P e lton  bucke t su b je c te d  to  je t  lo a d in g .  The s o lu t io n  
d e rive d  in  C h a p te r 5 is  used in  c o n ju n c tio n  w ith  e x is t in g  to ro id a l 
s h e ll s o lu tio n s  due to  C la rk . The re s u lts  com pare q u ite  w e ll w ith  
re s u lts  from  s tra in  m easurem ents on a P e lton  b u cke t su b je c te d  to  
s im u la te d  je t  lo a d in g  by  m e cha n ica l m eans.
The im p lic a t io n s  o f th e  re s u lts  o f the  in v e s t ig a t io n  are co n s id e re d  
in  C h a p te r 8 , in  re la t io n  to  the  d e s ig n s  and d u tie s  o f th e se  tw o  typ e s  o f 
im p u lse  w a te r tu rb in e .
A B ib lio g ra p h y  is  g iv e n .
C o n s id e rin g  th e  e a r ly  rem arks rega rd ing  la c k  o f know ledge  in  th is  
f ie ld ,  in s o fa r  as th e se  paragraphs in d ic a te ,  th is  e n tire  w o rk  in  i t s  
e s s e n c e , and the  u n d e rly in g  c o n c e p ts , are o r ig in a l to  th e  a u th o r.
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(3^^ C irc u m fe re n tia l s tre ss  in  e q u iv a le n t r im , in  free
ro ta tin g  c o n d it io n .
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CHAPTER 1.
INTRODUCTION AND REVI EW OF LITERATURE RELATING TO THE 
STRENGTH OF WATER TURBINES.
“2“
lA .  INTRODUCTION
The w a te r  tu rb in e  is  th e  m ost re lia b le  fo rm  o f p rim e m over. I t  is  
a ls o  p ro b a b ly  the  fo rm  o f prim e m over about w h ic h , in  g e n e ra l, le a s t is  
know n  re g a rd in g  i t s  s tre n g th , and in  the  d e s ig n  o f  w h ic h ,  th e re fo re , 
s tre n g th  c o n s id e ra tio n s  have fe a tu re d  to  th e  le a s t  e x te n t. The p le n t ifu l 
l i te ra tu re  on w a te r  tu rb in e  d e s ig n  se ldom  re fe rs  to  d e s ig n  fo r  s tre n g th .
Th is  som ew hat p a ra d o x ic a l s itu a t io n  im p lie s  th a t w a te r tu rb in e s  in  gene ra l 
are "o v e rd e s ig n e d " and c a rry  la rg e  in h e re n t " fa c to rs  o f s a fe ty " ,  a re s u lt 
perhaps o f th e  d e r iv a t io n  o f some o f th e ir  d im e n s io n s  from  m a nu fa c tu rin g  
s tr ic tu re s  ra th e r th a n  from  w o rk in g -s tre n g th  c r i te r ia .
One reason  fo r  th e  re la t iv e  ra r ity  o f p u b lic a t io n s  on th e  s tre ng th  o f 
w a te r tu rb in e s  is  th a t the  a s s o c ia te d  p rob lem s are ones o f c o n s id e ra b le  
c o m p le x ity  and d i f f ic u l t y ,  both e x p e r im e n ta lly  and th e o re t ic a l ly .  
M easurem ent o f s tre sse s  in  th e  h o s t ile  env ironm en t o f w o rk in g  c o n d it io n s  
is  a m a jo r u n d e rta k in g  re q u ir in g  p re lim in a ry  e xp e rim e n ta l in v e s t ig a t io n s ,  
and p r io r  re s o lu t io n  o f a num ber o f a tte ndan t e x p e rim e n ta l d i f f ic u l t ie s .
Of th e  b a s ic  com ponents common to  w a te r tu rb in e s , nam e ly  v a n e s , hub 
and r im , th is  la s t  be ing  absen t on some ty p e s , i t  is  the  vanes w h ich  
p rese n t th e  m ost co m p le x  p rob lem s in  a th e o re t ic a l s tre ss  a n a ly s is .
A lth o u g h , in  a broad se n se , the  vanes o f im p u ls e  tu rb in e s  are o f 
s h e ll fo rm , th o se  o f r a d ia l- f lo w  o r F ranc is  tu rb in e s  are o f p a r t - s h e l l ,  
p a r t-p la te  fo rm , and th o se  o f p ro p e lle r  o r K aplan tu rb in e s  are o f p la te  
fo rm , ge n e ra l la c k  o f  sym m etry and v a r ia t io n s  o f vane  c u rv a tu re s , th ic k ­
ness and boundary sh ape , to  say n o th in g  o f a p p lie d  lo a d in g ,  g iv e  r is e  
in  m any in s ta n c e s  to  m a jo r c o m p lic a tio n s  in  s o lu t io n s  a ttem pted  on th e  
b a s is  o f norm al s h e ll and p la te  th e o ry . Indeed th e  p e s s im is t ic  v ie w  
" t h a t /
-3-
" th a t any a ttem pt to  produce u sa b le  s tre ss  c a lc u la t io n s  is  doomed to  
fa ilu re  from  th e  v e ry  o u tse t " ,  has been expressed  by in v e s tig a to rs  
SURBER AND SCHWEIZER re p o rtin g  in  1960 an e xp e rim e n ta l 
in v e s t ig a t io n  o f th e  s tre sse s  in  a F ranc is  tu rb in e . Th is  how ever is  a 
ra th e r ja u n d ice d  o u tlo o k  condem ning e ffo r t in  the  th e o re t ic a l d ire c t io n .
I t  is  made to  lo o k  a l i t t l e  s i l l y ,  by the  fa c t th a t se ve ra l Russian w o rke r 
had p u b lis h e d  th e o re t ic a l c a lc u la t io n s  o f the  s tre sse s  in  a F ranc is  tu rb in e  
in  1953 and 1957, th e se  c a lc u la t io n s  be ing  based m a in ly  on s im p le  bend ing  
and th in -w a l le d  beam th e o rie s  and be ing  to  some e x te n t in  agreem ent w ith  
e xp e rim e n ta l re s u lts .
Of th is  n e g le c te d  fa m ily  o f w a te r tu rb in e s , fo r  w hose s treng th  
re la t iv e ly  l i t t l e  co nce rn  has been show n , the  im p u lse  tu rb in e  is  the  m ost 
n e g le c te d  m em ber. I t  appears th a t the re  are o n ly  tw o  p u b lic a tio n s  
in  e x is te n c e , d e a lin g  d ir e c t ly  w ith  the  s tre sse s  encoun te red  in  th e  bucke ts  
o r vanes o f a P e lton  w h e e l. The fa m ilia r  P e lton  w hee l i s ,  o f c o u rs e , by 
fa r  th e  m ost common typ e  o f im p u lse  w a te r tu rb in e , h a v in g  dom ina ted  the  
scene s in ce  i t s  b a s ic  form  was in ve n te d  by L e s te r A. P e lton  o f th e  U . S . A . , 
about 1880. Since 1919, h o w e ve r, i t  has had a m in o r r iv a l in  the  Turgo 
im p u lse  w h e e l, the  in v e n tio n  o f E ric C re w dso n , G reat B r ita in . Th is  
im p u lse  tu rb in e  is  a s id e - je t  w hee l (F ig . 1) so , u n lik e  th e  P e lton  w h e e l, 
i t  is  s u b je c t to  a sm a ll a x ia l th ru s t .  A lso , u n lik e  th e  norm al P e lto n , the  
je t  s tra d d le s  more th a n  one bucke t and th e  w hee l c a rr ie s  a r im . U n t i l 
about 19 49 , th e  Turgo w he e l had been m anufactu red  e x c lu s iv e ly  by 
M e s s rs . G ilb e r t G ilk e s  and Gordon L td . , K enda l, E ng land , but s in ce  th e n  
i t  has been m anu factu red  by the  Russians^^^ as w e ll as by the  Kendal f irm .
At le a s t  th ree  o th e r ty p e s  o f im p u lse  w a te r tu rb in e  have been under 
deve lopm ent in  Russia^^^ but these  have not gone in to  genera l p ro d u c tio n  
in  th a t c o u n try , and are v i r tu a l ly  unknow n o u ts id e  i t .  The P e lton  w hee l 
and th e  Turgo w hee l are the  o n ly  typ e s  o f im p u lse  w a te r tu rb in e  in  genera l 
u s e , so th a t ,  s ince  no p u b lis h e d  w ork e x is ts  co n ce rn in g  th e  s tre ng th  o f 
t h e /
P a r i  '^ccnon o f  
s ia n J a rJ  tticduon poncr  
Purj^o In ip i ihe  W hcci Ziilh 
hand spcar rci;ulator.
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th e  Turgo w h e e l, the  l i t e r a t u r e p r e v i o u s l y  c ite d ,  w h ic h  d e sc rib e s
e xp e rim e n ta l in v e s t ig a t io n s ,  appears to  represen t th e  e x te n t o f 
know ledge  re ga rd ing  th e  s treng th  o f the  b ucke ts  o f th is  c la s s  o f w a te r 
tu rb in e ,
In  d e s ig n , the  d im ens ions  o f the  bucke ts  o f th e se  im p u lse  w hee ls  
are de te rm ined  la rg e ly  ir re s p e c tiv e  o f c o n s id e ra tio n s  o f s tre n g th . The 
shape o f the  bucke t su rface  sw ept by the  w ^a te r-je t is  de te rm ined  s o le ly  
from  h y d ra u lic  c o n s id e ra t io n s , and to  a le s s e r  degree th e  geom etry  o f the 
unsw ep t su rface  is  a ls o  so d e te rm in e d , s in ce  i t  m ust be such as to  a vo id  
In te rfe re n ce  w ith  th e  f lo w  on and from  the  sw ept su rface  o f the  a d ja ce n t 
b u c k e t. To th is  e x te n t th e  bucke t th ic k n e s s  is  a fu n c tio n  o f the  f lo w  
d e s ig n , but in  a d d it io n  i t  is  in flu e n c e d  by m a nu fa c tu rin g  a s p e c ts .
The Turgo w hee l i s ,  and a lw a ys  has been , produced as an in te g ra l 
c a s tin g  and the  m odern P e lton  w he e l is  a lso  m anu factu red  in  th is  fo rm .
In  th e  s m a lle s t s ize s  the  b u cke ts  m ust be o f a c e r ta in  m inim um  th ic k n e s s  
to  be ca s t s u c c e s s fu lly .  Th is re s tr ic t io n  in f lu e n c e s  th e  s ize s  o f la rg e r  
w he e ls  s in ce  i t  is  common p ra c tic e  s im p ly  to  s c a le -u p  p ro p o r t io n a te ly  
p a r t ic u la r ly  in  re spe c t o f th e  th ic k n e s s  d im e n s io n . A " re in fo rc in g "  r ib  
is  com m only in co rp o ra te d  le n g th w is e  on the  unsw ep t su rface  o f the  P e lton  
b u c k e t, and appears to  be d im ens ioned  such th a t i t  d o ub les  the  th ic k n e s s  
lo c a l ly .  Some m anu fac tu re rs  in d ic a te  th a t a fte r  the  bucke t shape and 
th ic k n e s s  have been de te rm ined  in  the  fa s h io n  d e s c r ib e d , c a lc u la t io n s  
based on s im p le  bend ing  th e o ry  are execu ted  to  "ch eck  " the  bucke t 
s e c tio n s  fo r  s tre n g th .
C oncern  on the  part o f the  B r it is h  m a n u fa c tu re rs , ove r th e  s tre ng th  
a sp e c ts  o f th e  Turgo im p u lse  w h e e l, has been s tim u la te d  re c e n tly  by 
th e  d e s ire  to  use e x is t in g  d e s ign s  fo r  o p e ra tio n  at c o n s id e ra b ly  h ig h e r 
ra tin g s  th a n  fo rm e r ly . The p o s s ib i l i t y  o f ado p ting  such a course  o f 
a c tio n  was a p p a re n tly  in d ic a te d  by  Russian p ra c t ic e .  M e n tio n  o f the  
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Turgo w hee l o ccu rs  more w id e ly  in  th e  Russian lite ra tu re  on w a te r
tu rb in e s , th an  in  the  E n g lish  c o u n te rp a rts , where i t  fe a tu re s  e v id e n tly
(7)
in  o n ly  one h y d ra u lic s  te x t-b o o k  in  v /h ich  th e  d e s c r ip t io n  is  o f an 
o u t-o f-d a te  v e rs io n . I t  is  g ra t ify in g  to  f in d  th a t KOVALEV AND 
KVYATKOVSKÏY g ive  c re d it to  C rew dson fo r  the  in v e n t io n  o f th e  o r ig in a l 
fo rm  o f th e  Turgo w hee l and to  Jackson fo r  the  im proved  modern d e s ig n .
I t  w as Earnest Jackson , la te ly  c h ie f  en g inee r o f M e s s rs . G ilb e rt G ilk e s  
and Gordon L t d . , who in tro d u ce d  the  Turgo w hee l to  R ussian te c h n o lo g y  
a fte r  th e  la s t  w a r ,  by s u p p ly in g  a v is i t in g  R ussian te c h n ic a l m is s io n  w ith  
a co n s id e ra b le  q u a n tity  o f re le va n t d a ta .
U nder Ja c kso n ’s g u id a n ce , M e s s rs . G ilb e r t  G ilk e s  and G ordon L td , , 
have produced a d e s ig n  o f h ig h  h y d ra u lic  e f f ic ie n c y  and the  f irm  w ish e s  
to  e x p lo it  th e  im proved  q u a lit ie s  o f th is  d e s ig n  under heads in  excess  o f 
th o se  fo rm e rly  regarded as l im it in g .  In  more th a n  fo r ty  ye a rs* e xpe rience  
o f m a nu fac tu rin g  and s e rv ic in g  Turgo w h e e ls , repo rt o f fa ilu re  fo r  s treng th  
reasons is  unknow n to  the  com pany, so ca u tio u s  e x te n s io n  to  h ig h e r 
ra tin g s  seems a reasonab le  p ro p o s it io n . H ig h e r ra tin g s  in c u r  h ig h e r 
w hee l speeds and je t  lo a d s  th u s  h ig h lig h t in g  the  p rob lem  o f s tre n g th , in  
c o n s id e ra tio n  o f w h ic h , know ledge  o f the  s tre sse s  in duced  in  the  w hee l 
is  th e  f i r s t  e s s e n t ia l.  At th e  in v ita t io n  o f th e  com pany, in v e s t ig a tio n s  
have been conducted  by th e  au tho r w ith  a v ie w  to  o b ta in in g  th is  know ledge  
and an e x p o s it io n  o f th e se  in v e s t ig a t io n s ,  co n ce rn in g  the  s tre sse s  and 
d e fo rm a tio n s  in  the  cu rre n t d e s ig n  o f Turgo im p u lse  w h e e l, com prises  the  
g re a te r p o rtio n  o f th is  vo lu m e .
U nder norm al w o rk in g  c o n d it io n s  a l l  w a te r tu rb in e s  are su b jec te d  
to  d u a l lo a d in g  from  hyd rodynam ic and c e n tr ifu g a l a c t io n s , On the  
b ucke ts  o f im p u lse  tu rb in e s  the  hydrodynam ic o r je t  lo a d in g  is  an in te r ­
m itte n t a c t io n , so th a t a p o s s ib le  mode o f fa ilu re  to  be co ns ide re d  is  
c o rro s io n  fa t ig u e . By u s in g  m a te ria ls  o f h igh  c o rro s io n  re s is ta n c e  and 
g o o d /
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good fa tig u e  p ro p e rt ie s , a degree o f p ro te c tio n  a g a in s t c o rro s io n  fa tig u e  
is  p ro v id e d , and in  th is  re spe c t im p u lse  tu rb in e s  p ossess  an in h e re n t 
a d va n tag e , be ing  m anufactu red  m a in ly  in  bronze and s ta in le s s  s te e l.
To v ie w  in  p e rsp e c tive  the  prob lem s a s so c ia te d  w ith  the  d e te rm in ­
a tio n  o f s tre sse s  in  th e  Turgo w h e e l, p a r t ic u la r ly  on th e  e xp e rim e n ta l s id e , 
i t  w as h ig h ly  d e s ira b le  at th e  o u tse t to  have some id e a  o f th e  re la tiv e  
m agn itudes o f th e  m aximum c e n tr ifu g a l and je t  lo a d in g  s tre sse s  fo r  norm al 
w o rk in g  c o n d it io n s , and o f th e  m agnitude o f th e  m aximum  c e n tr ifu g a l s tre ss  
fo r  th e  runaw ay o r overspeed c o n d it io n . A w h e e l o f medium s ize  v/as o f 
p rim a ry  in te re s t .  T h e o re tica l o rd e r-o f-m a g n itu d e  a n a lyse s  were deve loped  
and a p p lie d  to  e s tim a te  th e  norm al w o rk ing  c e n tr ifu g a l and je t  lo a d in g  
s tre s s e s . These c a lc u la t io n s  in d ic a te d  s tre sse s  o f a c re d ib le  o rd e r, w ith  
th e  m axim um  c e n tr ifu g a l s tre ss  a lm ost tw ic e  the  co rre spo n d ing  maximum 
je t  lo a d in g  s tre s s . A llhou gh  e s s e n t ia l ly ,  and to  a c o n s id e ra b le  deg ree , 
a p p ro x im a te , th e  na tu re  o f th e se  c a lc u la t io n s  was a ls o  such th a t the  
in d ic a t io n  o f the  re la t iv e  maximum s tress  m agn itudes co u ld  be ta ke n  as 
fa ir ly  a c c u ra te . Th is re s u lt had bearing  on subsequent e xp e rim e n ta l w ork  
and in d ic a te d  th a t ,  a lth ou g h  an e xpe rim e n ta l s tre ss  a n a ly s is  under a c tu a l 
w o rk in g  c o n d it io n s  was no t con tem p la ted  in  th ese  in v e s t ig a t io n s ,  such 
a te s t may h a rd ly  be n e ce ssa ry  at a l l .
In  v ie w  o f the  p redom inance o f the  c e n tr ifu g a l s tre ss  com ponen t, 
h ig h lig h te d  fo r  th e  overspeed c o n d it io n , a w hee l o f th e  s ize  c o n s id e re d , 
su p p lie d  by th e  m akers , w as spun in  a c e n tr ifu g a l te s t  r ig  and the  re s u lt in g  
s tra in s  were m easured . S ubseq ue n tly , on th e  s ta tio n a ry  w h e e l, the  je t  
lo a d in g  was s im u la te d  in  an approx im ate  m anner by m echa n ica l means and 
th e  co rre spo n d in g  s tra in s  were m easured.
In  o rde r to  exam ine the  b e h a v io u r o f the  b u cke ts  as s h e lls ,  s tra in s  
were m easured on s e p a ra te ly -c a s t s in g le  bucke ts  su b je c te d  to  v a r io u s  
re le v a n t lo a d in g s  . The b a s ic  s h e ll b eh a v io u r was o b se ive d  to  be gene ra lly  
som ewhat a k in  to  th a t o f a p ip e -b e n d  or to ro id a l s h e ll su b je c te d  to  in -p la n e  
b e n d in g . /
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b e n d in g . On the  b a s is  o f th e  w ork  o f CLARK a th e o re t ic a l
s o lu t io n  was d e rive d  fo r  the  case o f an open to ro id a l s h e ll o f va ry in g  
th ic k n e s s  su b je c te d  to  in -p la n e  b e n d in g , and p a r t ic u la r  a p p lic a t io n s  o f 
th is  s o lu t io n  in d ic a te d  th e o re t ic a l re s u lts  w h ich  app rox im ated  to  the  
e x p e r im e n ta lly -d e te rm in e d  b e h a v io u r o f the  s in g le  bucke ts  and o f the  
bucke ts  on th e  w h e e l. The d u tie s  and th e  d e s ig n  o f  the  Turgo im p u lse  
w he e l were exam ined in  th e  l ig h t  o f  a l l  the  th e o re t ic a l and e xp e rim e n ta l 
re s u lts  w h ich  had been ob ta in e d  con ce rn ing  th e  s tre sse s  and d e fo rm a tio n s .
I t  w as p e rce ive d  th a t ,  w ith  th e  a d d it io n  o f some e x is t in g  s h e ll 
th e o ry , th e  open to ro id a l s h e ll s o lu tio n  w h ich  had been d e r iv e d , w ou ld  
a lso  be a p p lic a b le  in  an approx im ate  m anner to  th e  case  o f the  P e lton  
b ucke t under je t  lo a d in g . A n a ly s is  o f such a case was ca rrie d  out on 
th is  b a s is  and , fo r  e xp e rim e n ta l co m p a riso n , co rre sp o n d in g  s tra in s  were 
m easured on a P e lton  bucke t su b je c ted  to  s im u la ted  je t  lo a d in g  by 
m e ch a n ica l m eans. C o n s id e ra tio n  was g iv e n  to  th e  im p lic a t io n s  o f tn e  
re s u lts  in  re la t io n  to  th e  d e s ig n  o f P e lton  w h e e ls .
— 8—
IB . REVIEW OF LITERATURE RELATING TO THE 
STRENGTH OF WATER TURBINES
D urin g  the  in v e s t ig a t io n s  seve ra l p u b lic a t io n s  came to  l ig h t  
re fe rr in g  to  s tre ng th  aspe c ts  o f w a te r tu rb in e so th e r th a n  im p u lse  w h e e ls . 
M a ny  o f th e se  p u b lic a t io n s  were no t d ire c t ly  p e rtin e n t to  the  prob lem s 
under e x a m in a tio n . Those , ho w e ve r, co n s id e re d  to  be w orth  re c o rd in g , 
are m entioned in  th is  re v ie w .
In  com parison  to  th e  abundant l ite ra tu re  d e a lin g  w ith  the  s tre ng th
asp ec ts  o f steam  and gas tu rb in e s  and pump im p e lle rs ,  p u b lic a t io n s
re la tin g  to  th e  s tre n g th  o f w a te r tu rb in e s  are fe w  in  num ber. Th is is
(10)c le a r ly  i l lu s t ra te d  in  the  b ib lio g ra p h y  o f LOFFLER w h e re , among more 
th a n  o n e -h u n d re d -a n d -th ir ty  t i t le s  o f re fe rences d e a lin g  w ith  s tre sse s  
and s tra in s  in  ro ta tin g  com po n en ts , the re  is  none re fe rr in g  to  th e  s tre ng th  
o f w a te r tu rb in e s  . S im ila r ly  in  BIBLIOGRAPHY 17 o f THE BRITISH 
HYDROMECHANICS RESEARCH ASSOCIATION, o f a to ta l o f  s e v e n ty -tw o  
re fe re n c e s , m o s tly  p e rta in in g  to  s tresses  in  ro ta tin g  d is c s ,  o n ly  f iv e  
re la te  to  th e  s tre ng th  a sp e c ts  o f w a te r tu rb in e s . None o f th e se  f iv e  
conce rns  im p u lse  tu rb in e s .
The e a r l ie s t  s ig n if ic a n t p u b lic a t io n  re la tin g  to  th e  s treng th  o f an
(4)Im p u lse  tu rb in e  appears to  be th a t o f PERRIG . Published in  1934, te n  
yea rs  be fore  the  advent o f th e  e le c tr ic a l re s is ta n c e  s tra in  gauge , and 
based on e xp e rim e n ta l m ethods som ewhat crude by m odern s ta n d a rd s , i t  
is  s t i l l  th e  m ost in fo rm a tiv e  paper on the  s u b je c t.
In  o rde r to  reduce je t  lo a d in g  s tresses  in  P e lton  w hee l b u c k e ts , 
and so com bat c o rro s io n  fa t ig u e , PERRIG proposed th a t rim s m igh t be 
f i t te d  to  co nn ec t the  t ip s  o f the  b u cke ts . In  th e  Federa l M a te r ia ls  
T e s tin g  L ab o ra to ry  in  Z u ric h , under the  d ire c t io n  o f P ro fesso r Ros, te s ts  
w e re /
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were c a rrie d  out to  m easure bucke t s tre sse s  on a la rg e  P e lton  w hee l 
w ith  and w ith o u t r im s . P luggenberger ex tonsom e te rs  were arranged 
a long  the  s p l i t te r  o r in le t  edge o f a b u c k e t, a long  an o u tle t edge on 
the  unsw ep t o r co n ve x  s id e , and on a re in fo rc in g  r ib .  The w hee l was 
lo c k e d  in  a s ta tio n a ry  p o s it io n  and s im u la ted  je t  lo a d in g  was a p p lie d  to  
th e  sw ept su rface  o f th e  te s t  b ucke t by sm a ll h y d ra u lic  ja c k s ,  th e  
re a c tio n s  o f w h ich  were ca rrie d  on the  re in fo rc in g  i lb s  o f the  ne ig hb o u ring  
b u c k e t. The m agn itude  o f th e  s im u la ted  lo a d in g  v/as equa l to  th e  re s u lt ­
ant je t  fo rce  on a b u cke t fo r  the  m aximum pow er c o n d it io n  o f the w h e e l, 
and s tre sse s  were m easured fo r  th is  m agn itude  o f lo a d in g  a p p lie d  b y  th e  
ja c k s  in  tw o  d if fe re n t p o s it io n s .
Since th e  re a c tio n s  o f th e  h y d ra u lic  ja c k s  w ere ta ke n  on th e  
a d ja ce n t b u c k e t, th e  v a l id i t y  o f th is  system  o f lo a d in g ,  as re p re se n ta tive  
o f je t  lo a d in g , is  som ew hat q u e s tio n ab le  fo r  the  w he e l f i t te d  w ith  r im s , 
where the  re s u lta n t a c tio n s  on th e  te s t bucke t are s ta t ic a l ly  in d e te rm in a te . 
P low ever, fo r  th e  w h e e l w ith o u t r im s , where th e  re s u lta n t a c tio n s  on th e  
te s t  bucke t are s ta t ic a l ly  d e te rm in a te , the  lo a d in g  system  is  re aso n a b ly  
v a l id .  The unrim m ed w h e e l, o f co u rse , has been by  fa r  che more common
form  o ve r th e  la s t  t h i r t y  y e a rs , the  rimmed P e lton  a p p a re n tly  h a v in g  fa ile d
, a l 
(12)
/  ' to  " c a tc h -o n " , though  i t  is  m entioned and i l lu s t ra te d  by EDEL and
by NECPILEBA
F ig . 2 ta ke n  from  PERRIG, in d ic a te s  th e  re s u lts  in  the  form  o f s tre ss  
d is tr ib u t io n s  p lo tte d  a long  v a r io u s  p o rtio n s  o f the  te s t b u c k e t. The m ost 
in te re s t in g  v a lu e s  are th e  s tre sse s  p a ra lle l to  the  edges fo r  th e  w hee l 
w ith o u t r im s , as g ive n  on the  p lan  v ie w  o f th e  sw ept su rface  o f the  te s t 
b u c k e t. P o s it io n  I  o f th e  ja c k s  corresponds to  th e  grea te r  bend ing 
moment on the  bucke t in  the  p lane  o f the  w h e e l, and in d u ce s  te n s ile  s tress
a long  the  s p l i t te r  o r in le t  edge v a ry in g  l in e a r ly  from  a lm ost zero to  th  
m axi mi 
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2 2um m easured s tre ss  o f 860 k g / c m (12^200 lb / in  ) .  In  c o n tra s t.
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FIG : 2 .
STRESSES MEASURED ON A 1400 m m .p .c .d . PELTON WHEEL SUBJECTED TO 
SIMULATED JET LOADING (PERRIG .
ITALIAN ENGLISH
CON ANELLI 
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TRAZIONE 
COMPRESSSIONE 
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PRESSA A PISTONE 
POSIZ. I  DELLA PRESSA 
PO SIZ.II DELLA PRESSA 
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1 kg/cm
W ITH RIMS 
WITHOUT RIMS 
TENSION 
COMPRESSION 
BUCKET UNDER TEST 
HYDRAULIC JACKS 
POSITION I  OF JACKS 
POSITION I I  OF JACKS 
EXTENSOMETER 
14,22 Ib /in ^
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th e re  is  co rre s p o n d in g ly  a v e ry  sm a ll te n s ile  s tre s s , le s s  th a n  
2 240 k g /c m  , (570 l b / i n  ) a long  m ost o f th e  le n g th  o f th e  u nsw ep t o r 
co n ve x  s ide  o f the  o u tle t edge. U n fo rtu n a te ly  no m easurem ents seem 
to  have been made o f the  s tre sse s  a long  the  sw ept o r concave  s ide  o f 
an o u tle t e d g e .
(13)H ig h  fa c to rs  o f s a fe ty  are sa id  by Q UICK to  be cus to m a ry  in  
d / d e s ig n  o f P e lton  w h e e ls , but he g iv e s  no in d ic a t io n  re ga rd ing  th e  b a s is
o f th e se  s a fe ty  fa c to rs  and o f d e s ig n  p rocedures fo r  s tre n g th . The prob lem  
o f th e  s tre ss  a n a ly s is  o f th e  P e lton  bucke t is  m entioned  o n ly  to  em phasise  
i t s  d i f f ic u l t  n a tu re . In te re s tin g  photographs a re , h o w e v e r, p rese n te d , 
i l lu s t r a t in g  v a r io u s  shapes o f P e lton  b u cke t and show ing  how  the  shape
has e vo lve d  d u ring  s ix ty  y e a rs .
(12)NECHLEBA c o n s id e rs  a b o lte d  P e lton  b u cke t in  tw o  d if fe re n t 
p o s it io n s  re la t iv e  to  the  je t  and de te rm ines th e  re s u lta n ts  o f  th e  
c e n tr ifu g a l and je t  fo rce s  on th e  b u cke t. The b o lts  are th e n  des igned  fo r  
shea r and c ru s h in g . The com p le te  c a lc u la t io n  is  o f norm al s tandard  
d e s ig n  form  and n o th in g  at a l l  is  m entioned co n ce rn in g  th e  s tre ng th  o f the  
b u cke t i t s e l f .  Bolted bucke ts  are re la t iv e ly  ra re  n o w a d a ys , th e  modern 
tre n d  be ing  to w a rd s  in te g ra lly  c a s t P e lton  w h e e ls .
The R u ss ia n s , aware o f d i f f ic u l t ie s  a ss o c ia te d  w ith  th e  th e o re t ic a l 
approach 7 have ca rr ie d  out e xp e rim e n ta l w ork  re la t in g  to  th e  s tren g th  o f 
P e lton  w h e e ls  and in c lu d in g  a s tra in -g a u g e  te s t  o f l im ite d  scope on a 
fu l l - s c a le  w o rk in g  tu rb in e . Th is w ork  is  d e sc rib e d  in  th e  book byEDEL^^^ 
w h ic h  a ls o  p rese n ts  a h is to ry  o f th e  deve lopm ent o f th e  im p u lse  tu rb in e , 
p o rtra ys  a Turgo im p u lse  w hee l and tre a ts  i t s  h y d ra u lic  a s p e c ts . At the  
Len ing rad  M e ta l W orks (LM Z -  L e n in g ra d s k ii m e ta ll ic h e s k i i zavod) 
a s tra in -g a u g e  te s t under w o rk in g  c o n d itio n s  w as perform ed on a s in g le -  
je t  m odel P e lton  w hee l w ith  b o lte d  b u c k e ts . S tra in -g a u g e s  w h ic h , 
to g e th e r w ith  le a d s , were w a te rp roo fed  and p ro te c te d , w ere lo c a te d  on 
t h e /
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F IG . 4 . OSCILLOGRAM OF STRESSES ON BRACKET OF (PELTON) BUCKET, , . 
FOR THREE SIGNIFICANT SPEEDS, -  LABORATORY TEST RESULTS. (EDEL^ .
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th e  unsvvept sxirfaces o f a b u cke t and on th e  a ttachm en t b racke t as 
shown on F ig . 3. T es tin g  was ca rrie d  out at v a r io u s  w he e l speeds 
and w ith  the  w hee l s ta tio n a ry  at v a r io u s  p o s it io n s  re la t iv e  to  th e  je t ,  
th e  s tra in  s ig n a ls  be ing  recorded  v ia  s lip - r j.n g s , a m p lif ie rs  and 
o s c il lo g ra p h . L o c a tio n  3 on th e  a ttachm ent b racke t (F ig . 3) showed the  
m aximum  s tre ss  fo r  th e  lo c a tio n s  exam ined , and F ig . 4 in d ic a te s  the  
re co rd in g s  o f th is  s tre ss  fo r  th ree  w hee l sp e e d s , 340 r .p .m .  , 686 r .p .m .  
and the  runaw ay speed 1186 r .p .m .  The c e n tr ifu g a l com ponent o f th e  
s tre ss  at th is  lo c a t io n  is  te n s ile  w h ile  the  in te rm it te n t je t  lo a d in g  
com ponent is  co m p re ss ive . As m igh t be expected  th is  la t te r  com ponent 
p ra c t ic a l ly  d isa p p e a rs  at the  overspeed o f 1186 r .p .m .  The v a lu e s  o f 
s tre sse s  at th e  o th e r lo c a tio n s  are not qu o te d , bu t are sa id  to  have been 
v e ry  s m a ll.
The fu l l - s c a le  s e rv ic e  te s t  was conducted  on a f o u r - je t , ca s t s te e l
P e lton  v /hee l o f 1950 in m ,p .c .d .  in s ta lle d  at the  K iiram skoy h y d ro -e le c tr ic
pow er s ta t io n . S ing le  s tra in -g a u g e s  and ro s e tte s  were m ounted at
unsw ep t lo c a t io n s  on a b u c k e t, the  la y o u t be ing  as show n on F ig . 5.
Techn iques o f w a te rp ro o fin g  and p ro te c tin g  gauges and le a d s , and o f
re co ve rin g  s tra in  s ig n a ls  were e s s e n t ia lly  s im ila r  to  th o se  adopted in  the
te s t  p re v io u s ly  d e s c r ib e d . V arious w o rk in g  c o n d it io n s  o be a ine d , in c lu d in g
runn ing  a t m aximum  pow e r. The va lu e s  o f s tre ss  at m ost o f the  lo c a tio n s
are not q u o te d , but on th e  body o f the  bucke t th e  s tre sse s  are in d ic a te d
as h a v in g  been v e ry  s m a ll,  and a g a in , the  m axim um  s tre ss  o f th e  lo c a t io n s
2 , 2
e xa m ine d , a v a lu e  o f 300 k g /c m  (4 270 l b / i n " ) , is  sa id  to  have been found 
on the  a ttachm en t b ra c k e t, at gauge 28, F ig . 5.
I t  is  e v id e n t from  PERRIG'S re s u lts ,  F ig . 2 , and from  th e  a u th o r 's  
f in d in g s ,  p resen ted  su b s e q u e n tly , th a t both o f th e se  s tra in -g a u g e  te s ts  
unde r w o rk in g  c o n d itio n s  have been inadequa te  in  re sp e c t o f lo c a tio n s  
exp lo re d  fo r  s tra in s . H ig h  s tra in s  are found a long  th e  bucke t e d g e s , as 
in d e e d /
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FIG . 6 . APPROXIMATE DEVELOPED SWEPT H.ALF-8URFACE OF (PELTON) BUCKET 
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indeed  th e  p re d o m in a n tly  bend ing  a c tio n  o f th e  lo a d in g  w ou ld  su g g e s t, 
and le s s  h ig h , but a p p re c ia b le  v a lu e s  are found on the  sw ept s u rfa c e s . 
A lthough th e se  lo c a tio n s  may be v e ry  d i f f ic u l t  to  e xp lo re  under w o rk in g  
c o n d it io n s ,  any such te s t in  w h ich  no a ttem pt is  made to  do s o , is  
re la t iv e ly  w o r th le s s , s in ce  i t  w i l l  a lm ost c e r ta in ly  no t record  th e  m aximum
s tre ss  and o th e r s ig n if ic a n t  s tre sse s  in  the  b u c k e t. C om parison  o f the
2 2 
m axim a in  EDEL'S te s ts ,  61 k g /c m  and 300 k g /c m  , w ith  PERRIG'8
2maximum m easured s tre ss  o f 860 k g /c m  , dem onstra tes  th is  l ik e l ih o o d ,  
even a llo w in g  fo r  some d iffe re n c e s  in  lo a d in g  c o n d it io n s  and geom e try .
The L M Z  m odel te s t seems to  have been s in g u la r ly  la c k in g ,  the  a p p lic a tio n  
o f a s t ra in - ro s e t te , fo r  e xa m p le , ha v ing  been n e g le c te d  a t lo c a t io n  4 (F ig . 3 ).
Other da ta  g iv e n  by EDEL in c lu d e  a u s e fu l d iagram  o f th e  p ressure  
d is t r ib u t io n  m easured on a s m a ll s ta t io n a iy  P e lton  b u cke t under je t  a c t io n . 
Th is  d iag ram  is  reproduced as F ig . 6 and shows is o b a rs  p lo tte d  o ve r th e  
deve loped  sw ept su rface  o f a h a lf -b u c k e t ,  v>7ith s e c tio n s  in d ic a te d . D e ta ils  
o f th e  b u cke t and s e c tio n s  are a ls o  g ive n  in  th e  book p e rm itt in g  p ro f ile s  
o f p ressu re  d is t r ib u t io n  to  be draw n fo r  v a r io u s  s e c t io n s . A d e s c r ip t io n  is  
g ive n  o f a te s t in  w h ich  th e  b o lte d  bucke ts  o f a s ta tio n a ry  P e lton  w hee l 
w ere s tru ck  w ith  a hammer and the  re s u ltin g  v ib ra t io n  was recorded w ith  a 
v ie w  to  d e te rm in in g  the  e ffe c t o f va r io u s  ad ju s tm e n ts  o f the  b o lts  on th e  
n a tu ra l fre q u e n c ie s  o f the  b u c k e ts . The o n ly  m e n tio n  o f  d e s ig n  procedure 
fo r  s tre n g th  is  th e  p re s e n ta tio n  o f fo rm u la e , based on s im p le  bend ing  
th e o ry , fo r  c a lc u la t in g  the  s ize s  o f b o lte d  b ucke t a ttachm en t b racke ts  o f 
re c ta n g u la r  c ro s s -s e c t io n .  Allow^able s tre sse s  are quoted fo r  the se  ite m s  
and the  procedure  is  o f norm al standard  d e s ig n  fo rm . A b ib lio g ra p h y  o f 
s e v e n ty -e ig h t re fe rences  is  appended, the  m a jo r ity  o f them  R ussian 
p u b lic a t io n s .
The s tre n g th  aspe c ts  o f ra d ia l-flo w ^  o r m ix e d - f lo w  tu rb in e s  o f the  
F ra nc is  typ e  have been exam ined by seve ra l in v e s t ig a to rs .  SURBER AND 
SCHWEIZER
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SCHWEIZER d e sc rib e  te ch n iq u e s  used in  an e xp e rim e n ta l s tre ss  
a n a ly s is  o f a m odel runne r su b je c te d  to  c e n tr ifu g a l lo a d in g  and th e n
(12)
to  se ve ra l s ta t ic  lo a d in g s ,  a l l  in  th e  d ry  c o n d it io n ,  w h ile  NECHLEBA 
p resen ts  a v e ry  app rox im a te  th e o re tic a l tre a tm e n t, based on s im p le  
bend ing  th e o ry , fo r  th e  hyd rodynam ic  s tre sse s  in  th e  v a n e s . D a ta  o f
(2)g re a te r s ig n if ic a n c e  are g iv e n  by Russian a u th o rs . GRANOVSKIY ET AL
(3)and ARONSON ' in d ic a te  f a i r ly  rigo ro us  th e o re t ic a l a n a lyse s  fo r
c e n tr ifu g a l s tre sse s  in  the  xlrn, and fo r  w o rk in g  s tre sse s  in  the  vanes and
r im , ARONSON’S c a lc u la t io n s  show ing  fa ir  com parison  w ith  m easured
s tre s s e s . An e xp e rim e n ta l c e n tr ifu g a l s tre ss  a n a ly s is  o f a m odel runner
(14)is  d e ta ile d  by KUSTANOVIGH AND IGNATEVA  ^ ^ . Th is  te s t  was s im ila r
to  one ca rr ie d  out by  SURBER AND SCHWEIZER , who do no t in d ic a te
any o f th e ir  r e s u lts ,  w hereas KUSTANOVIGH AND IGNATEVA quote
m any re s u lts ,  tra n s fo rm in g  from  m odel v a lu e s  to  e q u iv a le n t s tre sse s  to  be
(15)
e xpected  in  f u l l - s iz e  tu rb in e s , PRIGOROVSKII ET AL g ive  an accoun t
o f a fu l l - s c a le  e xp e rim e n ta l in v e s t ig a t io n  in  w h ich  s tra in s  and p ressu res
w ere recorded on a 5450 m m ^diam eter runner unde r s e rv ic e  c o n d it io n s .
T e s ting  te c h n iq u e s , c o n d it io n s  and re s u lts  are d e p ic te d . The book by
PRIGOROVSKII draw s to g e th e r much o f the  R uss ian  w o rk , and u t i l is e s
th e  data  o f ARONSON KUSTANOVIGH AND IGNATEVA and
PRIGOROVSKII ET AL in  th e  p re s e n ta tio n  o f  a d d it io n a l th e o re t ic a l and
e xp e rim e n ta l s tre ss  a n a lyse s  fo r  a l l  com ponents o f  th is  c la s s  o f tu rb in e .
Severa l e x te n s iv e  p e rtin e n t b ib lio g ra p h ie s  are g iv e n  in  th is  book w h ich
shou ld  be regarded as a ke y  re fe re n c e .
A x ia l- f lo w  p ro p e lle r  o r K aplan tu rb in e s  have re ce ive d  a fa i r  amount
(12)o f a tte n tio n  in  re sp e c t o f s tre ng th  c o n s id e ra tio n s . NECHLEBA and 
(17)RUUD d e riv e -e x p re s s io n s  fo r  the  hyd rodynam ic  and c e n tr ifu g a l
s tre sse s  on s e c tio n s  o f a b lade  by the  a p p lic a t io n  o f s im p le  bend ing 
th e o ry , th e  s e c tio n  at the  b la d e -h u b  ju n c t io n  be in g  regarded as c r i t ic a l .  
T h e /
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The app rox im a te  hyd rodynam ic  s tre sse s  a t th is  s e c tio n  have been
exam ined e x p e rim e n ta lly  b y  OSTERWALDER who s im u la te d  the  lo a d in g
on the  b la d e -s u r fa c e  s ta t ic a l ly  by  means o f d e a d -w e ig h ts . The re s u lts
o f th is  e xp e rim e n ta l a n a ly s is  are not re p o rte d . A ga in , as fo r  the  o th e r
c la s s e s  o f tu rb in e , R ussian  w ork  p red o m in a tes . In  th e ir  book
(?)
GRANOVSKIY ET AL g iv e  a s im p le  bend ing  th e o re t ic a l tre a tm e n t o f the  
h yd rodynam ic  s tre ss e s  on b lade  se c tio n s  and d e ta il s tandard  form  d e s ig n  
c a lc u la t io n s  fo r  b la d e - to -s h a ft  b o lt a rrangem ents . S h a llo w -s h e ll th e o ry
(19)
is  d e rive d  in  the  book by SMIRNOV , to  w h ic h  o th e rs  have c o n tr ib u te d ,
and th is  th e o ry  is  a p p lie d  to  th e  c a lc u la t io n  o f w o rk in g  s tre sse s  and
v ib ra t io n s  in  the  b la d e . A fro z e n -s tre s s  p h o to e la s t ic ity  a n a ly s is  o f a
m odel b lade  lo a d e d  w ith  d e a d -w e ig h ts  is  d e s c r ib e d , and the  re s u lts  are
com pared w ith  re le v a n t th e o re t ic a l v a lu e s . A num ber o f fu l l - s c a le
in v e s t ig a t io n s  have been conducted  under s e rv ic e  c o n d it io n s ,  some o f
them  on 6 600 m m .d iam eter tu rb in e s  on w h ich  s tra in s ,  p ressu res  and
v ib ra t io n s  were m easured . RUDASHEVSKII AND N EM M  , KOVALEV ,
( 2 ?)
and KOVALEV ET AL , d e sc rib e  te ch n iq u e s  used in  such te s ts  and 
p resen t m any re s u lts  o b ta ine d  under va r io u s  c o n d it io n s . PRIGOROVSKII'S 
book ■ sum m arises much o f  th e  re le va n t w ork p u b lish e d  in  the  U .S .S .R . 
and d e sc rib e s  fu r th e r  e xp e rim e n ta l s tress  a n a lyse s  o f  m ode ls and o f f u l l -  
s iz e  tu rb in e s  lo a de d  s ta t ic a l ly  under la b o ra to ry  c o n d it io n s . C ontours o f 
s tre ss  and p ressu re  on b lade  su rfaces are i l lu s t ra te d  on se ve ra l graphs 
w h ic h , to g e th e r  w ith  the  o th e r c o n te n t, in c lu d in g  u s e fu l b ib lio g ra p h ie s , 
render th is  vo lum e an im p o rta n t source o f d a ta .
(23)
Two R ussian re v ie w s  are o f  in te re s t .  KOVALENKO surveys 
o n e -h u n d re d -a n d -tw e lv e  p u b lic a tio n s  d e a lin g  w ith  th e o ry  o f p la te s  and 
s h e lls  as a p p lie d  to  tu rb o m a c h in e ry . Only one o f th e  re fe rences  re v ie w e d  
h o w e ve r, d e a ls  d ir e c t ly  w ith  w a te r tu rb in e s , be ing  concerned w ith  the  
Kaplan tu rb in e , but ano the r re fe rence  c ite d ,  th a t o f  TU MARKIN , 
p re s e n ts /
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p rese n ts  m ethods o f a n a ly s is  w h ic h  may be a p p lic a b le  to  any o f the
(24)
re a c tio n  w a te r tu rb in e s  . TUMARKIN'S book exam ines th e  s tre sse s  
In  fa n s  on a th e o re t ic a l b a s is .  The book by KOVALEV AND KVYATKOVSKIY®^ 
re v ie w s  se ve ra l p e rtin e n t to p ic s  in c lu d in g  th e  h y d ra u lic  in v e s t ig a t io n  o f 
im p u lse  tu rb in e s ,  be ing  P e lton  and Turgo w h e e ls , in v e s t ig a t io n s  perform ed 
on w a te r tu rb in e s  under s e n /ice  c o n d it io n s ,  and in v e s t ig a t io n s  re la tin g  to  
the  s tre n g th  o f w a te r tu rb in e s . A h is to r ic a l su rvey  o f th e  deve lopm en t 
o f the  w a te r tu rb in e  be tw een  1738 and 1957 is  p resen ted  to g e th e r w ith  a 
c h ro n o lo g ic a l b ib lio g ra p h y  o f tw o -h u n d re d -a n d - tw e n ty  re fe re n c e s .
The re fe re n ce s  w h ic h  re la te  to  re a c tio n  tu rb in e s  o f F ranc is  and 
Kaplan ty p e s ,  and w h ic h  have been quoted in  th e  fo re g o in g  pa rag raphs , 
are not d ir e c t ly  p e rtin e n t to  th e  prob lem s a ss o c ia te d  w ith  the  s tren g th  
a sp e c ts  o f im p u lse  tu rb in e s . I t  is  e v id e n t h ow e ve r th a t some o f th e  
te c h n iq u e s  em ployed  in  the  m odel and fu l l - s c a le  e x p e rim e n ta l s tre ss  
a n a lyse s  o f th e se  re a c tio n  tu rb in e s , w ou ld  be a p p lic a b le ,  perhaps w ith  
s lig h t  m o d if ic a t io n ,  to  s im ila r  e xp e rim e n ta l s tre ss  a n a lyse s  o f im p u lse  
tu rb in e s .
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CHAPTER 2.
THE TURGO IM PULSE WHEEL AND ITS GEOMETRY.
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THE TURGO IMPULSE WHEEL AND ITS GEOMETRY
The Turgo im p u ls e  v/hee l is  a h igh  c a p a c ity ,  m e d iu m -to -h ig h  
h e a d , fre e  je t  im p u lse  w a te r tu rb in e  de s ig n ed  and m a nu fa c tu red , o u ts id e  
th e  U .S .S .R . , b y  M e s s rs . G ilb e r t G ilk e s  and G ordon L td . , K enda l,
E n g l a n d . I ts  in v e n t io n  by GREWDSON^^^^ w as announced in  1921 
w hen i t  w as d e s c rib e d  as a deve lopm en t o f th e  a x ia l- f lo w  G ira rd  tu rb in e  
w ith  a je t  o f the  P e lton  ty p e . The arrangem ent o f tu rb in e , n o z z le  and 
c a s in g  is  show n in  F ig . l  in  w h ich  the  tu rb in e  is  o f an e a r ly  d e s ig n .
As sho w n , th e  je t  e n te rs  th e  tu rb in e  from  th e  s id e  m ak ing  an ang le  o f 
about 20^ w ith  th e  p lane  o f th e  w h e e l, and s tr ik e s  th re e  b u c k e ts , p ra c t ic a l ly  
f i l l in g  th re e  in le t  p a ssa g e s . D ischa rg e  ta k e s  p la ce  a t the  o p p o s ite  s ide  o f 
th e  w h e e l, th e  w a te r th e n  fa l l in g  by g ra v ity  to  th e  t a l l  ra c e . The tu rb in e , 
w h ic h  is  a lw a ys  m anu factu red  as an in te g ra l c a s tin g  in  bronze o r s ta in le s s  
s te e l,  a cco rd in g  to  i t s  d u ty  and s iz e ,  in c o rp o ra te s  a rim  o ffs e t to  the  
in le t  s ide  as in d ic a te d  in  the  d ia m e tra l s e c t io n , F ig . 7 . Other i l lu s t r a t io n s  
o f th e  w h e e l d e p ic te d  in  F ig . 7 , v /h ich  re la te s  to  th e  cu rre n t d e s ig n , are to  
be found  in  F ig s . 55 and 56 o f C ha p te r 4 , F ig s . 55(a) and 55(b) in  
p a r t ic u la r  show ing  re s p e c t iv e ly  the  cu rva tu re s  o f th e  in le t  and o u tle t edges 
o f th e  b u c k e ts .
The n o z z le  is  id e n t ic a l to  th a t used fo r  a P e lton  w hee l and produces
a s o l id ,  w e ll- fo rm e d  je t .  In  com parison  v ;ith  th e  e q u iv a le n t P e lton  w he e l ,
w h ic h  is  one d r iv e n  by th e  same je t  o r a lte rn a t iv e ly  s u b je c t to  rhe  same
head and d e ve lo p in g  a p p ro x im a te ly  the  same B .H .P . , th e  Turgo w h e e l is
about h a lf  th e  d ia m e te r o f the  P e lton  and ro ta te s  at about tv rice  i t s  speed .
I t  is  s l ig h t ly  le s s  e f f ic ie n t  th a n  the  P e lto n , but o ffe rs  le s s  w in d -re  s i s tance.
*
For m aximum  e f f ic ie n c y  in  bo th  typ e s  o f im p u lse  w h e e l,  th e  p i tc h -c ir c ie  
p e r ip h e ra l/
The ra d iu s  o f the  p i tc h - c ir c le  is  th e  p e rp e n d ic u la r d is ta n c e  from  the  
w h e e l a x is  to  the  c e n tre - l in e  o f the  je t .
MAX.
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luRGO IMPULSE WHEEL OF CURRENT DESIGN,
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p e rip h e ra l speed shou ld  be th e o re t ic a l ly  h a lf  th e  speed o f the  je t ,
bu t in  p ra c tic e  th e  no rm a l w o rk in g  w hee l p e rip h e ra l speed o f  both
tu rb in e s  is  s l ig h t ly  le s s  th a n  h a lf  the  je t  s p e e d . I f ,  w h ile  o p e ra tin g
under co n s ta n t he a d , th e  b ra k e - lo a d  is  rem oved from  th e  w hee l and th e
g o ve rn in g  m echan ism  f a i l s ,  th e n  th e  overspeed  o r m n a w a y  c o n d it io n
o ccu rs  in  w h ic h  th e  w h e e l p e rip h e ra l speed approaches th e  speed o f th e
je t .  The runaw ay speed o f the  Turgo w hee l is  a p p ro x im a te ly  80% above
(25)the  norm al w o rk in g  speed , The la rg e s t Turgo im p u ls e  w hee l 
m anu fac tu red  by  the  Kendal f irm  is  o f 36 in . p . c . d .  and about 6 f t .o v e ra l l  
d ia m e te r and d e ve lo p s  4.^600 B .H .P . at a p p ro x im a te ly  600 r .p .m .  u n d e r 
norm al w o rk in g  c o n d it io n s .
For e xp e rim e n ta l in v e s t ig a t io n ,  M e s s rs . G ilb e r t G ilk e s  and G ordon 
su p p lie d  the  w r ite r  w ith  a 1 6 i in . p . c . d .  (2 f t . j4 .3 /4  in .o v e ra ll  d iam eter) 
Turgo im p u ls e  w h ee l o f  cu rre n t d e s ig n  in  c a s t a lu m in iu m . U n fo rtu n a te ly  
separa te  s in g le  b u cke ts  fo r  th is  s iz e  o f w he e l w ere ^unavailable^, but tw o  
s in g le  b u cke ts  fo r  o th e r s iz e s  w ere s u p p lie d , one fo r  an 18 in . p . c . d .
He; j' c u rre n t d e s ig n  w h e e l and one fo r  a 33 in . p . c . d ,  e a r ly  (obso le te ) d e s ig n  
w h e e l. Both separa te  s in g le  bucke ts  were in  c a s t a lu m in iu m  and were 
in te g ra l w ith  segm ents o f hub fo r  th e  purpose o f m o u n tin g .
In  th e  cu rre n t d e s ig n , th e  b ucke ts  o f th e  i s i  in .w h e e l are 
g e o m e tr ic a lly  s im ila r  to  th o se  o f an 18 in ,w h e e l.  The s in g le  a lu m in iu m  
b u cke t fo r  th is  la t te r  s ize  is  shown to g e th e r w ith  a w h ite  p la s te r  re p l ic a ,  
in  F ig . 8 , w h ich  in d ic a te s  c le a r ly  the  h ig h  cu rva tu re s  o f th e  bucke t both  
in  th e  p lane  o f  th e  w h e e l and in  p lanes p e rp e n d ic u la r  to  th e  p lane  o f th e  
w h e e l. Outward from  th e  hub the  o u tle t edge o f  th e  b u c k e t, fo r  th e  m ost 
p a r t ,  fo llo w s  th e  gen e ra l cu rva tu re  in  the  p lane  o f th e  w hee l w h ile  th e  
in le t  edge ra th e r depa rts  from  th is ,  as is  shown p a r t ic u la r ly  in  F ig . 8 (a ).
The in le t  edge is  q u ite  sharp o f c o u rs e , but a long  th e  o u t le t  edge the  
bucke t th ic k n e s s  is  fa i r ly  co n s ta n t at about ^  in . ,  as may be seen in  
F ig s . /
% ' &
•V:
%
(a) LOOKING ON INLET SIDE. AND SHOWING SWEPT SURFACES
(b) LOOKING ON OUTLET SIDE AND SHOWING UNSWEPT SURFACES.
F IG . 8 . SINGLE A L U M IN IU M  BUCKET FOR 18 i n . p . c . d .  TURGO IMPULSE  
W HEEL, AND W HITE PLASTER REPLICA.
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F ig s .9 and 10(a). F ig , 8(a) and F ig s . 55(b) and 56(b) o f C h a p te r 4 
show  th a t the  b ucke t a tta ch e s  to  th e  rim  o ve r a lo n g  " l in e  o f c o n ta c t" ,  
one b u cke t appearing  to  "o v e r la p "  ano ther on th e  o u t le t  s id e  o f the  r im . 
A lte rn a t iv e ly ,  th is  may be exp ressed  by  sa y in g  th a t th e  r im , at a l l  i t s  
c ro s s -s e c t io n s ,  is  in te g ra l on the  o u tle t s id e  w ith  one bucke t o r w ith  
tw o  b u c k e ts .
One o f th e  inanu factu ri.ng  d raw in gs  fo r  th e  1 6 i in . w he e l is  show n 
*
as F ig ,9 . In  i t s  o r ig in a l form  from  the  m ake rs , th is  d ra w in g  com prised  
V iew  X, th e  d ia m e tra l s e c t io n , on w h ich  d e ta ils  o f hub and rim  are g iv e n , 
and th e  im p o rta n t V iew  Y w h ic h  shows se c tio n s  o f th e  b u cke t in  planes 
p a ra lle l to  th e  p lane  o f th e  w he e l at th e  s ta tio n s  0, 2 , 4 , . . .13 o f 
V iew  X. A ll o f th e se  b u cke t s e c tio n s  are re la te d  to  an a x ia l datum  lin e  
w h ic h  passes th rou g h  p o in t 0 on V iew  Y, p o in t 0 be ing  th e  in te rs e c t io n  o f 
th e  p itc h -c irc le  and in le t  e d ge . The in te rs e c t io n s  o f  th e  p a ra lle l p la n e s , 
c o n ta in in g  s e c tio n s  2, 4 , . , .13 o f V iew  Y, w ith  th is  a x ia l datum  l in e ,  are 
show n in  V iew  Y as p o in ts  2 , 4 , . .  .13 on th e  p i tc h -c ir c le ,  p o in t 2 being 
th e  datum  p o in t fo r  s e c tio n  2 , p o in t 4 the  datum  p o in t fo r  S ec tion  4 ^e tc . 
Thus i f  ra d ii ZO, Z2, Z4, . . .Z13 were superposed in  V iew  Y , th a t is  
p o in ts  0 , 2 , 4 , . , .13 on th e  p itch **c irc le  a l l  c o in c id in g ,  the  co rrespo n d in g  
s e c tio n s  0 , 2 , 4 , . . .13 w ou ld  appear in  co rre c t re la t io n  to  each o th e r.
As w e ll as show ing  the  in le t  edge . V iew  Y show s a c o n s id e ra b le  le n g th  o f 
th e  o u tle t edge much o f w h ic h  l ie s  in  a p lane  a p p ro x im a te ly  p a ra lle l to  the  
p lane  o f th e  w h e e l, as can  be seen in  V iew  X. The co rre sp o n d in g  
m a n u fa c tu rin g  d raw in g  fo r  an 18 in . p . c . d .  w he e l is  v e ry  s im ila r  to  F ig .9 . 
S im ila r  s e c tio n s  0 , 2 , 4 , . .  .13 are shown and d im e n s io n s  are p ro p o rtio n ­
a te ly  g re a te r.
To a s s is t  e xa m in a tio n  o f bucke t ge o m e try , re p lic a s  o f th e  a lum in iu m  
b u cke t fo r  an 18 in . w hee l were made in  f in e  m o d e llin g  p la s te r .  The 
a lu m in ium  b u c k e t, coa ted  w ith  s ilic o n e  re le a se  a g e n t, w as used as 
p a t te rn /
*F ig  ; 9 is  in  pocke t a ttached  to  in s id e  o f back c o v e r.
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p a tte rn  s u ita b ly  arranged in  a m ould b o x , and a m ould was c a s t round 
th e  b u cke t in  h a rd -s e tt in g  s il ic o n e  rubbe r. A fte r s e t t in g ,  the  m ould 
w as cu t c a re fu lly  to  re le ase  the  bucke t and was th e n  c le a n e d , coa ted  
w ith  re le ase  agent and re -a sse m b le d  and sea led  ready  to  re ce iv e  the  
c a s t o f  l iq u id  p la s te r  fo r  th e  re p lic a  b u c k e t. S evera l p la s te r  re p lic a s  
w ere m ade, some o f them  be ing  show n in  F ig s . 8 and 10. C a re fu l 
m easurem ents and the  a p p lic a t io n  o f te m p le ts  co n firm e d  th e ir  accu ra te  
co rrespondence  w ith  the  geom etry  o f the  a lu m in iu m  b u c k e t.
E x te n s ive  use w as made o f te m p le ts  to  reco rd  cu rva tu re s  in  
v a r io u s  p lanes  at m any p o in ts  on the  sw ept and u n sw e p t su rfaces  o f the  
18 in ,w h e e l a lu m in iu m  and p la s te r  re p lic a  b u c k e ts . The su rvey  o f 
c u rv a tu re s , to g e th e r w ith  th ic k n e s s  m easurem en ts , in d ic a te d  the  
fo llo w in g : -
(a) The cu rva tu re s  in  p lanes  p a ra lle l to  the  p lane  o f th e  w h e e l, 
p e rta in in g  to  the  s e c tio n s  0 , 2 , 4 , . . .13 show n on the  m a nu fa c tu rin g  
d ra w in g , are fa i th fu l ly  reproduced on the  a c tu a l b u c k e t,
(b) As may be p ra c t ic a l ly  d isce rn e d  by e y e , e .g .  in  F ig . 8 , the  
b ucke t shape fo r  th e  m ost pa rt a pp rox im a tes  som ew hat ro u g h ly  to  th a t 
o f pa rt o f a s h e ll o f re v o lu t io n ,th e  a x is  o f w h ic h  is  p a ra lle l to  the  
w he e l a x is .  W ith  the  e x c e p tio n  o f part o f th e  in le t  edge , the  
cu rva tu re s  o f th e  bucke t in  p lanes p a ra lle l to  th e  p lane  o f th e  w h e e l, 
re p re sen t a p p ro x im a te ly  the  c irc u m fe re n tia l cu rva tu re s  o f th is  s h e ll o f 
re v o lu t io n . Th is  m ay be seen on th e  m a n u fa c tu rin g  dravving fo r  th e  
18 in .w h e e l, ju s t  as in  F ig .9 , where the  lo n g  bou nd aries  o f se c tio n s  
2 , 4 , 6 , . . .13 app rox im a te  to  c ir c u la r  a rc s . From e xa m in a tio n  o f 
the se  s e c tio n s  and o f V iew  X o f F ig .9 , to g e th e r w ith  F ig , 8 show ing  
ge ne ra l bu cke t shape , i t  m ay be sa id  th a t s e c tio n  6 rep resen ts  
a p p ro x im a te ly  the  "e q u a to r"  o f the  co rre sp o n d in g  s h e ll o f re v o lu t io n . 
Therefore ta k in g  the  p lane  o f s e c tio n  6 , V iew  Y , as th e  "e q u a to r ia l " 
p la n e /
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p la n e  o f th e  s h e l l ,  the  ce n tre  o f  th e  c ir c u la r  arc w h ic h  app rox im a tes  
to  th e  concave  o r sw ept boundary o f s e c tio n  6 , lo c a te s  the  a x is  o f 
re v o lu t io n  o f th e  s h e ll .  In  V iew  Y o f F ig .9 th is  c ir c u la r  arc is  
in d ic a te d  and show n d o tte d , so lo c a t in g  th e  a x is  o f th e  co rre spo n d ing  
s h e ll o f  re v o lu t io n  at ce n tre  2 ^ , A lthough F ig .9 re fe rs , o f c o u rs e , to  
the  1 6 i in .w h e e l,  e x a c t ly  s im ila r  o b se rva tio n s  a p p ly  to  th e  co rre sp on d ­
in g  d ra w in g  fo r  th e  bucke t o f  th e  18 in .w h e e l.
(c) W ith  re fe re nce  to  V ie w  Y, F ig .9 , th e  p la n e s  o f s e c tio n s  
0 , 2 , 4 , 6 , . . . 1 3  may be c a lle d  c irc u m fe re n tia l p la n e s . P lanes 
p e rp e n d ic u la r  to  th e se  and p a ss in g  th ro u g h  th u s  c o n ta in in g  the  
a x is  o f re v o lu t io n ,  are e v id e n t ly  m e rid io n a l p la n e s , and i t  is  ro u g h ly  
in  such m e rid io n a l p la ne s  th a t m any o f th e  h ig h e s t cu rva tu re s  o f the  
b u cke t o c c u r , bo th  on sw ep t and un sw ept s u rfa c e s . Again  F ig . 8 
in d ic a te s  th a t th is  fe a tu re  is  p ra c t ic a l ly  d is c e rn a b le  by  e ye . At m ost 
p o in ts  on the  b u cke t su rfa ce s  i t  is  e v id e n t th a t ,  to  a reasonab le  degree 
o f a p p ro x im a tio n , th e  p r in c ip a l cu rva tu re s  l ie  in  such m e rid io n a l p lanes 
and in  p lanes  p e rp e n d ic u la r to  m e rid io n a l p la n e s , as is  the  case in  a 
s iie ll o f re v o lu t io n .  '
I t  is  in s tru c t iv e  to  in s p e c t s e c tio n s  o f  th e  b u cke t in  m e rid io n a l
p la n e s . In  V ie w  Y, F ig ,9 , th e  l in e s  o f in te rs e c t io n  o f m e rid io n a l p lanes
w ith  the  "e q u a to r ia l"  p lane  o f s e c tio n  6 , may be used to  s p e c ify  the
a n g u la r p o s it io n s  o f th e  m e rid io n a l p lanes re la t iv e  to  a da tum . The datum
is  cho sen  as th a t m e rid io n a l p lane  w h ich  in te rs e c ts  th e  "e q u a to r ia l " p lane
a long  tra c e  Z, G- , show n d o tte d , and so th e  p o s it io n  o f any m e rid io n a l 
1 1  *
p lane  is  d e fin e d  by th e  re le v a n t v a lu e  o f ang le  ©  . The d e te rm in a tio n  
o f datum  Z^G^ is  in d ic a te d  in  C hap te r 3, M e r id io n a l s e c tio n s  o f the  
b u cke t a t ©  == 74^ and at ©  = 86*^ are show n fo r  th e  162“ in . w hee l in  
V iew  W  o f F ig .9 . These s e c tio n s  are c o n s tru c te d  from  th e  c irc u m fe re n tia l 
s e c t io n s /
See N om encla tu re .
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s e c tio n s  o f V iew  Y and from  V iew  X as fo l lo w s ,  e .g .  fo r  th e  m e rid io n a l 
s e c tio n  at 0  == 74°
(1) From V ie w  X, s ta tio n s  0 , 2 , 4 , . . .13 are p ro je c te d  in to
V iew  V / as the  same s ta t io n s ,  0 , 2 , 4 , . . . 1 3 ,  These s ta tio n s  are, 
o f c o u rs e , tra c e s  o f the  c irc u m fe re n tia l p la n e s .
(2) In  V iew  Y, w ith  re fe rence  to  s e c tio n  6 , ang le  ©  ~ 74° is  
m easured and Z^b is  d raw n to  cu t ra d iu s  26 in  6 * and to  cu t 
s e c tio n  6 in  p o in ts  a and b . Angle y  w h ic h  b6** m akes w ith  Z6* , 
is  m easured . For th is  m e rid io n a l s e c tio n  th e n , p o in t 6 ' on ra d iu s  
Z6 lo c a te s  an a x ia l datum  l in e  fo r  a l l  th e  o th e r c irc u m fe re n tia l 
s e c tio n s  o f V iew  Y, In  V iew  W , any l in e  p e rp e n d ic u la r to  s ta tio n s  .
0 , 2 , 4 , . .  .13 is  d raw n to  rep resen t th is  a x ia l da tum . In  th is  v ie w , 
th e  in te rs e c t io n  o f th e  a x ia l datum  lin e  w ith  s ta t io n  6 th e n  lo c a te s  
p o in t 6 ' and le n g th s  6a ' and ab are m easured a lo ng  s ta t io n  l in e  6 ,
I
e qu a l re s p e c t iv e ly  to  6a and ab o f V iew  Y, Thus in  V iew  W , 
p o in ts  a and b are lo c a te d  as p o in ts  on th e  tw o  su rfaces  o f th e  
m e rid io n a l s e c tio n  at 0 - 7 4 ° .
I
(3) N ow  c o n s id e r in g  s e c tio n  4 o f V iew  Y , 24 is  m easured a long  
ra d iu s  24 to  equa l 26 * , lo c a t in g  datum  p o in t 4 re la t iv e  to  th is  
c irc u m fe re n tia l s e c tio n  4 . Then l in e  4e is  d raw n to  make ang le  y  
w ith  24 , c u tt in g  s e c tio n  4 in  p o in ts  d and e . In  V iew  V7, p o in t 4* 
is  lo c a te d  at th e  in te rs e c t io n  o f the  a x ia l datum  l in e  w ith  s ta t io n  4 ,
I
so le n g th s  4d and de are m easured a long  s ta t io n  l in e  4 , equa l
t
re s p e c t iv e ly  to  4d and de o f V iew  Y. Thus in  V iew  W , p o in ts  
d and e are lo c a te d  as p o in ts  on the  tw o  su rfa ce s  o f th e  m e rid io n a l 
s e c tio n  a t ©  = 7 4 ° ,
(4) E x a c tly  s im ila r  procedure  as in  (3) is  a p p lie d  c o rre s p o n d in g ly  
in  tu rn  to  s e c tio n s  0 , 2 , 8 , 10, 12 and 13 o f  V ie w  Y , th u s  g iv in g  
p o in ts /
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p o in t vS f ,  g , h ,  j ,  k ,  1, m , n ,  p , q , r  and s as p o in ts  on th e  tw o
O
su rfa ce s  o f the  m e rid io n a l s e c tio n  at ©  = 74 .
(5) Leng th  13 t  from  V iew  Y, to g e th e r w ith  p ro je c t io n  from  V iew  X 
in  th e  re g io n  o f l in e  G at th e  o u tle t e d g e , th e n  lo c a te  th e  o u tle t 
edge p o in ts  t  and u in  V iew  W  fo r  the  m e rid io n a l s e c tio n  at ©  = 74°, 
w h ic h  is  f in a l ly  re vea le d  by jo in in g  th e  a p p ro p ria te  p o in ts  f ,  h ,  d , 
a , k ,  e t c . ,  and g , j ,  e ,  b , e t c . ,  w ith  sm ooth c u rv e s .
For th e  bucke t o f th e  i s i  in . w h e e l, in  a d d it io n  to  the  m e rid io n a l 
s e c tio n s  a t ©  = 74° and at 0  = 86° shown in  F ig . 9 , th re e  o th e r 
m e rid io n a l s e c t io n s , co n s tru c te d  as d e s c r ib e d , are show n in  F ig s . A6 J (a ) ,  
A 6 .3 (a ) and A 6 .4 (a ) o f A ppend ix  6 , These re s p e c t iv e ly  are fo r  ©  ~ 5 7 ° , 
0 = 9 2 °  and ©  = 1 1 1 ° .
U s in g  e x a c t ly  th e  same m ethod o f c o n s tru c t io n  on th e  co rre sp o n d ­
in g  m a n u fa c tu rin g  d ra w in g , a s im ila r  se t o f f iv e  m e rid io n a l s e c tio n s  was 
d raw n fo r  th e  b ucke t o f th e  18 in . w h e e l. One such s e c t io n , in  th e  re g io n  
o f th e  b ucke t in  w ay o f th e  p i t c h - c i r c le ,  is  show n in  F ig . 45 o f C h a p te r 4. 
L ik e  th e  co rre sp o n d in g  s e c tio n s  o f th e  16^ in .w h e e l b u c k e t, th e se  s e c tio n s  
w ere  from  th e  m ain  body o f the  bucke t c le a r  o f th e  r im .
I t  w as a m a tte r o f some consequence to  de te rm ine  how  c lo s e ly  th ese  
co n s tru c te d  m e rid io n a l s e c tio n s  w ou ld  co ire sp o n d  w ith  th e ir  co u n te rp a rts  
on the  a c tu a l b u c k e t. A c c o rd in g ly  one o f the  p la s te r  re p lic a  b u cke ts  fo r  
th e  18 in , w hee l w as a p p ro p r ia te ly  m a rk e d -o ff on th e  b a s is  o f m easure­
m ents from  th e  m a nu fa c tu rin g  d ra w in g , and co rre sp o n d in g  s e c tio n s  were 
c u t th ro u g h  th e  re p lic a .  The se c tio n s  were c u t c a re fu lly  by hand , u s in g  
a f in e  h a cksa w  l ig h t ly  a p p lie d . F ig . 10(a) i l lu s t r a te s  one re p lic a  
a p p ro p r ia te ly  m a rk e d -o ff and a n o th e r, o f b e tte r  su rface  q u a li ty ,  w h ic h  has 
been se c tio n e d  c o rre s p o n d in g ly . A ty p ic a l m e rid io n a l s e c tio n  o f th is  
l a t t e r /
(a) LOOKING ON SWEPT SURFACES. ONE REPLICA SECTIONED
MERIDIONALLY, THE OTHER MARKED-OFF MERIDIONALLY AND
CIRCUMFERENTIALLY.
(b) VIEW  ON A MERIDIONAL SECTION OF REPLICA .
FIG  10. PLASTER REPLICAS OF BUCKET FOR 18 i n . p . c . d .  TURGO WHEEL
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la t te  r  m ode l is  show n in  F ig . 10(b) from  w h ic h  th e  s e c tio n  m ay be seen 
to  resem b le  th e  c o n s tru c te d  s e c tio n  o f F ig . 45 . C om parison  o f  the  
m e rid io n a l s e c tio n s  c o n s tru c te d  from  the  m a n u fa c tu rin g  d ra w in g , w ith  
th e ir  co u n te rp a rts  on th e  se c tio n e d  re p l ic a ,  showed good co rrespondence  
e s p e c ia l ly  in  re sp e c t o f gen e ra l c u rv a tu re s . There w ere m in o r 
d iffe re n c e s  in  th ic k n e s s  at one o r tw o  p o in ts .
C o n ce rn in g  th e  bu cke t fo r  the  1 6 i in .w h e e l,  in s p e c t io n  o f th e  f iv e  
m e rid io n a l s e c tio n s  fo r  va lu e s  o f 0  equa l to  5 7 ° , 7 4 ° ,  8 6 ° , 9 2 °  and 
111° (F ig s . A 6 .1 (a ), 9 , A 6 .3 (a ) and A 6 . 4(a) ) show s th a t th e se  se c tio n s  
are g e n e ra lly  q u ite  s im ila r ,  th e  o n ly  marked d iffe re n c e s  in  shape o cc u rr in g  
a t ,  and in  th e  re g io n  o f ,  th e  in le t  edge . Th is  is  a ls o  e v id e n t from  the  
g ene ra l appearance o f th e  b u c k e t, e .g .  as F ig . 8(a) in d ic a te s . M e r id io n a l 
s e c tio n s  o f  the  b u cke t in  w a y  o f  th e  rim  h a v e , o f c o u rs e , no p o rtio n s  in  
th e  re g io n  o f th e  in le t  edge , as may be seen from  V iew s  X and Y, F ig .9 , 
bu t apa rt from  th is ,  th e se  s e c tio n s  m a in ly  resem b le  th e  co rre sp o n d in g  
pa rts  o f th e  f iv e  f u l l  m e rid io n a l s e c tio n s  sh o w n . A ll th e  m e rid io n a l 
s e c tio n s  la c k  sym m e try , as m igh t be e x p e c te d , bu t th e  "a ve ra g e " shape 
o f s e c tio n  is  one no t v e ry  fa r  from  sym m e trica l abou t a p lane  p a ra lle l to  
the  p lane  o f th e  w h e e l.
The areas w ere m easured and the  c e n tro id s  w ere lo c a te d  fo r  th e  f iv e  
f u l l  m e rid io n a l s e c tio n s  o f th e  1 6 i in . w h e e l b u c k e t, and th e  fo llo w in g  
w ere e s ta b lis h e d :-
(a) A ll th e  s e c tio n s  have a lm ost the  same a rea . The area o f  the  
la rg e s t is  ju s t  o ve r 6% g re a te r th a n  th e  area o f th e  s m a lle s t.
(b) The c e n tro id s  a l l  l ie  w ith in  1 /8  in .o f  a common p lane  w h ic h  is  
p a ra lle l to  th e  p lane  o f the  w h e e l. The tra ce  o f th is  p lane  l ie s  
be tw een  th e  tra c e s  at s ta tio n s  6 and 8 o f V iew  W , F ig .9 .
A lte rn a t iv e ly ,  i t  m ay be sa id  th a t a l l  the  c e n tro id s  are lo c a te d  at 
a lm o s t th e  same d is ta n c e  from  the  p lane  o f th e  in le t  e dge .
(c) /
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(c) The p ro je c tio n s  o f th e  c e n tro id s  on th is  com mon p la n e , 
and a ls o  on th e  "e q u a to r ia l"  p lane  o f s e c tio n  6 (V iew  Y o f F ig .9 ) , 
l ie  w ith in  3/18 in ,o f  a c ir c u la r  a rc , cen tre  Z^, Th is  arc is  th e  
same in  th e  common p la n e  as in  th e  p lane  o f  s e c tio n  6 , and is  o f 
ra d iu s  s l ig h t ly  le s s  th a n  th a t o f th e  arc show n in  V iew  Y as 
a p p ro x im a tin g  to  th e  concave  boundary o f  s e c tio n  6 .
In  com paring  th e  b u cke t shape to  th a t o f  pa rt o f  a s h e ll o f 
re v o lu t io n ,  w h ic h , o f.c o u rs e , e x h ib its  id e n t ic a l m e rid io n a l s e c t io n s , 
a degree o f a p p ro x im a tio n  is  in c u rre d  w h ic h  is  no t u n re a so n a b le .
The m e rid io n a l s e c tio n s  o f  th e  bucke t a l l  co rrespond  fa i r ly  c lo s e ly  in  
re sp e c t o f s e c tio n  th ic k n e s s .  I t  is  e v id e n t th a t th e  th ic k n e s s  o f a 
m e rid io n a l s e c tio n  v a r ie s  from  in le t  edge to  o u tle t edge in  a ra th e r 
p ronounced m anner, so th e  s h e ll o f re v o lu t io n  com parab le  to  th e  shape 
o f th e  b u c k e t, is  a s h e ll o f re v o lu t io n  o f v a ry in g  th ic k n e s s .
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CHAPTER 3.
APPROXIMATE THEORETICAL ANALYSES FOR THE CENTRIFUGAL AND 
TET LOADING STRESSES AND DEFORMATIONS IN  A TURGO IMPULSE WHEEL
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APPROXIMATE THEORETICAL, ANALYSES FOR THE CENTRIFUGAL AND 
TET LOADING STRESSES AND DEFORMATIONS IN  A TURGO IM PULSE WHEEL.
These app rox im a te  a n a lyse s  have been d e ve lop e d  m a in ly  to  e s tim a te  
th e  o rd e rs -o f-m a g n itu d e  o f  th e  c e n tr ifu g a l and je t  lo a d in g  s tre sse s  in  a 
Turgo w h e e l,  and so to  p ro v id e  co m parison  be tw een  th e  approxj.m ate s tre ss  
m axim a fo r  th e  tw o  ty p e s  o f lo a d in g  under no rm a l w o rk in g  c o n d it io n s . 
A d d it io n a l a im s have been to  enhance the  e ffe c t iv e n e s s  o f subsequent 
s tra in  m easurem ent by  in d ic a t in g  p robab le  re g io n s  o f s ig n if ic a n t  s tre s s ,  
and to  in v e s t ig a te  bases on w h ich  m ethods o f d e s ig n  fo r  s tre n g th  m igh t be 
fo u n d e d .
The app rox im a te  th e o r ie s  are d e rive d  in  c o m p le te ly  g e n e ra l fo rm , 
and s in ce  th e  num ber o f bu cke ts  is  s ta n d a rd ise d  a t 22 fo r  the  cu rre n t 
d e s ig n , and g e o m e tr ic a l s im ila r i ty  a p p lie s  o ve r a w id e  range o f s iz e s ,  
s ig n if ic a n t  e xp re ss io n s  are s e t-d o w n  n o n -d im e n s io n a lly  as fa r  as p o s s ib le  
Separate a n a lyse s  a re , o f  c o u rs e , p resented  fo r  c e n tr ifu g a l lo a d in g  and je t  
lo a d in g  but th e  d e r iv a t io n s  are on s im ila r  l in e s ,  co m p iise  com m on m a tte r 
and fo r  the  m ost p a r t , share a common n o m e n c la tu re .
The IG i in . p . c . d .  w h e e l,  be in g  o f m edium  s iz e  and o f in te re s t 
e x p e r im e n ta lly , is  th e  s u b je c t o f  the  n u m e rica l a p p lic a t io n s  o f the  th e o re ­
t ic a l  a n a ly s e s . The d im e n s io n s  o f th e  w h e e l are show n in  F ig s .7 and 9*
Throughout th e  a n a ly s e s , n u m e rica l c a lc u la t io n s  are show n fo r  th is  w hee l
(25)unde r i t s  m axim um  ra te d  s e rv ic e  head o f 700 f t .  , and a ls o , where 
a p p ro p r ia te , a t th e  co rre sp o n d in g  o ve rsp e e d , th e  w h e e l m a te r ia l be ing  ca s t 
s te e l.  In  re la t io n  to  th e  e xp e rim e n ta l w o rk , re fe ren ce  is  a ls o  made to  a 
s im ila r  w hee l in  a lu m in iu m , su b je c te d  to  th e  same s e ii/ ic e  c o n d it io n s .
The p e rtin e n t c o n d it io n s  and the  re le v a n t p h y s ic a l and m e ch a n ica l 
p ro p e rtie s  o f th e  tw o  m a te r ia ls  are in d ic a te d  in  Table  1,
—28"
TABLE 1.
WORKING CONDITIONS AND PROPERTIES OF MATERIALS PERTINENT TO
NUMERICAL CALCULATIONS F O R ls i in . p . c . d .  TURGO W HEEL.
M axim um  ra ted  head == 700 ft .
(25)N orm al w o rk in g  c o n d it io n . . (25) Overspeed.
1013 B . H . P .  a t 1300 r . p . m . 2340 r . p . m .
M a te r ia l
o f
W heel.
P h y s ic a l and M e c h a n ic a l P roperties .
D e n s ity .
D
lb / in ?
Young 's 
M odu lus.
E 2
lb / in .
M o d u lu s
o f
R ig id ity
G g
lb / in .
P o is s o n 's
Ratio,
V
C ast
*
S teel 0 , 28 5 30x10® 11.4x10® 0.31
A lum in ium 0.095 11.3x10® 4 . 3x 10 ® 0.31
P ro p e rtie s  fo r  c as t  s te e l are ta k e n  from  re le v a n t 
l i t e r a tu r e .
+ A ll p ro p e rtie s  fo r  a lu m in iu m , e xce p t G , were m easured 
from  m a te r ia l from  the  same ca s t as th e  w h e e l used in  
e x p e rim e n ta l w o rk , G is  c a lc u la te d  from  E and V  •
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3A. THEORETICAL ASSUMPTIONS
The assum p tio ns  made co n ce rn in g  th e  geom etry  o f  the  w h e e l, are 
l is te d  b e lo w . These are based la rg e ly  on th e  f in d in g s  o f th e  e xa m in a tio n  
o f ty p ic a l w hee l g e o m e try , p resen ted  in  the  p re v io u s  c h a p te r.
(1) A l l m e rid io n a l s e c tio n s  o f th e  bucke t are id e n t ic a l be in g  p a ra b o lic  in  
shape and sym m e tr ica l about a p lane  p a ra lle l to  th e  p lane  o f th e  w h e e l. 
The cu rva tu re  and th ic k n e s s  o f the  p a ra b o lic  sym m e tr ica l s e c tio n  
app rox im a te  re s p e c t iv e ly  to  th e  cu rva tu re  and th ic k n e s s  o f th e  "a ve ra g e " 
m e rid io n a l s e c tio n  o f th e  b u c k e t, w h ich  is  a m e rid io n a l s e c tio n  in  the  
re g io n  o f the  p itc h  c i r c le ,  e . g .  fo r  the  1 6 i in .w h e e l o f F ig .9 , the  
"a ve ra g e " m e rid io n a l s e c tio n  is  at about 0  = 86^ o r 0  = 92^ ,
The "e q u iv a le n t"  p a ra b o lic  s e c tio n  is  o b ta in e d  from  th is  average 
m e rid io n a l s e c tio n  as fo l lo w s ,  e . g .  w ith  re fe re n ce  to  F ig . 11 w h ich  shows 
in  do tte d  l in e s  th e  m e rid io n a l s e c tio n  at 0  - 9 2 ^  fo r  th e  1 6 i in ,w h e e l: -  
The o r ig in  o f th e  pa ra bo la  w h ich  fo rm s th e  m id - l in e  o f th e  e q u i­
v a le n t s e c tio n  is  lo c a te d  at O , the  in te rs e c t io n  o f the  m id - l in e  o f 
th e  average m e rid io n a l s e c tio n  w ith  l in e  Ooc. in  th e  p lane  o f the  
w h e e l. b is e c ts  the  to ta l w id th  o f th e  average s e c tio n  and form s
th e  % - a x i s , be in g  th e  A j - a x is .  The g ene ra l e q u a tio n  o f the
pa rabo la  w ith  re sp e c t to  th e se  axes is  and the  pa rabo la
se le c te d  is  th e  one judged  as a p p ro x im a tin g  to  th e  m id - l in e  o f the  
average s e c tio n  in  the  best  ba lanced  m anner. The pa rabo la  shown 
is  fo r  O. -  1.32 in .  T h ickness  t  o f th e  e q u iv a le n t p a ra b o lic  
s e c tio n  is  a l in e a r  fu n c t io n  o f %  , where ' t  = ’M X -+ C  . The va lu e  
o f C is  ta k e n  as th e  th ic k n e s s  o f the  average m e rid io n a l s e c tio n  
at 7C — O  , andvn is  found from  th e  c o n d it io n  th a t at 'X k ia x  / ^  
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is  ta k e n  as th e  mean o f th e  th ic k n e s s e s  at th e  edges o f th e  average 
m e rid io n a l s e c t io n . For th e  s e c tio n  sh o w n , X  = -  0.28%. + 0 .65.  " 
The p a ra b o lic  s e c tio n  w ith  l in e a r ly -v a ry in g  th ic k n e s s  app rox im ates 
fa i r ly  c lo s e ly  to  th e  average m e rid io n a l s e c t io n . For such an e q u i­
v a le n t s e c t io n , a l l  th e  p ro p e rtie s  re le v a n t to  the  a na lyse s  may be 
d e rive d  m a th e m a tic a lly  w ith  reasonab le  f a c i l i t y .  These p ro p e rtie s  
are g ive n  in  A ppend ix  1, from  w h ich  th e  lo c a t io n  o f G , F ig , 11, is  fo u n d .
G is  th e  c e n tro id  o f th e  e q u iv a le n t p a ra b o lic  s e c tio n .
(2) The lo c u s  o f th e  c e n tro id s  o f the  id e n t ic a l e q u iv a le n t p a ra b o lic  se c tio n s  
o f  th e  bucke t is  a c ir c u la r  arc in  the  p lane  o f th e  w h e e l, e .g .c o n ta in in g  
O tc , F ig .11. Th is  c ir c u la r  arc is  lo c a te d  as fo l lo w s ,  e . g .  fo r  the  
1 6 i in , w h e e l:-
In  F ig .11, th e  p ro je c t io n  o f G on s ta t io n  6 is  G ^ , w h ich  lo c a te s  
the  "h e ig h t " o f  the  c e n tro id  re la tiv e  to  s e c tio n  6 . At ©  = 9 2^ in  
V iew  Y o f F ig .9 , G^ is  th e n  e a s ily  lo c a te d  re la t iv e  to  s e c tio n  6 and 
th e  requ ired  c ir c u la r  arc is  th e n  draw n w ith  ce n tre  and ra d ius  
Zg^Gg. The c ir c u la r  arc is  shown d o tte d  in  F ig . 9 and is  in d ic a te d  as 
th e  l in e  o f c e n tro id s  o f the  e q u iv a le n t p a ra b o lic  m e rid io n a l s e c tio n s . 
From V iew  X o f F ig . 9 , th e  c e n tro id  G ^ o f  th e  r im -s e c t io n  m ay be 
found and so the  p ro je c t io n  o f the  l in e  o f c e n tro id s  o f th e  rim  may be 
draw n in  V iew  Y as show n . The l in e  o f  c e n tro id s  o f th e  p a ra b o lic  
se c tio n s  in te rs e c ts  the  l in e  o f c e n tro id s  o f  th e  rim  at G^ in  V iew  Y , 
at w h ich  p o in t th e  fo rm er l in e  te rm in a te s . L in e  Z G th e n  fo rm s a 
zero datum  fo r  m easurem ent o f ang le  ©  , as has been in d ic a te d  in  
the  p re v io u s  c h a p te r. The o th e r te rm in a tio n  o f the  c ir c u la r  arc o f 
c e n tro id s  o f p a ra b o lic  s e c t io n s  is  at G^ where th e  arc in te rs e c ts  the  
tra ce  o f the  ju n c t io n  o f th e  hub w ith  s e c tio n  6 . Arc G^G^G^ is  th e n  
the  l in e  o f c e n tro id s  o f the  "e q u iv a le n t"  b u cke t o f  p a ra b o lic  s e c tio n s . 
No part o f th is  e q u iv a le n t bucke t ex tends beyond G^.
(3) /
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(3) The rim  is  o f re c ta n g u la r c ro s s -s e c t io n ,  o f area a p p ro x im a te ly  equa l 
to  th a t o f th e  a c tu a l r im -s e c t io n .  The dep th  o f  th e  re c ta n g u la r s e c tio n  
l ie s  in  a p lane  p a ra lle l to  th e  p lane  o f the  w h e e l, and is  tw ic e  the  
b re a d th . The c e n tro id s  o f a c tu a l and "e q u iv a le n t"  re c ta n g u la r  rim  
c o in c id e . In  V iew  X, F i g . 9 ,  th e  e q u iv a le n t re c ta n g u la r s e c tio n  is  
shown d o tte d  fo r  th e  r im  o f  th e  I c i  in .w h e e l.  The degree o f  th e  
a p p ro x im a tio n  is  e v id e n t ly  re a so n a b le .
The re c ta n g u la r  s e c tio n  rim  and p a ra b o lic  s e c tio n  bu cke t jo in  at 
one p o in t o n ly ,  the  jo in t  be ing  r ig id .  Th is  b u c k e t/r im  ju n c t io n  p o in t 
is  at th e  c e n tro id  o f th e  r im -s e c t io n  and , fo r  th e  I 62 in .w h e e l,  is  show n 
as in  V ie w  Y , F ig .9 , and as G ^ in  V iew  X, In  re la t io n  to  th e  
p a ra b o lic  s e c tio n  at th e  "r lm -e n d  " te rm in a tio n  o f  th e  e q u iv a le n t b u c k e t, 
the  ju n c t io n  p o in t is  shown as G. in  F ig .11.
(4) The hub is  a th ic k  c y lin d e r  o f th e  same bore as th e  a c tu a l h u b , and o f 
le n g th  equa l to  the  to ta l w id th  o f the  average m e rid io n a l s e c tio n  o f th e  
b ucke t (see e . g .  F ig ,11). The o u te r ra d iu s  is  m easured from  the  ce n tre  
o f th e  w h e e l to  the  "hub-end " te rm in a tio n  p o in t o f  th e  c ir c u la r  l in e  o f 
c e n tro id s  o f th e  p a ra b o lic  s e c tio n  b u c k e t, e . g .  fo r  th e  1 6 i in .w h e e l,  
the  o u te r ra d iu s  o f th e  th ic k  c y lin d e r  hub is  th e  l in e  jo in in g  Z to  G^
in  V ie w  Y , F ig .9 .
The b u c k e t, o ve r i t s  to ta l w id th ,  is  r ig id ly  jo in e d  to  th e  o u te r 
su rface  o f the  h ub .
F ig . 12 i l lu s t r a te s  and sum m arises th e se  g e o m e tr ic a l assum p tions  
w ith  a p p lic a t io n  to  th e  1 6 i in .w h e e l.  The b u cke t is  re p la ce d  by i t s  
e q u iv a le n t p a ra b o lic  s e c tio n  b u c k e t, and th e  rim  by  i t s  e q u iv a le n t re c t­
a n g u la r s e c tio n  r im . In  th e  l in e  d iagram  th e se  are rep resen ted  by  th e ir  
l in e s  o f c e n tro id s , w h ic h  a ls o  rep resen t bucke t and rim  in  m any pa rts  o f 
the  a n a l y s e s .  The b u cke t and rim  are r ig id ly  co nnec ted  o n ly  at p o in t G ^. 
The hub is  re p la ce d  by i t s  e q u iv a le n t th ic k  c y lin d e r  to  w h ic h  the b ucke ts  
a r e /
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are r ig id ly  jo in e d .
The m ain  a ssum p tio ns  made co n ce rn in g  th e  e la s t ic  b e h a v io u r o f
th e  assum ed com ponents are now  l is te d : -
(1) The b u cke t behaves as a th in  beam cu rved  in  th e  p lane  o f  th e  w h e e l, 
and th e  co rre sp o n d in g  th e o r ie s  o f b e n d in g , to rs io n ,  shea r and d ire c t 
fo rce  are a p p lic a b le . These th e o rie s  are a p p ro p ria te  to  th e  open 
p a ra b o lic  c ro s s -s e c t io n  o f the  beam , fo r  w h ic h  s e c tio n  the  p ro p e rtie s  
re le v a n t to  the  th e o r ie s  are g iv e n  in  A ppend ix  1,
The geom etry  assum ed fo r  th e  bucke t is  c le a r ly  th a t fo r  pa rt o f  a 
s h e ll o f re v o lu t io n ,  to  w h ic h  a llu s io n  is  made in  th e  p re v io u s  ch a p te r. 
S he ll b e h a v io u r is  no t assum ed in  the se  a n a ly s e s , but is  co n s id e re d  
in  subsequen t c h a p te rs . There i t  is  show n th a t i t  m ay be p o s s ib le  to  
d e ve lo p  app rox im a te  s h e ll b e h a v io u r a n a lyse s  by  in i t i a l l y  assum ing  
beam b e h a v io u r, p roce ed in g  on th e  l in e s  in d ic a te d  in  th is  c h a p te r, 
and a p p ro p r ia te ly  in tro d u c in g  fa c to rs  to  m o d ify  th e  beam a n a lyse s  to  
ta k e  s h e ll b e h a v io u r in to  a c c o u n t. The approach  w ou ld  be a k in  to  
p ip e w o rk  f le x ib i l i t y  a n a ly s is  in  w h ich  beam b e h a v io u r is  b a s ic a l ly  
assum ed and fa c to rs  are in tro d u ce d  to  ta ke  accoun t o f th e  s h e ll 
b e h a v io u r o f p ip e -b e n d s . The a ssum p tion  th e n  th a t the  b u cke t behaves 
as a beam is  b a s ic  as an in i t ia l  a p p ro x im a tio n .
F o llo w in g  ch a p te rs  in d ic a te  th a t the  beam a p p ro x im a tio n  in  i t s e l f ,
is  no t u n re a so n a b le . S im ila r  a p p ro x im a tio n s  are made in  th e  a n a lyse s
(27 28) (29)o f  c e r ta in  c y l in d r ic a l s h e ll roo fs  * , p ip e -b e n d s  and s tra ig h t p ip es
For lo n g  c y l in d r ic a l s h e ll ro o fs , s o lu tio n s  based on th e  beam a ssu m p tio n
are c lo s e  to  th o se  based on s h e ll b e h a v io u r in  re sp e c t o f th e  s ig n if ic a n t
a c t io n s .  The beam a p p ro x im a tio n  made here fo r  th e  b u c k e t, h o w e ve r,
is  no t such a c lo s e  o n e , s in ce  i t  n e g le c ts  tra n s v e rs e  a c tio n s  and
moments a long  the  edges w h ich  are seen la te r  to  be fa i r ly  im p o rta n t.
(2) /
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(2) The rim  behaves as a th in  r in g  and the  co rre sp o n d in g  th e o rie s  o f 
b e n d in g , shear and d ire c t fo rce  a p p ly . Th is a ssu m p tio n  is  p e rtin e n t 
o n ly  to  th e  a n a ly s is  fo r  c e n tr ifu g a l lo a d in g . The co rre sp o n d in g  
a ssu m p tio n  fo r  th e  je t  lo a d in g  a n a ly s is  is  g iv e n  s u b s e q u e n tly .
(3) The hub behaves as a th ic k  c y lin d e r .  A ll a c tio n s  on i t  are n e g le c te d  
save th o se  o f ra d ia l fo rce  and c e n tr ifu g a l lo a d , and fo r  tho se  the  
a p p ro p ria te  form  o f the  Lame th e o ry  a p p lie s .  Th is a ssu m p tio n  is  
p e rtin e n t o n ly  to  pa rt o f th e  a n a ly s is  fo r  c e n tr ifu g a l lo a d in g  o f th e  
w h e e l. For je t  lo a d in g  the  hub is  assum ed to  be r ig id  and to  c a rry  
n e g lig ib le  s tre s s e s .
The a ssu m p tio n s  made co n ce rn in g  th e  lo a d in g  a p p lie d  to  the  
b u cke t by  je t  a c tio n  are g iv e n  la te r .
— 3 4—
3B. APPROXIMATE STRESSES AND DEFORMATIONS DUE TO CENTRIFUGAL 
LOADING
The rim  is  i n i t i a l l y  regarded as de tached  from  th e  b u c k e ts , and th e  
separa ted  rim  and h u b -w ith -b u c k e ts  ro ta te  at th e  a n g u la r v e lo c ity  o f th e  
w h e e l. Th is is  c a lle d  th e  " free  ro ta tin g  c o n d it io n "  in  w h ic h  a c tio n s  are
s e t-u p  in  th e  separa te  rim  and h u b -w ith -b u c k e ts  due to  c e n tr ifu g a l lo a d in g . 
These a c t io n s ,  a l l  in  th e  p lane  o f the  w h e e l, are s ta t ic a l ly  de te rm ina te  
a n d , w ith  re sp e c t to  th e  w hee l a x is ,  are ro ta t io n a lly  sym m e tr ica l and s e lf -  
e q u il ib ra t in g .  The s tre sse s  in  the  tw o  separa te  p a rts  are c a lc u la te d  fo r  
th is  c o n d it io n . The ra d ia l d e f le c t io n  o f th e  rim  is  a ls o  c a lc u la te d , a nd , 
u s in g  s tra in -e n e rg y  m ethods the  d isp la ce m e n ts  are de te rm ined  at th e  
b u c k e t- t ip  w h ic h  is  th e  b u c k e t/r im  ju n c t io n  p o in t on th e  h u b -w ith -b u c k e ts .  
These d isp la c e m e n ts  are ra d ia l and ta n g e n tia l d e f le c t io n s  and a ro ta t io n  
in  the  p lane  o f the  w h e e l. In  the  free  ro ta tin g  c o n d it io n ,d is c o n t in u it ie s  
o f d isp la ce m e n t e x is t  be tw een the  separa ted rim  and th e  b u c k e t- t ip  o f the  
h u b -w ith -b u c k e ts .  These d is c o n t in u it ie s  o f d is p la c e m e n t are d e te rm in e d .
To e lim in a te  th e  d isp la ce m e n t d is c o n t in u it ie s  and now  assem ble  the  
ro ta tin g  rim  and h u b -w ith -b u c k e ts  at the  ju n c t io n  p o in t ,  fo rce s  and m oments 
m ust be a p p lie d  the re  on th e  tw o  p a rts . These fo rc e s  and moments are 
c a lle d  "a sse m b ly  a c t io n s "  and th is  second c o n d it io n  is  c a lle d  the  "a sse m b ly  
c o n d it io n ". S ince the  r im  is  o ffs e t to  the  in le t  s id e  o f th e  w h e e l, th e re  
are a sse m b ly  a c tio n s  no t o n ly  in  the  p lane  o f th e  w h e e l but a lso  in  p lanes 
p e rp e n d ic u la r  to  th e  p lane  o f the  w h e e l. W ith  regard  to  the  rim  i t s e l f  
(the same a p p lie s  to  th e  h u b -w ith -b u c k e ts  i t s e l f )  th e se  asse m b ly  a c tio n s  
m ust be s e lf - e q u il ib ra t in g  and ro ta t io n a lly  s ym m e tr ica l w ith  re spe c t to  th e  
a x is  o f th e  w h e e l. Taking  accoun t a lso  o f the  fa c t th a t th e  ilm  is  
in c a p a b le /
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in c a p a b le  o f e x e rtin g  re s tra in t a g a in s t i t s  own l in e a r  ta n g e n tia l and 
a x ia l d is p la c e m e n ts , i t  is  c le a r  th a t the  a sse m b ly  a c tio n s  are fo u r  in  
num ber, -  and -  and M ^ a s  in d ic a te d  d ia g ram m atic  a l ly
in  F ig ,13, Com bined fo rce -a n d -m o m e n t a sse m b ly  a c t io n  F ^ -a n d - 
is  a s s o c ia te d  w ith  ro ta t io n  a t th e  ju n c t io n  p o in t in  th e  p lan e  o f th e  w hee l 
and the  fa c t th a t th e  jo in t  th e re  be tw een rim  and b u c k e t- t ip  is  assum ed 
r ig id .  For each a sse m b ly  a c tio n  and fo r  th e  separa te  rim  and h u b -w ith -  
b u c k e ts , th e  d is p la c e m e n t/a c t io n  re la tio n s  re le v a n t re s p e c t iv e ly  to  th e  
rim  and to  the  ju n c t io n  p o in t on th e  h u b -w ith -b u c k e ts ,  are d e te rm in e d . 
For t h is ,  the  a sse m b ly  a c tio n s  are assum ed u n ifo rm ly  d is tr ib u te d  on th e  
r im , and s tra in -e n e rg y  m ethods are a p p lie d  in  re sp e c t o f th e  ju n c t io n  
p o in t on th e  h u b -w ith -b u c k e ts .  The a sse m b ly  c o n d it io n  s im u lta ne o u s  
e q u a tio n s  are w r it te n .  These are based on e q u ilib r iu m  and c o m p a t ib il i ty  
o f  d isp la ce m e n ts  fo r  a sse m b ly  o f th e  tw o  p a rts  at th e  ju n c t io n  p o in t.  
In s e r t in g  th e  p re v io u s ly  d e riv e d  d is p la c e m e n t/a c t io n  re la t io n s ,  s o lu t io n  
o f  the  s im u lta n e o u s  e q u a tio n s  g iv e s  th e  m agn itudes and d ire c tio n s  o f th e  
fo u r  a sse m b ly  a c t io n s .  The s tre s se s  due to  th e  a sse m b ly  a c tio n s  are 
th e n  c a lc u la te d .
T o ta l s tre sse s  and d isp la ce m e n ts  are d e te rm ined  by supe rim p os in g  
a p p ro p r ia te ly  the  v a lu e s  fo r  th e  free  ro ta tin g  c o n d it io n  and th e  v a lu e s  fo r  
th e  a sse m b ly  c o n d it io n .
P'g=A5S£MSLV f^PÇË IN Q AO \AL DigECTiQM,
(p 'r  ^ pT
;
F? = ASSEMaLV TOSCE IN TAWGENTIAL DieeCT'i' 
(Py^q,)°ASS£MSLY M0K/)SMT IN THÊ PLAME OFTHEV/HfEL
M|?=ASSEUSLV moment about a  BADIUS. M t  -  ASSEMBLY MOMgMT ABOUT A TANGENT. 
00Ù8LÊ-AGÊ0W ON UOMENT VECTOG IS ttELATÊD TO MOMENT DlgECTION BT ÊH-SCCEW ÊULE 
THUS Fc AND Ft "AND” (F t >‘ q )  ACT IN THE, PLANE OF THE WHEEL,
AND Me AND Mt  act in  p la n e s  PEGPENOICULAR TO TME PLANE OF THE WHEEL.
F ig . 13. DIASCAMMATiC SKETCW OF TWE FOUS ASSEMBLY ACTl CMS (a ll+ve  AS shown 
AT JUMCTIOM -POIMT OF SIM AND BUCKET-TIP. (CENTGIFUQAL LOADING).
LINE OF
CENTROIDS OF G IM .
F is .  14. DiAgSAM OF PCEE EOTATIKlg E!M.
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3B 1 The free  ro ta tin g  c o n d it io n  o f th e  rim
W ith  re fe re nce  to  F ig . 14, from  e q u ilib r iu m  o f a rim  segm ent, 
i t  is  re a d ily  show n th a t th e  c irc u m fe re n tia l s tre ss  is  te n s ile  {+)
and is  g iv e n  b y :-
^  (3B.1)
From th e  co rre sp o n d in g  c irc u m fe re n tia l s t ra in ,  the  ra d ia l 
d e f le c t io n  o f a l l  p o in ts  on th e  ilm  is  ou tw ards  (+) and is  g iv e n  b y : -
(3B.2)
For th e  16g in .c a s t  s te e l w hee l at no rm a l w o rk in g  sp ee d :-
CTci, = + 2430 lb / in .  and = + 1080 x  10 in s .
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3B i i  The free  ro ta tin g  c o n d it io n  o f the  h u b -w ith -b u c k e ts
R efe rring  to  F ig .15, a t any s e c tio n  o f th e  b u cke t a t ang le  ©  , 
th e  a c tio n s  due to  c e n tr ifu g a l lo a d in g  are bend ing  moment , d ire c t
fo rce  Pq and sh e a ring  fo rce  V g ,  a l l  in  the  p lane  o f th e  w h e e l. To 
d e te rm ine  th e s e , c o n s id e r  e lem ent a t p o in t B  , at ang le  ^  from
©  as sh o w n . The c e n tr ifu g a l fo rce  on th is  e lem en t is  ^  ^  i
so due to  such e le m e n ts , th e  a c tio n s  on a s e c tio n  o f th e  bucke t at ©  
are g iv e n  b y : -
\ --ft CO^T. F =
' e  ^  ft 
1 =  0
\ r .  F .c i?
p  ~ \  DA k.c^l cos 0  =  D A kco \ t . cos^.d
f t  f t
V D
e
r
2.
By tr ig o n o m e try  i t  can  be show n th a t:
I I w I V*' I  ^I
DtSECTIONS SHOWN POE UNIT ACTIONS 
ABE THE +V E  DIRECTIONS OP THE 
PGEE BOTATINS DISPLACEMENTS ATS,,
LINE OF
CENTROIDS 
OF B IM T ? ^
' ' ' \ B A O .
D .A .kd l ^ 2
CENTISIFUSAL 
FORCE ON 
ELEMENT kd
b \  mqc
ABC OF CENTROIDS OF 
EOUtVALENT BUCKET. 
(ABEA OF SECTION = A )
Z , S, = k  = RADIUS OF ADC OF CEKITDOIC 
OF EQUIVALENT BUCKET.
' h = DISTANCE BETWEEN CENTRES 
OF WHEEL & OF ADC OF 
CENTROIDS.
Z S, » q  '  RADIUS OF ADC OF 
'' CENTROIDS OF PIM.
= f k ^  + - 2k.h.coo{« + p)
2B • V; CD '  f , BC “ n ,
Fie. 15.- DIAGgAM OF FREE ROTATING BUCKET ON MUB. SHOWIMG 
BASIS POE ANALYSIS OF' TUE BUCKET FOB I'WIS CONDITION!.
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t h a t : -  T . f  — kV l c o s (f"^  ^  k  c o s [ f ' '  B).'S\n ( f  “  6
“- k j ^ k s m ^ f  h j  c o s ( f* ^  9  +■ ç )  ^
T. COS ^  -  h  c o s l f -  0 )  +  k  s in  % ,
t*. % \ v \ ^ -  k  k c o s %  ,
where f  =  -V- ^
D ire c t in te g ra t io n  th e n  g iv e s : -  
3 %
M g  “  D A k ,4^ J j^0cos(f " ô)-  ^su'i(r-“ 0) “• sin ^  -h I — cos ©
(3B .3)
% %
= ^A k ) jd 0 cos ( f -  ©) ^  1 "" cos 0
(3B .4)
■2. %
V g  \ i l  6  s in ( ,M  Q) -h s in ©
S ) k (3B ,5)
C o rre sp on d in g  s tre sse s  in  the  bucke t due to  th e se  free  ro ta tin g  
a c tio n s  . may be c a lc u la te d  from  th e  e le m en ta ry  e x p re ss io n s  o f the  genera l 
typ e : -
fo r  bend ing  s t re s s , =  i  M b . t (3B .6)
I
fo r  d ire c t s t re s s , d j  =  r i (3B .7)
A
fo r  shea r s tre ss T  =  y _ ( ^ \ (3B .8)
X V t  .)
where Mj^^P^and V  are given by the appropriate expressions
( M ©  ,p 0 , V q  here) /
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( M g  here) and where. X  , Q and X are g iv e n  by  the
a p p ro p ria te  p ro p e rtie s  o f  th e  s e c t io n . G enera l p ro p e rtie s  1 ,2 - ,  Q  and 
%  are d e fin e d  in  A ppend ix  1 from  w h ic h  th e  a p p ro p ria te  p ro p e rtie s  may 
be c a lc u la te d .  The s ig n s  o f s tre sse s  are in te rp re te d  in  re la t io n  to  the  
d ire c t io n s  o f th e  a c tio n s  .
Regard ing th e  b u cke ts  as fu l ly - f ix e d  to  th e  h u b , w h ic h  is  assum ed 
fo r  th is  pa rt o f th e  a n a ly s is  not to  d is p la c e  a t a l l , th e  fre e  ro ta tin g  
d is p la c e m e n ts  at th e  b u c k e t- t ip  o r ju n c t io n  p o in t F ig .15, are ra d ia l
d e f le c t io n  ta n g e n t ia l d e f le c t io n  and ro ta t io n
in  th e  p lane  o f the  w h e e l. These may be found by th e  s tra in -e n e rg y u n it  
lo a d  m ethod w h ic h  is  based on C a s t ig lia n o 's  Theorem .
To de te rm ine  ra d ia l d e f le c t io n  A  u n it  ra d ia l fo rce  is  a p p lie d  
a t b u c k e t- t ip  G i  as show n in  F ig . 15. C o n s id e rin g  to ta l s tra in -e n e rg y  
due to  b e n d in g , d ire c t fo rc e  and sh e a r, by th e  u n it  lo a d  m e thod , A  
is  g iv e n  b y : -
\  M ^.V Y \g .k.c l6  1 p0. k . d 0  \  k - d 6
J E ly y  j  EA j  GA
°  °  ° (3B .9)
fo r  w h ic h  e x p re s s io n  the  s e c tio n  p ro p e rtie s  are d e fin e d  and d e rive d  in  
A ppend ix  1, and where M g   ^V g  are g iv e n  by  e q u a tio n s  (3B, 3 ),
(3B .4) and (3 B .5 ) ,
VY\g = bend ing  moment a t ©  due o n ly  to  u n it  ra d ia l lo a d  at G j ^
= d ire c t fo rce  at © due o n ly  to  u n it  ra d ia l lo a d  a t G, ^
= + 1. cos 3  ,
'M ^=  sh ea rin g  fo rce  at 0  due o n ly  to  u n it  ra d ia l lo a d  at ,
= + 1. sin •
B y /
By tr ig o n o m e try  i t  can  be show n th a t : -
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" co s f j+ sm © /  , 
cos (A = ]<-1 K  cos(f “  s’m©")%lk ]
S'" Y&.e - k f k  sm (f-©)
>  [ k
4- COS 6
and ATg are th e re fo re  o b ta in ed  d ir e c t ly .  P roducts ( ,
( ) and ( ) are a l l  found  as fu n c t io n s  o f ©  . S u b s titu tin g
in to  e q u a tio n  (3B .9) and in te g ra t in g  d ir e c t ly  g iv e s ; -
6 z  
~
^  ^  1  ^  ^  CoS2 ^ 4 - P )  4- -  3 -  CoS 2  P
«  C o s (^ 4 - p )  4- 2 <  S i Vi ^  ^  s i v \ ( < “  p )
A r2 =  j  S in2j^)- ^ s i n 2 ^ +  P )~  s in ^  +  p). ( s in f + <  c o s 0
^  S u A ^ .S in p
c o s 2®C "  coSoC 'V* X
- h D j ^ j £ £ _ ( ^ - v - S iv \2  — L c o S  Z  p  4 ' X  C o S  2 . p ’* ' p j
% \  C0S^4-p)  4 - Z  s\ V^^4*P) “  SiVi^“  P)^4 4  COS^“  P) “  CoS ^  
8 /  » C J 5 _
i l
k
4 -D cos2 <^  — C0S°C 4- 3 -  
4  4-
3 -k  ^ ( . ( - s i n Z p ^  + A c o s Z p  _ l c o s 2 ^ + p j  
< ^ Q ^ I  <
4- r  S incK ,s tn ^
— Lcos2=< 4- 2 . (
( .3 5 .1 0 )
4
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T a n g e n tia l d e f le c t io n  A t z  is  found in  s im ila r  fa s h io n , from  
a s tra in -e n e rg y  e q u a tio n  w ith  R .H .S . s im ila r  to  th a t o f e q u a tio n  (3B.9) 
bu t p e r t in e n t to  u n it  ta n g e n tia l fo rce  a p p lie d  a t , F ig . 15, The
co rre sp o n d in g  e x p re s s io n s  fo r  and a re :-
m ©  =  +  l . n
By tr ig o n o m e try : -
^ = 8
K  = -  ,
^ % =  +  1. cos •
— cos© — k|sm (r— ©) — s in fy
and s m  g and c o s  are as g iv e n  p re v io u s ly  fo r
Vrig  ^ k o  J are th e re fo re  o b ta in e d , and d ire c t in te g ra t io n  in  the
co rre sp o n d in g  e q u a tio n  o f the  fo rm  o f e q u a tio n  (3B .9) g iv e s : -
A t 2 -
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A te  == DAl<co' j k ^ ^ C o s Z p -  |J-cC.COS^+P)^Cos(k+p)+ COSp^
-'3cos(^+P)js(v»(^- siVilÿ+l^)^~ siv\2p7
— k l k  sno^+P^+ ^ ^ cos(H“ P ) - 4 c o s ^ ^ 4-ZZ sm ^+  P)
— ^  S m ( / “  P) "  sm p
4. JL £\v\ “  2  Sm«< + 3 cC
_  Dl<^(j^ j  V l - s i  cosZP  -  A  sfv\2 p  -k -L s iv i2 (/+ p )
4 8
+ k .
k
* ^  — 2 ^ s m (/+ p )  +  cos(2 -i'p )+  c o s ^ ^ P )^
*1 S\\n(^— p^ 4- SiVi p
— 3- Siv\ Z«< 4" SiV\oL — XoC 
4* Z
K . m
%
- s ic o ^ Z  P  L siy\ 2  P 4- X s iv rZ U ^ *
4  % 9 ^
K ^  P ) ^ ^ ^ c o s ( ^ -  p) ”  2 cos(^4*P)'^
+ X  sm — P)
JL
4 SI V\ 2 <=C 4* •— oA
C 3 B . l l)
- 4 3 -
For th e  ro ta t io n  $ p ? .  ia  the  p lane  o f  th e  w h e e l, u n it 
moment is  a p p lie d  in  th a t p la n e , at ju n c t io n  p o in t as shown in
F ig , 15. The co rre sp o n d in g  form  o f the  s tra in -e n e rg y  e q u a tio n  s im ila r  
to  e q u a tio n  (3 B .9 ) , g iv e s  th e  requ ired  ro ta t io n . The re le va n t u n it  a c tio n s  
at 0  a re :-
=  + 1 , =  -V g  =  O  ,
and d ire c t in te g ra t io n  in  th e  ap p rop ria te  s tra in -e n e rg y  u n it  lo a d  e q u a tio n  
g iv e s : -
Æ  =  ]V i oCcosP+c<.cos(c<4-pW2^tVi P —Zsm pc-t-p] "  s\y>oC.4'cC.
^ '  ' J
(3B.12)
For n u m e rica l a p p lic a t io n  to  th e  16^ in .c a s t  s te e l w he e l a t norm al 
w o rk in g  sp eed , th e  v a lu e s  o f the  re le va n t p ro p e rtie s  o f  th e  e q u iv a le n t 
p a ra b o lic  s e c tio n  are g iv e n  in  A p pend ix  1, and th e  v a lu e s  o f  th e  ra d ii and 
ang les  p e rtin e n t to  the  assum ed bucke t geom etry  are g iv e n  in  F ig . 12.
The d is tr ib u t io n s  o f  th e  free  ro ta tin g  a c tio n s  M g  , and V g  w ith  ©  , 
are shown fo r  th is  case in  F ig .16. These are c a lc u la te d  from  e q u a tio ns  
(3 B .3 ), (3B .4) and (3 B .5 ). The maximum free  ro ta t in g  s tre sse s  ( + te n s ile )  
in  th e  b u c k e t, due to  th e se  a c t io n s , are de te rm ined  on the  b a s is  o f 
e q u a tio ns  (3 B .6 ), (3B .7) and (3B .8) and are as fo l lo w s ; -
due to  M g  : -  + 12,850 I b / in ^  at in le t  and o u tle t edges o f
b u cke t , at 0  = 9 2 ^
due to  Pg ^ v \a x .~  1 ,300 I b / in ^  at 0  = 112^  ^
due to  VC X  = 2 ,4 6 0  I b / i r P  fa i r ly  near n e u tra l a x is  X Y  o f
th e  s e c t io n , at 0  = 127 .
^  2 
The m axim um  free  ro ta tin g  to ta l norm al s tre ss  ^  14,050 lb / in
at th e  bucke t edges at about ©  = 9 2^ ,
20 ZO &
Fig 1G. distributions of free Rotating actions
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W IT H  Q  ON t h e  e q u i v a l e n t  BUCKET OF TH E  I f c t  IN. 
CAST STEEL T U R G O  W H E E L  AT NO RM AL W O RK IN G  SP E E D .
-44“
These s tre sse s  in  th e  b u cke t are o f q u ite  c re d ib le  o rde r fo r  free  
ro ta t io n  o f a r im le s s  w h e e l. The dom inan t a c tio n  is  c le a r ly  1 ^ 0  .
I t  is  a ls o  e v id e n t th a t the  shear s tre ss  m ay be n e g le c te d  s in ce  i t  is  zero 
in  the  re g io n  o f th e  m axim um  to ta l norm al s tre ss  and even fo r  i t s  m axim um  
v a lu e , is  o f  c o m p a ra tiv e ly  sm a ll o rde r.
From e q u a tio n s  (3 B .1 0 ), (3B.11) and (3B .12 ), the  free  ro ta tin g  
d isp la ce m e n ts  o f the  ju n c t io n  p o in t G j on th e  b u c k e t, re la t iv e  to  the  
o u te r su rface  o f  th e  h u b , are found re s p e c t iv e ly  to  b e :-
A “ 6
ra d ia l d e f le c t io n  7 ,9  80 x  10 in s
«  A
ta n g e n t ia l d e f le c t io n  + 11 ,020 x  10 in s
ro ta t io n  in  th e  p lane  o f th e  w hee l + 2 ,0 8 0  x  10 ^ rads
The +ve d ire c tio n s  o f th ese  free  ro ta tin g  d isp la ce m e n ts  are 
in d ic a te d  on F ig . 15.
The separa te  c o n tr ib u tio n s  o f the  b e n d in g , d ire c t fo rce  and shear 
s tra in -e n e rg y  te rm s o f e q u a tio n s  (3B.10) and (3B .11) to  the  v a lu e  o f 
and o f  in te re s t .  The c o n tr ib u tio n s  re s p e c t iv e ly  are 88%, 3%
and 9% o f th e  to ta l fo r  and 9 6 .3 % , 0 .3%  and 3.4%  o f th e  to ta l fo r
is  e v id e n t th a t the  bend ing  s tra in -e n e rg y  te rm s are dom inan t 
and th a t s tra in -e n e rg y  due to  th e  fo rce  a c tio n s  m ig h t re a so n a b ly  be 
d is re ga rd e d  in  an in i t ia l  e s tim a te  typ e  o f c a lc u la t io n .
(3B.13)
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The hub o f the  free  ro ta tin g  h u b -w ith -b u c k e ts   ^ is  i t s e l f  su b je c te d  
to  c e n tr ifu g a l a c tio n  and c a rr ie s  lo a d in g  on th e  o u te r su rface  due to  the  
c e n tr ifu g a l a c tio n  on the  b u c k e ts . The b u cke ts  are assum ed to  be r ig id ly  
connec ted  to  the  o u te r su rface  o f th e  hub . The o u te r su rfa ce  c e n tr ifu g a l 
lo a d in g  per b u cke t m ay be de te rm ined  by  tw o  m ethods i l lu s t r a te d  in  F ig .17,
(a) The lo a d in g  pe r bucke t is  g iv e n  by  th e  v a lu e s  o f M  ^ ^
and c a lc u la te d  from  e q u a tio n s  (3 B .3 ), (3B .4) and
(3 B .5 ). These a c tio n s  on the  hub are show n d o tte d  in  F ig .1 7 (a ), The 
ra d ia l fo rce  pe r b ucke t on th e  hub o u te r su rface  is  th e n  , g iv e n  b y :-
w here sm  X  =  ... .. — , ,,
7k^ 4- "  'ZkVi cos p*
^  due to  a l l  th e  b u cke ts  is  a s e lf -e q u il ib ra t in g  sys te m . S im ila r ly  
s in ce  V i^ -2 k k c o s (^  == ^ e  = oC • w here H y  is  the
ta n g e n t ia l fo rce  pe r b u cke t on th e  o u te r s u rfa c e . F ig .1 7 (a ), the  system
a n d ”  due to  a l l  the  bucke ts  is  a s e lf -e q u il ib ra t in g  sys te m .
I t  is  e x a c t ly  s im ila r  in  k in d  to  the  assem b ly  a c tio n  system  -  and -
d is c u s s e d  p re v io u s ly .  S tresses and de fo rm a tions ' o f  the  hub due to  the
system  H ^ - a n d -  are n e g le c te d , and o n ly  th e  ra d ia l fo ic e  system
is  c o n s id e re d ,
(b) R e fe rring  to  F ig , 17(b) , th e  c e n tr ifu g a l fo rc e  , due to  a 
w ho le  b u c k e t, a c ts  a t c e n tro id  o f the  arc and is  g ive n  b y ;-
where
AT --=2 G^ =
oC
4 ' 2
Q AMD (q
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For th e  lo a d in g  pe r bucke t on the  h u b , is  tra n s fe rre d  to
g iv in g  at , fo rce  and moment F ^ . " ^  , bo th  shown d o tte d .
The ra d ia l fo rce  per b u cke t on the  hub o u te r su rface  is  th e n   ^ g iv e n  b y :-
H r  =  — ü A r  c o s ( X - X )
(3B.14)
where Sm  X =  k s in oC
D is ta n c e  I L  is  g iv e n  by  "U, =  J k  +  U — 2 l< k  c o s ^
One m ethod m ay be used  to  ch e ck  th e  o th e r. A ls o , m ethod (b) 
p ro v id e s  a che ck  on th e  a n a ly s is  o f the  free  ro ta tin g  a c tio n s  on th e  b ucke t 
s in c e , e .g .
For the  hub as a th ic k  c y lin d e r  ro ta tin g  at a n g u la r v e lo c i ty  oO 
and c a rry in g  u n ifo rm ly  d is tr ib u te d  ra d ia l su rfa ce  lo a d in g , th e  s tre sse s  
(*f- te n s ile )  at any ra d iu s  are g iv e n , a cco rd in g  to  th e  a p p ro p ria te  form
o f th e  Lame th e o ry , by  th e  e q u a tio n s :-
ra d ia l s tre s s , CC A - t  -  X  £  COnT^ ^
- f ^  o I -  V  «3
c irc u m fe re n tia l s tre ss , CJ^  -  A  —^  — L -L t- ^ V  ^  , I  (3B.15)
V
I
a x ia l s tre ss  (T D ^-hT
4 Q - v )
The to ta l ra d ia l fo rce  due to  the  bucke ts  is  assum ed u n ifo rm ly  
d is tr ib u te d  o ve r th e  o u te r s u r fa c e , w h ile  th e  bore is  f re e , so th a t 
co n s ta n ts  A  and B  are de te rm ined  from  th e  boundary  c o n d it io n s :-
kvickets. and C l =  O  .
2 L e n g th  of kuk.
(3B.17)
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The ra d ia l d e f le c t io n  (+ ou tw ards) o f the  o u te r su rface  is  g iv e n
(3B.16)
is  a w h o le  body d isp la ce m e n t o f  th e  b u cke t in  the  
d ire c t io n  F ig .1 7 (a ), g iv in g  r is e ,  at ju n c t io n  p o in t on th e  b u c k e t,
to  ra d ia l and ta n g e n t ia l d e f le c t io n s :-
A r r  =  A ro c o s ( X - ^ )
w here ^  = k s in k + M
J k " ' +  k ’^ - Z k K c o s C - i+ î^ ) '
The +ve d ire c tio n s  o f and A th  th o se  in d ic a te d  on F ig , 15.
The to ta l free  ro ta tin g  d isp la c e m e n ts  a t ju n c t io n  p o in t G j on th e  
bucke t are th e re fo re  -roT ^^ad w h e re :-
A  y \  A
^ T z x û T  ^  ^
(3B.1B)
For the  I 62. in .c a s t  s te e l w hee l at norm al w o rk in g  speed , w ith  
re fe rence  to  F ig . 12 fo r  th e  p e rtin e n t geom etry  and d im e n s io n s , the  maximum 
free  ro ta tin g  s tre ss  in  th e  hub is  the  c irc u m fe re n tia l s tre ss  at the  b o re ;-
^C T.=  + 1 ,680 lb / in
and /Sü\A~  + 120 x  10 ^ ‘
2
iz u X iu in s  
+ 60 X 10 ^ in s
The to ta l free  ro ta tin g  d isp la ce m e n ts  at ju n c t io n  p o in t G j  on the
b u c k e t /
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b u cke t are th e re fo re :-
•" 6
^R Z T c rr  ~ + 8 ,1 0 0 x 10 in s
^ T Z T o T  “  + 11 ,080 X 10 ^ in s
2 ,0 8 0  x  10 ^ ra d s . 
a l l  H-ve as show n on Fig .15.
On F ig . 18 th e se  d isp la ce m e n ts  are com pared w ith  so
i l lu s t r a t in g  th e  free  ro ta tin g  d is c o n t in u it ie s  o f d e f le c t io n  and ro ta t io n  in  
th e  p lane  o f th e  w hee l at th e  b u c k e t/r im  ju n c t io n  p o in t .  From th is  i t  is  
c le a r  t h a t , in  the  ro ta tin g -a s s e m b le d  c o n d it io n , th e  rim  w i l l  e f fe c t iv e ly  
re s tra in  th e  b u c k e t- t ip  in  a ra d ia l ly - in w a rd  se nse . The m aximum  s tre ss  
in  the  hub o f th e  ro ta tin g  w he e l th e re fo re , w o u ld  be expected  to  be le s s  
th a n  th e  re la t iv e ly  sm a ll free  ro ta tin g  v a lu e  o f + 1 ,680  lb / in  . . The hub 
ra d ia l d isp la c e m e n t c o n tr ib u te s  le s s  th a n  2% o f  th e  v a lu e s  o f  ToT
and . These in d ic a t io n s  re a so n a b ly  ju s t i f y  hav ing  n e g le c te d
th e  system  -  and -  in  th e  fo re g o in g , and the  in te n t io n  to
n e g le c t a l l  s tre sse s  and d e fo rm a tio n s  in  the  hub in  th e  fo llo w in g .
TANGENT TO BUCKET 
STATIOKJAfSV
TANGÊKIT TO BUCKET AT G n 
FREE r o t a t in g .
TANGENT TO BUCKET AT G t
STATIONARY.
AR2T0T. 
&UCKET S A t 2.TOT.
$  P2
-G
= + Ô , i0 0 î<10 IMS.
-G
= T i 1,060 X 10 IMS.
= 2 ,080 V 10 \adiam
= + 1 ,0 0 0  X 10 INS.
FULL LIMES INDICATE STATIONARY CONJDfT/OM, 
DOTTED LINES THE FREE ROTATING CONDITION 
FOR SPEED a ). FOR FREE ROTATING CONDITION  
GjOW RIM DISPLACES TO G ,, , A N O  G j O N  BUCKET 
DISPLACES TO G 
THE FREE RO TATING  D IS C O N T IN U IT IE S  APS I-
O^RS TOT." ) ^ T 2.TOT. ■) 5 p s .
P IG . 18. DIAGRAM ILLUSTRATING THE FREE PÛTATING DISCONTINUITIES
OP DISPLACEMENT BETWEEN i?IM AMD BUCKET, ÂT THE BUCKEt / bIM
JUWCTIOM POINT, FOB 1 0 2  CAST STEEL TUBGO W H EEL AT
N O S M A L  WOEKIWG SPEED,
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3B i ü  A ssem b ly  c o n d it io n  -  a sse m b ly  a c tio n s  on th e  lim
The a sse m b ly  a c tio n s  on th e  rim  at th e  b u c k e t / i lm  ju n c t io n  p o in ts  
are -a n d - (  ) /  and as show n in  F ig .13, For the
purpose o f d e r iv in g  th e  s tre sse s  and d e fo rm a tio n s  w h ic h  th e se  a c tio n s  
in d u ce  in  th e  r im , the  a c tio n s  are rep laced  by  th e ir  e q u iv a le n ts , 
u n ifo rm ly  d is tr ib u te d  on the  r im . Thus,
lb .  is  re p la ce d  b y  lb / in .w h e re  = N o . o f bu cke ts  x  pR
and and are re p lace d  re s p e c t iv e ly  b y  and M - r
w ith  s im ila r  re la t io n s h ip s .
A c tio n  F R •
From e q u ilib r iu m  o f  a rim  segm ent i t  is  re a d ily  show n th a t th e  
c irc u m fe re n tia l s tre s s  , the  s ign  o f w h ic h  is  e a s ily  de te rm ined  in
re la t io n  to  the  d ire c t io n  o f Fj^ , is  g iv e n  b y : -
(3B.19)
where A j  is  th e  c ro s s -s e c t io n a l area o f th e  r im , (A ppend ix  2 ),
From th e  co rre sp o n d in g  c irc u m fe re n tia l s t ra in ,  th e  ra d ia l d e f le c t io n  
o f a l l  p o in ts  on th e  rim  is  in  the  same d ire c t io n  as Fç^ and is  g iv e n  b y :-
-  &  X
(3B.20)
A c tio n  F r  - a n d - (  ) .
Due to  th is  com bined  fo rce -a n d -m o m e n t a c t io n ,  the  a c tio n s  on a 
s e c tio n  o f the  rim  are a l l  in  the  p lane  o f th e  r im , and may be found by 
re a so n in g  based on ro ta t io n a l sym m etry . A more d ire c t approach is  by 
a p p lic a t io n  o f a gen e ra l m ethod o f  s o lu tio n  d e rive d  by BIEZENO AND 
GRAMMEL^^° . /
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GRAM MEL . Th is  m ethod and o th e r s im ila r  p o w e rfu l m ethods o f
BIEZENO AND GRAMMEL^^^^ are a p p lic a b le  to  th in  c ir c u la r  r in g s  hav ing  
a p r in c ip a l a x is  o f th e  c ro s s -s e c t io n  in  the  p lane  o f th e  r in g .  U s in g  
BIEZENO AND GRAMMEL'S n o ta tio n  and w ith  re fe ren ce  to  F ig .19 , 
the  m ethod a p p lie s  to  th is  case  as fo l lo w s : -
The rim  is  s e c tio n e d  at =  O  and in te rn a l a c tio n s  
and y Q z ir  > a p p lie d  at the  se c tio n e d  e n d s . The
re s u lta n t com p le te  sys tem  o f fo rce s  and m oments is  now  changed in to  
a no the r sys te m , F ig . 19(b) , as fo l lo w s : -
(1) Each fo rce  and each moment is  m u lt ip lie d  by  th e  c o e ff ic ie n t  
co rre sp o n d in g  to  i t s  p o s it io n .  The q u a n tit ie s  N  ^  ^ o
a c tin g  on th e  le f t  fa ce  o f the  s e c tio n  0 - 0  th u s  v a n is h ,  
w hereas N.^.Tr ■> Q z t t  ? i t s  r ig h t face  rem ain
u n d im in is h e d .
(2) Each "re d u ce d " a p p lie d  ta n g e n tia l fo rce  c&0 is
accom pan ied  by a ra d ia l fo rce  in w a rd , at the
same p o s it io n  0  . is  a d im e n s io n le s s  co n s ta n t re la te d  to
th e  p ro p e rtie s  o f th e  r im  s e c tio n , th e  ra d iu s  o f  th e  rim  and the  
e la s t ic  c o n s ta n ts .
(3) Each "re d u ce d " a p p lie d  moment is  accom pan ied
by a ra d ia l fo rce  o u tw a rd , at th e  same p o s it io n  çé .
V  is  ^ d im e n s io n le s s  co n s ta n t s im ila r  to  ^ /LL  .
A cco rd ing  to  th e  d e r iv a t io n  o f the m e thod , w h ic h  is  based on 
s tra in -e n e rg y  th e o re m s , th is  reduced s u b s titu te  system  is  in  
e q u ilib r iu m ; c o n s e q u e n tly , the  unknow n a c tio n s  ^ 2.xr ? Q z rr  , 
a c tin g  on th e  r ig h t face  o f th e  s e c tio n  0 = 0  are o b ta in ed  
e x p l ic i t ly  by the  c o n d it io n s  o f e q u ilib r iu m  th a t 
I .  /
2A
P
(<1) ■ (b )
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Fig. 19, METMOD OF BIEZENO & (ggAMMEL APPLIED TO THE ANALYSIS OF
ACTIOKIS ON A SIM SECTION, DUE TO TUE ASSEMBLY ACTION Ft-AND 
-T^ T. q.) ON THE BIm TEKCEPT P'OS THE ASSEMBLY ACTION AND 
BAD!US q , THE NOTATION ÜSEO MEGE IS TUIAT OF 5 . & Q ),
p ' .  NO.OF BUCKETS *  F t 
2 TÏCJ.
Fig. 20. SWEATING FOSCE F .^Q ON A SECTION AND gOTATIOMAL
DEFQgMATIOM pp  -j-yg p y g  TO ASSEMBLY ACTION
Ft -  A N O - ( F f  q,') ON TME g lM .
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I .  th e  sum o f a l l  fo rce s  a c tin g  in  the  d ire c t io n  o f is  zero^
I I .  th e  sum o f a l l  fo rce s  a c tin g  in  the  d ire c t io n  o f is  ze ro ,
I I I . t h e  sum o f a l l  moments about th e  p o in t — O is  ze ro .
R eferring  to  F ig . 19(b) and a p p ly in g  c o n d it io n s  I ,  I I  and I I I
7,*KT
= 0.
J
•LTT ztr
ZTT
J
-  c o s ^ ) =  O
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The o n ly  a c tio n  in d u ce d  on a rim  s e c tio n  th e n  is  shea ring  fo rce
F-v*. as show n in  F ig . 20. The re s u lt in g  shear s tre ss  d is t r ib u t io n  on 
th e  s e c tio n  co rresponds to  th a t o f s im p le  beam  theory^ and is  g ive n  b y : -
(3B.21)
The p ro p e rtie s  o f th e  rim  re c ta n g u la r s e c tio n  are d e fin e d  and g iv e n  
in  A ppend ix  2 .
I t  is  e v id e n t th a t th e  o n ly  d e fo rm a tion  o f  th e  rim  in d u ce d  by a c tio n
-  and -  (Fv* *4/') is  a n g u la r d e fo rm a tio n  in  th e  d ire c t io n  o f th e  moment
CFt - Th is  is  c o n s is te n t w ith  the  shearing  a c tio n  ra d ia l ly  on a rim
s e c t io n , F ig . 20 , and w ith  i t s  com plem enta ry  sh ea ring  a c tio n  c irc u m fe r-
e n t ia l ly .  Th is  ro ta t io n a l d e fo rm a tio n  (re ve rtin g  to
th e s is  nom enc la tu re ) o f a l l  p o in ts  on the  r im , is  e a s ily  de te rm ined  by
e q u a tin g  the  w ork  done on an e lem ent o f le n g th  , o f th e  r im , to  the
s tra in -e n e rg y  s to red  in  th e  co rre spo n d ing  e le m e n ta ry  vo lum e , in  te rm s o f
^  F-r ^  (fÿ '
th e  shear s tre ss  d is t r ib u t io n  U, . T h u s :-
rp, = ds,
J
g iv in g
A,
2G ' ZG ^ A.
(3B .22)
A ,
th e  ro ta t io n  be ing  in  the  d ire c t io n  o f moment .
A c tio n  R '
Due to  th is  moment a c tio n  about r a d i i ,  o r in  ta n g e n tia l p lanes  , 
the  a c tio n s  on a s e c tio n  o f the  rim  are a l l  in  p lanes p e rp e n d ic u la r to  the  
p la n e /
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p lane  o f th e  r im . A g en e ra l m ethod o f d e te rm in in g  such  tra n sve rse  
in te rn a l a c tio n s  in  r in g s  has a ls o  been d e rive d  by BIEZENO AND GRAMMEL^^^^ 
In  a p p lic a t io n ,  i t  is  e s s e n t ia l ly  s im ila r  to  th e  m ethod in d ic a te d  fo r  th e  
p re v io u s  a sse m b ly  a c t io n ,  and th e  in i t ia l  re s u lts  o b ta in e d  from  i t s  
a p p lic a t io n  to  th is  p a r t ic u la r  p rob lem  are such as co u ld  not have been 
de te rm ined  from  c o n s id e ra tio n s  o f ro ta tio n a l sym m etry . These re s u lts  are 
th e  fo llo w in g  tra n s v e rs e  in te rn a l a c tio n s  on th e  s e c t io n , (us ing  BIEZENO 
AND G RAM M EL’S n o ta tio n ) ; -
Shearing fo rce  p e rp e n d ic u la r  to  p lane  o f  the  r im , Q^-^r “  0 y
T w is t in g  moment in  p lane  o f the  section ., >
where ZK is  a d im e n s io n le s s  co n s ta n t re la te d  to  th e  p ro p e rtie s  o f
th e  rim  s e c tio n  and the  ra d iu s  o f  the  r im . For th e  p ro p o rtio n s  o f the  r im ,
has been found to  be le s s  th a n  1 and so th e  c o n tr ib u tio n s  o f
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tw is t in g  moment to  the  re s u lt in g  to ta l s tre sse s  and
d e fo rm a tio n  have been found to  be n e g lig ib le ,  tH ,  th e re fo re  may be ta ke n  
as z e ro , so 0   ^ and th e  o n ly  s ig n if ic a n t  a c t io n  on th e  s e c tio n  is
sh ea ring  fo rce  p e rp e n d ic u la r to  the  p la ne  o f th e  r im . The re s u lt in g
shear s tre ss  d is t r ib u t io n  on the  s e c tio n  is  g iv e n  b y : -
M r —  !
“t ,  =  K u
(3B .23)
The d e fo rm a tio n  o f the  rim  induced  by a c tio n  , is ^ s o le ly
a n g u la r d e fo rm a tio n  in  ta n g e n tia l p lanes in  the  d ire c t io n  o f moment 
Th is  case  resem b les  the  p re v io u s  one very^ c lo s e ly ,  and s im ila r ly  by 
e q u a tin g  w o rk  done to  s tra in -e n e rg y  stored fo r  an e le m en ta ry  le n g th  o f r im ,
^  MR
the  ro ta t io n a l d e fo rm a tio n  o f a l l  p o in ts  on the  r im , due to  asse m b ly
a c tio n  , is  found to  be g ive n  by:
6 ^ "  =  M  '
G A ,  (3B .24)
th e  ro ta tio n  be ing  in  th e  d ire c t io n  o f moment M
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A c tio n  .
T h is  case may be a n a lyse d  in  a fa s h io n  e x a c t ly  s im ila r  to  th a t
o f th e  p re v io u s  a sse m b ly  a c t io n ,  e m p loy ing  BIEZENO AND GRAMMEL
fo r  the  in te rn a l a c t io n s , and e qu a tin g  w ork  done to  s tra in -e n e rg y  s to red
(31 32)fo r  th e  d e fo rm a tio n . I t  is  h o w e ve r, w e ll-d o c u m e n te d  o f i t s e l f ,  ' 
and in deed  is  s p e c ia lly  tre a te d  by BIEZENO AND GRAMMEL ^^^^at some 
le n g th , under th e  hea d ing  " In v e rs io n  o f r in g s " .  The fo llo w in g  re s u lts  
are quoted from  th e se  so u rce s . The o n ly  in te rn a l a c tio n  on a s e c tio n  i s : -  
Bending moment about ra d iu s  , o T lh : ta n g e n t ia l p la n e  ,
R eferring  to  A ppend ix  2 and F ig . A2.1 th e re o f, the  co rre sp o n d in g  c irc u m ­
fe re n t ia l bend ing  s tre ss  d is t r ib u t io n  on the  s e c tio n  is  g iv e n  b y : -
(3B .25)
The a p p ro p ria te  s ig n  m ay be de te rm ined  by c o n s id e r in g  the  a c tio n s  
on a d ia m e tra l s e c tio n  o f the  rim  in  re la t io n  to  th e  d ire c t io n  o f 
M ^ , e . g .  fo r  as show n in  F ig . 13, th e  upperm ost face  o f th e  rim  is
in  c o m p re ss io n .
The o n ly  d e fo rm a tio n  o f  a l l  p o in ts  on th e  r im  is  a n g u la r d e fo rm a tio n  
^ in  th e  p lane  o f  th e  s e c tio n  in  the  d ire c t io n  o f moment M -y  •
Th is  is  g iv e n  b y : -
(3B .26)
th e  ro ta t io n  be ing  in  the  d ire c tio n  o f moment •
The s im p lic i ty  in  regard o f the  d is p la c e m e n t/a c t io n  re la t io n s  
a ss o c ia te d  w ith  the  fo u r asse m b ly  a c tio n s  is  n o te w o rth y . There is  o n ly  
one d e fo rm a tio n  co rre sp o n d in g  to  each a c t io n ,  th e  d e fo rm a tio n  be ing  in  
the  d ire c t io n  o f th e  a c t io n . W ith  re fe rence  to  F ig . 12 fo r  d im e n s ion s  and 
t o /
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to  A ppend ix  2 fo r  s e c tio n  p ro p e rt ie s , the  d is p la c e m e n t/a c t io n  re la tio n s  
re le v a n t to  th e  a sse m b ly  c o n d it io n  o f the  rim  o f th e  1 6 i in ,c a s t  s te e l 
w hee l are g iv e n , fo r  subsequent u s e , as fo l lo w s : -
C* 6
= 0 .4 9 8 3 2  x  10  ^ from  e q u a tio n  (3B. 20)
“ 6 I—
^ = 0 .1 1 7 7 2  x  10 Ey  , " " (3B .22)
= 0 . 0 0 8 8 1  x i o "  H r , " " (3B.24)
3 .8 23 64  x io"® M . ,  , " " (3B.26)
The d ii'e c tio n s  are th o se  o f th e  re s p e c tiv e  a sse m b ly  a c tio n s  shown
/ f r  \in  F ig . 13, v>p, be ing  in  th e  d ire c tio n  o f  moment
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3B iv  A ssem b ly  c o n d it io n  -  a sse m b ly  a c tio n s  on th e  h u b -w ith -b u c k e ts
In  g e n e ra l te rm s , th e  a sse m b ly  a c tio n s  on the  bucke t at th e  b u c k e t /  
rim  ju n c t io n  p o in t are , f ^ - a n d - {  and as shown
in  F ig .13. The bucke t is  assum ed to  be r ig id ly  co n n ec ted  to  th e  r ig id  
h u b . As e x e m p lif ie d  fo r  in  F ig . 21, each a sse m b ly  a c tio n  com prises  
a s ta t ic a l ly  d e te rm in a te  sys tem  in  re sp e c t o f th e  b u cke t a tta ch ed  to  the  
h u b , and a sse m b ly  fo rce s  F^ and Fp in  g e n e ra l in d u c e , on any s e c tio n  
o f th e  b u cke t at ©  , bend ing  moments and re s p e c t iv e ly
about axes Y Y  and O tc  o f th e  s e c t io n , d ire c t fo rce  , shea ring
fo rce  in  a x is  0 %. , and tw is t in g  moment about th e  shear
ce n tre  Cg . A ssem b ly  m om ents and in  genera l
in d u ce  o n ly  some o f th e  moment a c tio n s  on a s e c tio n  at 0 ,
The g e n e ra l p e rtin e n t d isp la ce m e n ts  o f th e  ju n c t io n  p o in t ,  in du ce d  
by th e se  a sse m b ly  a c t io n s ,  are the  l in e a r  ra d ia l and ta n g e n tia l d e fle c t io n s
, and th e  ro ta t io n s ,  in  the  p lane  o f th e  w h e e l, about a 
ra d iu s  and about a ta n g e n t, 0 -t-2l* L in e a r a x ia l d isp la ce m e n t
is  o f no in te re s t ,  the  rim  be ing  free  to  d is p la c e  a x ia l ly  as a w h o le -b o d y  
a cco rd in g  to  th e  d ic ta te s  o f the  a ttached  b u c k e ts .
To a n a lyse  th e  a c tio n s  in du ce d  at ©  (and th e re fo re  th e  s tre sse s ) 
and the  d isp la ce m e n ts  at th e  ju n c t io n  p o in t ,  the  a sse m b ly  a c tio n s  a re , o f 
c o u rs e , tre a te d  in d iv id u a l ly ,  a ssem b ly  moment (Fp. ™ M l^  be ing  
hand led  s e p a ra te ly  from  a sse m b ly  fo rce  Fp , a lth o u g h  th e  tw o  are 
com ponents o f  one a sse m b ly  a c t io n . E ith e r co m prise s  a s ta t ic a l ly  
d e te rm in a te  sys tem  in  re sp e c t o f the  bucke t a tta ch ed  to  th e  h u b . Separate 
tre a tm e n t is  co n v e n ie n t and has advantages w ith  regard  to  the  subsequent 
je t  lo a d in g  a n a ly s is .  I t  is  not n e ce ssa ry  to  c a rry  out a n a lyse s  to  f in d  
a l l  th e  d is p la c e m e n ts  due to  a l l  the  a c t io n s . H a v in g  d e rive d  some 
d is p la c e m e n ts /
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d is p la c e m e n ts  due to  some a c t io n s ,  o th e r d is p la c e m e n ts  due to  o th e r 
a c tio n s  m ay be in fe rre d  by th e  a p p lic a t io n  o f M a x w e ll 's  R e c ip ro ca l Theorem .
A c tio n  F R .
W ith  re fe rence  to  F ig . 21, the  a c tio n s  in d u ce d  on a s e c tio n  o f the  
b u cke t at 0  are M M  and as show n .
Q u a n tit ie s  f ç ,  e , e , have
a lre a d y  been d e rive d  (before e q u a tio ns  (3B.10) and (3B.11) so th e  a c tio n s  
are g ive n  b y : -
-  ht 6) -  cos + sin6
(3B .27)
^ 6 % ^ =  p R . a . k ^ k c o s l f - e )  +  s in  e ]
”  hi.-b^^cosCf-e) + sin6 
VeA sin(f- e) + cos e j
"hz “  "FiJ ht.dL|^ksin(f-e) + cos 8
(3B .28)
(3B .29)
(3B.30)
pR ,  Fr Fr > Fr
(3B.31)
For , ^S T C z ) ) '^e x -2. the  co rre sp o n d in g  s tre sse s
are g iv e n , in  te rm s o f  by app ro p ria te  a p p lic a t io n  o f  e q u a tio ns
(3 B .6 ), (3B .7) and (3 B .8 ), in te rp re t in g  s igns  o f s tre sse s  in  re la t io n  to  the  
d ire c t io n s  o f  the  a c tio n s  and th e re fo re  o f .
The s tre sse s  in d u ce d  by to rque  are a na lyse d  by
a p p lic a t io n  o f  the  th e o ry  o f n o n -u n ifo rm  to rs io n  o f th in -w a l le d  o p e n -s e c tio n  
b e a m s /
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(33 34)beams ' . Due to  re s tra in t o f w a rp in g  o f the  s e c t io n , d ire c t
s tre sse s  a r is e  on th e  s e c tio n  as w e ll as shear s tre s s e s . The v a lu e s  o f
th e se  s tre s s e s  at a s e c tio n  are no t p ro p o rtio n a l to  th e  to rq ue  on th e
s e c tio n . T h is  th e o ry  is  deve lo p ed  by TIMOSHENKO AND GERE and by
ARGYRIS , assum ing  th a t the  m ember und e r to rs io n  is  s tra ig h t ,  and th e
th e o ry  is  here a p p lie d  to  a m em ber, the  s h e a r-c en tre  a x is  o f w h ich  is
cu rved  to  a c o n s id e ra b le  d e g re e . H o w e ve r, th is  is  c o n s is te n t w ith  th e
b a s ic  a ssu m p tio n  in  th e se  a n a ly s e s , th a t the  b u cke t behaves as a th in
beam . M o re o v e r, e xp e rim e n ta l e v id e n ce  is  adduced su b se q u e n tly  w h ic h ,
fo r  a s in g le  b u cke t und e r to rs io n ,  re ve a ls  s tre s se s  v e ry  s im ila r  in  k in d
to  th o se  p re d ic te d  by  th e  a p p lic a t io n  o f the  th e o ry .
(33 34)The th e o ry  is  g e n e ra lly  d e rive d  ' fo r  a member w ith  a f u l l y -  
f ix e d  end as o r ig in  o f  c o -o rd in a te s .  For a p p lic a t io n  to  th e  bucke t th e re fo re , 
i t  is  more c o n ve n ie n t to  ta ke  ang le  oc — ©   ^ F ig .21, as independen t
f QO Q
v a r ia b le  ra th e r th a n  0  . The b a s ic  d if fe re n t ia l e q u a tio n  ' o f the  
th e o ry  o f n o n -u n ifo rm  to rs io n  is  g iv e n , fo r  a p p lic a t io n  to  gene ra l to rs io n  o f 
th e  b u c k e t, b y :-
T  =  -  E F _ A _
(3 B .3 2 )
w here T L  is  th e  to rq u e  and (p  (a lw ays  w ith o u t s u ff ix )  th e  ang le  o f 
tw is t  a t any s e c tio n  a t S\ . The re s u lt in g  s tre sse s  on th e  b ucke t 
p a ra b o lic  s e c tio n  a t S\ are g iv e n  by  : -
fo r  th e  S t. Venant shear s tre ss  ,
(3B.33)
o; = - E i ^  -u p  e,
H a n "  V Z a (3B .34)
fo r  th e  w a rp in g  re s tra in t d ire c t s tre ss  ^
fo r  the  w a rp in g  re s tra in t shear s tre s s . F u n c tio n  
g ive n  in  A ppend ix  1.
(3B.35)
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In  th e se  s tre ss  e q u a tio n s  th e  d e r iv a t iv e s  g iv e  th e  s tre ss  v a r ia t io n s  
w ith  S \  a long  th e  l in e  o f c e n tro id s . F ig . 21. The te rm s fo llo w in g  th e  
d e r iv a t iv e s  g iv e  the  s tre ss  d is tr ib u t io n s  a long  th e  boundaries  o f th e  
p a ra b o lic  s e c tio n  (see"A ppend ix  1 and F ig .A L . l) .  For CT^ and 
th e se  la t te r  te rm s a ls o  g iv e  th e  d is tr ib u t io n s  a long  th e  m id -p a ra b o lic -  
l in e  o f  th e  s e c t io n , s in ce  th e  s tre ss  d is tr ib u t io n s  o ve r th e  th ic k n e s s  " t  
(F ig .A L .l)  are u n ifo rm . S t, Venant shear s tre ss  h o w e ve r, is
l in e a r ly  d is tr ib u te d  o ve r s e c tio n  th ic k n e s s  be ing  zero on th e  m id - l in e .
For a c tio n   ^ fundam en ta l d if fe re n t ia l e q u a tio n  (3B .32) ta ke s
the  form : -
T , "  =   E r k M _  =  N  c o s i t )
k.dJl ^
(3B .36)
w here
M 3 =  sir\=C^
— d . k  k c o s | ^ + c o s L i
The e q u a tio n  has s im ila r  form  fo r  the  o th e r a sse m b ly  a c tio n s  w h ich  
in d u ce  to rs io n .
The s o lu t io n  o f th is  d if fe re n t ia l e q u a tio n  fo r  th e  p e rtin e n t boundary 
c o n d it io n s  is  g iv e n  in  A ppend ix  3. From th is  s o lu t io n  and w ith  re fe rence  
to  e q u a tio n s  (3 B .3 3 ), (3B .34) and (3 B .3 5 ), the  n o n -u n ifo rm  to rs io n  
s tre sse s  are found to  be g iv e n  b y :-
(3B .37)
- 6 0 -
(3B.38)
-KA\ N<,cosil T M , s i n j l
H ^ P
(3B .39)
where , P= %  , K==
k  K
\ =  M ^ cqScC -  KN-aC
KoC
c  ^  N^,Sl\AoC — t^gCùSoC '\' N% G
The s ig n  co n v e n tio n  adopted fo r  n o n -u n ifo rm  to rs io n  a n a ly s is  is  th a t o f  
TIMOSHENKO AND GERE . W a r p i n g o f  th e  p a ra b o lic  s e c tio n  is  
d e fin e d  in  A ppend ix  1 in  acco rdance  w ith  th is  s ig n  c o n v e n tio n , fo r  w h ich  
p o s it iv e  to rq ue  is  th a t show n on the  s e c tio n  at J X  in  F ig . 21.
For ou tw a rds  as sh o w n , the  to rque  at X I  -  , th a t is  on
the  s e c tio n  a t the  ju n c t io n  p o in t ,  is  a lso  p o s it iv e .  In  co rrespondence  
to  th e  s ig n  c o n v e n tio n , th e  e q u iv a le n t p a ra b o lic  c ro s s -s e c t io n  o f th e  
b u cke t s tands in  re la t io n  to  the  %  , axes o f A ppend ix  1 such th a t 
th e  in le t  edge o f th e  s e c tio n  l ie s  in  th e  n e g a tive  f ie ld ,  th e  o u tle t 
edge in  th e  p o s it iv e  -y f ie ld ,  as shown in  F ig . 21. For w a rp ing  re s tra in t 
d ire c t s tre s s  0^   ^ + em erg ing  from  a n a ly s is  in d ic a te s  te n s io n ,
-  in d ic a te s  co m p re ss io n .
A c tio n  F as a lre a d y  in d ic a te d , causes f iv e  p e rtin e n t 
d is p la c e m e n ts  o f ju n c t io n  p o in t on th e  b u c k e t, F ig . 21. These
d is p la c e m e n ts /
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d isp la c e m e n ts  a re , in  gene ra l , d e rive d  u s in g  s tra in -e n e rg y  m ethods 
based on C a s t ig l ia n o 's  Theorem , the  p rocedure  b e in g  p a r t ly  th e  same as 
th a t a p p lie d  fo r  th e  free  ro ta tin g  bucke t d is p la c e m e n ts . S im ila r  form s 
a p p ly  fo r  th e  s tra in -e n e rg y  e xp re ss io n s  fo r  b e n d in g , d ire c t fo rce  and 
sh e a r. H e re , h o w e ve r, n o n -u n ifo rm  to rs io n  s tra in -e n e rg y  ' must 
a ls o  be in c lu d e d , and the  to ta l s tra in  energy o f  th e  b u cke t is  g iv e n  b y : -
" IL  =
^  -2.
^ [K :Jk.d6 te fk -a e q. K f k lT k d e
J I ZEA '‘ .1 ZGA
oCr
e x p re s s in g , fo r  c o n v e n ie n c e , the  f i r s t  fo u r te rm s as fu n c tio n s  o f 0  and 
th e  la s t  tw o  te rm s , w h ic h  g iv e  th e  s tra in -e n e rg y  o f n o n -u n ifo rm  to rs io n ,  
as fu n c tio n s  o f X I  . The f i r s t  fo u r e x p re ss io n s  are g iv e n  in  te rm s o f 
th e  in te rn a l a c t io n s ,  w h ic h  have been found p re v io u s ly  as fu n c tio n s  o f 
a p p lie d  lo a d in g   ^ bu t the  n o n -u n ifo rm  to rs io n  e xp re s s io n s  are in
te rm s o f  the  d e fo rm a tio n  0  due to  , w ith  th e  re s u lt  th a t th e  u n it
lo a d  m ethod ca nno t be a p p lie d  th ro u g h o u t. Resort has to  be made in  the  
ge n e ra l c a s e , to  a n o th e r v e rs io n  o f the  same p r in c ip le ,  n a m e ly , th e  
dummy lo a d  m e th o d , in  w h ic h  an a d d it io n a l lo a d  Q is  a p p lie d  at the  
re qu ire d  p o in t in  th e  d ire c t io n  o f th e  requ ired  d is p la c e m e n t. The to ta l 
s tra in  energy o f th e  system  is  then  exp ressed  in  te rm s o f a c tio n s
a n d /o r  d e fo rm a tio n s  caused by Q  and th e  a p p lie d  lo a d in g ^ o f bo th  o f 
w h ic h  th e  a c tio n s  a n d /o r  d e fo rm a tio n s  are l in e a r  fu n c t io n s .  The re qu ired  
d is p la c e m e n t is  th e n  g iv e n  by the  o p e ra tio n  f q-A
\  /Q = o  •
A p p lie d /
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A p p lie d  fo r  a g e n e ra l d isp la ce m e n t due to  on th e  b a s is  o f
th e  s tra in -e n e rg y  e q u a tio n  a b o ve , the  d isp la ce m e n t is  g iv e n  b y ; -
4-Q — ' • '0V2*
c)Q 6 T
« i <5m  1 , , lk.de
E X O'JL
I
E A
k.diB 4-
tC
K
V ( # d e
GA
{dSûLVQ -
a i l
(3B.40)
The f i r s t  fo u r  in te g ra ls ,  in  w h ic h  th e  in te rn a l a c tio n s  are re a d ily  
e x p re s s ib le  in  te rm s o f  and Q , are e x a c t ly  e q u iv a le n t to  th o se
d e riv a b le  by th e  u n it  lo a d  m ethod . H ence fo r  the  p e rtin e n t d isp la ce m e n ts  
at the  ju n c t io n  p o in t due to  , the se  n o n - to rs io n  te rm s are d e rive d  on
the  u n it  lo a d  b a s is  ra th e r than  on th e  dummy lo a d  b a s is ,  s in ce  m any o f th e  
re le v a n t " u n i t "  in te rn a l a c tio n s  are g iv e n  p re v io u s ly  in  the  free  ro ta tin g
c o n d it io n  a n a ly s is  o f the  b u c k e t. To in te g ra te  th e  n o n -u n ifo rm  to rs io n
due to  Q  and th e  a p p lie d  lo a d in g  F^  ^ iste rm s , the  to rque  I .
re a d ily  w r it te n  as a fu n c t io n  o f X I  and is  s u b s titu te d  in  th e  n o n -u n ifo rm  
to rs io n  d if fe re n t ia l e q u a tio n  (3B .32) g iv in g  an e q u a tio n  s im ila r  to  (3 B .3 6 ).
Th is  e q u a tio n  is  th e n  so lve d  su b je c t to  the  co rre sp o n d in g  boundary
as fu n c tio n s  o f P . ,c o n d it io n s , g iv in g  
a lso  o f  course  l in e a r  in  
w i t h /
and Q , P a rtia l d e r iv a t iv e s  of th ese
w ith  re sp e c t to  Q are ob ta in e d  d ir e c t ly ,  and
are found fo r  Q = 0  , and th e  d e r iv a t iv e s ,  a l l  th e n  as fu n c tio n s  o f JT"
are in s e rte d  a p p ro p r ia te ly  und e r the  in te g ra l s ig n s , m u lt ip lie d  and in te g ra t­
ed d ir e c t ly .  Th is p rocedure  fo r  o b ta in in g  th e  n o n -u n ifo rm  to rs io n  s t ra in -  
energy com ponents o f th e  d isp la ce m e n ts  is  e x e m p lif ie d  in  A ppend ix  3 fo r
r  pR
a ge n e ra l c a s e , th a t o f o ^ t. / the  ta n g e n t ia l d is p la c e m e n t o f the
ju n c t io n  p o in t due to  . The d e te rm in a tio n  o f a d isp la ce m e n t in
the  d ire c t io n  o f the  a p p lie d  a c tio n  i s ,  o f  c o u rs e , more s im p ly  ob ta in e d
r  B"VjL
by d ire c t a p p lic a t io n  o f C a s t ig lia n o 's  Theorem , e .g .  ’
in  w h ic h  cases  th e  n o n -u n ifo rm  to rs io n  te rm s are found  more e a s ily .
The fo llo w in g  f iv e  d isp la ce m e n ts  o f the  ju n c t io n  p o in t G, on the  
b u c k e t. F ig . 21, due to  F , have been found  as in d ic a te d  . They are 
p o s it iv e  in  th e  d ire c tio n s  shown on F ig ,21, and are g iv e n  b y ; -
^RT. ^ +  “  2 sik\^+F)cos|^ +
4 - svn(^“ P) “  cCcos(^ ‘^ -^P) -v ^
F) + ^  Sm2 [^  -  cos(k+ F) “ si cos F
+ t i< J i f £
<f-GA 1k‘
^^JLs iv^2 (f^ '+‘F)“  2  sinZp -*illcCcos(^vp^+smcC.cosp' 
^  4" 4  j  k L
4-  (on next page) ^
+  F .V * " ) -  2 K \,F ,*  -  K  (u : -  F.")
■  ^  ^ | ( k Y T )  ^ ''""4  + M ^ ( K s m ^ -  cos«c)]
+  ^ & i Y [N ,(!<cosc4_sm 4+ T c o s ^ l
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4-
(H+P)[K^O
2 ( N h M t V  + ( n ; - M ^ ) s ; „ 2 »c -  2 N ,M )C osZ<
4 (H +  P f
2 (H +py
2 K Y 3F3 -  L i
- _ 2 K \ ^
(H+PXK*+1)
.•2. __ -KbC
-  COS^ t) -  M î( K c o S ‘t + SiVt=^
4- 2K F^ g rN.,(Ksm«^  + c6S°c|— Kl,(Kcos=t- smHj 
(H +P )0<V 1)'-
+  2 ( N ^ t  M g V  — (N s ~  E^sls'mZ^C +  ZN ^.M aC osZ^l 
4  (,H+ p y
___ 2 K
CH+PXk’
r ) [ K M 4 , - F j * N . W F 0 ] -
J
w h e re , in  the  n o n -u n ifo rm  to rs io n  te rm s:
H = G I  .
(3 .B .41 )
K - ap k
f'Aj “ s\in P 4-sin<=C^
P= ET
N = d .k -
3 % L c o s P  Hr tOS-M J
k  =s N ^s in A — M^CQs-K, — K N gC
—
K ^lH + p ) (e “ -+  e ' * ^ )  ’
p  _  — Mgccs-A + K N 3 S
^ K ^ C H 4 p )(e '"W
K^ .
c ^  F  Cl ^ r
' s i z  1^ S v n 2^ ' r f ^ ) “b ^ c o s 2^ + [ ^ j  +  s i i n ^ + [ ^ ^ s i v \ F  — c o s ( ^ + F ) < ^ o s F  
% E ^xY [kTL^ ^
4 * - ^ j s i n ^ - F P )  s in o L 'V * c û S ^ ' t ’ F )c o s < < ^  — X  p J - » 4  s m ^ - t - p ) - l . C o s ^ + F ] ' V c o s p
+4" COsZoC — C0Sc4+^ 
4  4
+  j — . -i3\fjx[cc)s2[=<+P)-cosZ(^+ 4-k-sivic<.swp — cosZot. +  \ \
4 <  V ga î 1 ^  E A ; [ k t  J ^  j
+  1-3F^)fC _  K ^ L ^ g -  F ,L )
E s H ^ X l G o s c K t -  S i w )  +  L ^ N X K à A - ^ - c o s g
F3f43)(Kcos=<.-s:vw;) +  CE4. F l , -  COS.)
+  2 F l,M ,s \io Z °^  t-Ç M ,  ~  Nl^^Çl —cosZ-^)
4  (H-» P ?
_ _ i ^ [ K C V  1; ) N , +  K lL ,+  - ( L 4- V U - L K ]
+  F r.P < ’z  ~ L3L X  -  Z  ( L j L -
- ^ ^ ^ I ^ ^ V C L l^ j+ L jK a ^ C K s iW - c o & i)  -  ( L ^ H ^ -
-CF4.M 3-  F ^ N ^ X k ^ S "^ -
" 2 M^N^SinZfC + (^-3 ~~^^)(a cc>s2<<|
4CH-FP/ I
f3B A 2  )w h e re , in  th e  n o n -u n ifo rm  to rs io n  te rm s :-  ' '  )
K , V4j P, M-à) are the  same as fo r  , and where : -
L. =. MgsiiAnC 4- M^ cos.^ .- KM,G. _ F zz N3C0SK + KKl^Ê
K'^CW+P)C«^'"°"+e'^) K 'Ÿ H W X ë '^ *  + e " * ^ X
f..k" cos*C 4- I
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(3B.43)
cos2(^+-j^) -  c o s Z ^  4- 4 l ls m « <  - ' cos2°C 4-
^  ^-o%LK L k j
-kF ,
4-
j i  j ^ C ^ 3 ^ e  -  -  k X u F ^ -v L ^ F J ^  -  K ( l^ L ^ ~ F ,F J
-V L^H^'^(K ’coSc<-V-SIV\c<,) 4- L^N^^^Ksm ^- cos=^
+  (V^^1^^T)K^F1^4- F g -  sm=<  ^4" -  f \ N ^  [Ksin ^  4cos^^
+  ^  sinZoC 4- (IM 3 •" N-^Xl "  c,os 2 x)
4 - iH + p r
F ^ -L  1^ 3 F ^^e *""^ ) 4- K \L ^F ^4 - L - , F j^  -  ^  F^F^)
~  -  cos^) '- ' ^  L^N^')(Kcos=^ 4- sô"i=41
^  (v iip^K V 3 ^ 3 F l^ (K s m '/^ 4 ' CoSJ^ — F ^ N 3 )(\< c o S J .- S \ V \ ^
•“  ^  4- (F^'s ~ ^ (1 — CQs'Z.*^ ')
4- iH+ p y
”  [y [(!"A-'^  0^3"^ -k K  (L ^ “*F^)M 3 "  K I L ^ '  ( 3) ^ ^
(3B.44)^
w h e re , In the  n o n -u n ifo rm  to rs io n  te rm s ;-
K, F\j L 3JF3 L ^  and are the  same as fo r  S-j-^ .
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COS^+P) -  sin=<.COs(^+ ^  -;^SlVlZo<.
P H ('-3 ^'^- F3 e ^'^)- 2K L^ F^ -K ~  ^ [ l ^ -  f ^ )
' ' ^ d )
^ ^(KcoSc<. +  SW.^] +  ^ ^ ( K s v '^ o C -  c .o % 4
—  -I
^   l[ N  3 ( FCcoS iL — S^ Vl V COsk)|
(H+P)(K’^ +0 •*
+  " Z - W l+ M g X  + (N 3 -  M ^ js .V Z c t - " Z h ^ ^ M ^ c o s l^
4  iH + p y
__ „  £ . ) | ‘ H e ‘ “ -  F , V “ )  ,  2 k \ . F , *  -  ÿ l L ^ - F . ' )
Fc j  ,
_ U^-g- — coSc^) — M ^ Q ^c o S /. +  sm ^c)]
en-vPKK^^O
4- ^  K f  Nlo (K sCV\<^ -4-C10S‘^ '^  “  M-;i(Kc.oS°t - ’
+  *^ ( N 3 ^^3 ) ^  — [ N 3 "M-^)s1v4Zo^ -V 2 . cqsZ^C
4-CH4-?)^
(3B.45),
w h e re , in  the  n o n -u n ifo rm  to rs io n  te rm s :-
Ç ^R
K ^ H jP j F ^3 > N 3 ) L ^  and are the  same as fo r  .
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A c tio n  Fÿ ' (o f a sse m b ly  a c tio n  i~V -  and -  )
Analyses fo r  in d u ce d  a c tio n s  at ©  and fo r  d is p la c e m e n ts  a t G, 
due to  , fo l lo w ,  in  th e  m a in , s im ila r  l in e s  to  th e  a n a lyse s  in  th e  
case  o f . W ith  re fe rence  to  F ig . 21 fo r  the  re le v a n t geom etry  and
s ig n  c o n v e n tio n s , the  in d u ce d  a c tio n s  at Q and th e  d isp la c e m e n ts  at 
ju n c t io n  p o in t G, are as fo llo w s
f -  s{v>(f-ej] + 1 -  cos©j
(3B .46)
c-z ~  ~ ©) +  c-os 6
©) +  co%q 1
(3B .47)
Ft
(3B .48)
(3B.49)
-  f i z  -  h A k - C ^ c o s  ( f - 6 ) + SiVi0  
5 (3B.S0)
C orre spo n d ing  s tre s s e s , in  te rm s o f  , are o b ta in e d  in  th e  same w a y  as 
fo r  , th e  n o n -u n ifo rm  to rs io n  s tre sse s  be ing  g iv e n  b y ; -
~ ~ k  I ^  H t P  M T
(3B.51)
c;"'=-E (:L_ - e^ Îl<^ (L,^ e ^  -  H^stwil-FN^cosn ^/ pT
(3B.52)
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y  -  E 1 M ) k V ”-  E . O -  I F.T
(3B .53)
w here \y \^  ,  ^ and are as g iv e n  fo r  th e  case  o f  .
F,
R
(3B.54)
by M a x w e ll 's R e c ip roca l Theorem .
't-2. zg Y )\>  + 2 cos(i^-^P)sm(^ — ^  s\v\2 p
Jk ^
kU
2cos(^4-(^)s{\4«L “  sm (^“ P) — 2>«<cos(j*‘4'p) 2 si\Ap
•^pos^+P’)+ SlW.CûS  ^+ |-+ is in 2 = t I 
d" c.os(4+p] — sivi«t,cos|^
k F ^e -" '^ )  -  2 K "U F ,c<  _
1 4- 2 K L^e C M^(Kcqs tf siWc) ~ N^fKsmci. — cos*<)]
L (H 4 P 1 K + 0  “*
+ h H
+ 2 K e, F hd'zfKcoS — S\v\«=t} — W-a(Ksm<>^  4-côsk) I 
(HtP)CK"4-0^ ^  ^
+  % l M ^ + N t h +  M J - -  N t ) s in 2.< +  Z M ^ M ^ c o s Z -^
4  (.H t p y  '
“  CH+^)^"+ FvV*' NsCk'-'^il ~ T ( H - r ÿ
“F (on next page) ^
f  ( L ; -  F ; )
— 2 K rM_(KsiV\p(. -  cosk) 4- N „fK co S ‘^ 4r
- 7 0 -
4- 2 K G +co$*^^4- N^(Kcôs«^ —
tH-v?)C\<^4l) ^
-k 2 -CM3 -pN3 )cC -  — — 2 M 3N 3 cos2 =<
4* (i4 4 p)*^
w h e re , in  the  n o n -u n ifo rm  to rs io n  te rm s :-
K ,  Pj M 3 and are as g ive n  fo r  th e  case  o f  .
^  C0s(^4- 4-
(3B .55 ),
(3B.56)
- 7 1 »
^ « .z  sm 2^+P)- i s t w Z _ ^ I^cos^+P ') + sm«(.cos|^ +  ^  +  Xsm 2=<.
F a k  - ^ k V . -  -
dl ) KdC.
[  k  2 KL, .^-e. rM^lKcn^dL-t- smoc) -  N ^ (K s in ^  -  oo s^)l
^^h + pK k " + i ) ‘-
—Rc4. —1
+  7. K(% e I M,(Kcos«t -  s\'v\°t) — N .tK s iw ^  + coS"'-)!
^  2 (1^3 +  +  (Mts — Ns^siwZci +  2  cosZ“(.
4  (H + P)"^
~  -  2 (H ^p y
M 3 N 3
p  p W ( L y " _  f ; V - )  +  Z k \ ,F ,= C  -
V  ^  r 1t  — 2K iM^ fKsmct-cosct) + N,(.Kc.oSi=t + sm»<]j
.^h + pUk '+ O  '■ ^ ■'
-+" 2 K r^€- TnI-^ coSoc} +  ^^(^VCcosot — suo«4^n
(H+Pl(j<^+t)
+ ^ ( M a  + NJ^V -  N 3 )s,-\^2 ^  -  2  M ^ N ^ c s Z ^
4  ( .H + p y
C H + p & o F  +  M ^ lL y  fJ k
(38 .57)^
w h e re , in  th e  n o n -u n ifo rm  to rs io n  te rm s :-
K ,H ^  P, and F^ are as g iv e n  fo r  the  case o f .
- 7 2 -
Çb =  cosZlA +  4 - i i .  siv\'i.si'v\(^ -  cos2"=< +  |
4 cC E X ^^ |k '-  J k
- K V . ^ L ^ F ^ k  -  | ( L 3U - F ,F J
+  ; ^ ^ ^ j ^ k N 3+L^M 2)(Kcos'<+s;v\^] +  L3N '^)(Ksw=<. -  cos^)]
^  F^K1^(Kc ,s=c-$;/«() + Fj N^Xksm- c +cos<<)]
+ ^M aN ^siAZcA  +  (M ^  ~~Na ) ( l — cos2»<^
4-C.H-*-P)’ ’
"  f ^ N 3 + K ( L y F ; ) M 3  - ( L ^ -F J m ^  +
+ k X f 3 . - L , F >  -  | ! ( ^ L y . ^ - F 3 F j
- h  j
"  L^M ;X KsM .t-c(,s4 -  (.WH3-L3NjXK«s=t+
+  Fj N jX K coS"*.- Sin4^
_ siv\2 t<. +  ( M ^ -  ) ( \ -  cos2°<)
~  4(_H+ p y  " "
-  jp4 ^ [ ( L y  + (L3+ F J M 3 +  k ( l , - f J m 3  -  K iu - F ^ ) ^
(3B.58),
w h e re , in  the  n o n -u n ifo rm  to rs io n  te rm s :-
K , H , M 3  ^ N ]^ j , F^ j L ^  and are as g iv e n  fo r
the  case o f F ^ .
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A c tio n  M p  ( F f . Q .  (o f a sse m b ly  a c tio n  F r  -  and -  ( Fr» ) ) ,
R efe rring  to  F i g . 21, the  indu ced  a c tio n  at ©  and th e  d is p la c e ­
m ents at ju n c t io n  p o in t are as fo l lo w s : -
M  " I  -  -  M p
from  w h ic h  co rre sp o n d in g  s tre s s e s , in  te rm s o f M p  , m ay be 
c a lc u la te d  v ia  e q u a tio n  (3 B .6 ),
(3B .59)
(3B.60)
by  M a x w e ll 's  R e c ip ro ca l Theorem .
Ft
s im ila r ly .
 N/t k c c
(3B .61),
-  M p .-PZ T '  p Y
For th e  c e n tr ifu g a l lo a d in g  a n a ly s e s , M p  ”  Fp. in  the  
above fo u r e q u a tio n s .
(3 B .6 2 ),
A c tio n  M  R
The in d u ce d  a c tio n s  at ©  and the  d isp la c e m e n ts  at ju n c t io n  p o in t 
G , ,  F ig . 21, are as fo l lo w s : -
c.os6 '
(3B .63)
(3B.64)
C orre s p e n d in g /
- 7 4 -
C orre  s pond ing  s tre s s e s , in  te rm s o f  , are o b ta in e d  in  the  same w ay
as fo r  F-p , th e  n o n -u n ifo rm  to rs io n  s tre sse s  be in g  g iv e n  b y : -
F t d
Ft dl
M R
Ft d
(3B .65)
(3B .66)
(33 .67 )
by  co m pa riso n  o f e q u a tio n s  (3B .64) and (3 B .5 0 ), and by  e q u a tio n s  
(3B .51), (3B .52) and (3 B .5 3 ).
F.
(3B .68)
by  K fexw eli *s R ec ip roca l Theorem .
Ft
(3B .69) ,
s im i la r ly .
0,
(3B .70)
d
(3B.71)
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A c tio n  .
W ith  re fe re n ce  to  F ig . 21, th e  in du ce d  a c tio n s  at 0  and the  
d isp la ce m e n ts  at ju n c t io n  p o in t G j are as fo l lo w s : -
c o s ( f -  b) + siiA © I
(3B .72)
e) + c o s e
(3B .73)
C o rre spo n d ing  s tre s s e s , in  te rm s o f IM-p are o b ta in e d  in  th e  same w ay 
as fo r  , th e  n o n -u n ifo rm  to rs io n  s tre sse s  b e ing  g iv e n  b y :-
^SV
4 ” '
' R M
(3B .76),
by com pa rison  o f e q u a tio n s  (3B .73) and (3B .31), and b y  e q u a tio n s  
(3 B .3 7 ), {3B .38) and (3 B .3 9 ).
C =
X - M t
d
(3B .74)
pR
M r_g; oc-
d
(3B .75)
-X M x ,
Fr d
(3B.77)
by M a x w e ll 's  R ec ip roca l Theorem ,
=  Ml-,-. ^
(3B,78),
s im ila r ly .
“ 76“
My ÔR2
0 ; : -
s
(3B .79)
Mt
'TZ -  d
(3E.80)
In  th e  St ra in -e n e rg y  a n a lyse s  fo r  th e  d is p la c e m e n ts  o f ju n c t io n  
p o in t G , due to  th e  a sse m b ly  a c t io n s , no a ccou n t is  ta ke n  o f d isp la ce m e n t 
com ponents due to  th e  free  w a rp in g  o f the  b u cke t c ro s s -s e c t io n  c o n ta in in g  
G» at 6 — 0  . Such com ponents in  th e  re g io n  o f G , are re a d ily  
d e rive d  from  the  n o n -u n ifo rm  to rs io n  s o lu tio n s  fo r  th e  a sse m b ly  a c t io n s , 
e .g .  as in  A ppend ix  3(a) , and from  the  e x p re s s io n  fo r  w a rp in g  MaJ' g ive n  
in  A ppend ix  1. For the  n u m e rica l a p p lic a t io n ,  c a lc u la t io n s  were perform ed 
to  de te rm ine  th e  appropri.a te w a rp in g  d isp la ce m e n t com ponents in  the  
re g io n  o f , a ss o c ia te d  w ith  each p e rtin e n t a sse m b ly  a c t io n . As m igh t
re a so n a b ly  have been e x p e c te d , th e se  were a l l  found  to  be n e g lig ib ly  sm a ll 
in  co m pa rison  w ith  th e  co rre sp o n d in g  a sse m b ly  a c tio n  d isp la ce m e n ts  
c a lc u la te d  from  th e  e x p re ss io n s  d e rive d  in  th is  s e c tio n .
W ith  re fe ren ce  to  F ig .12 fo r  d im e n s io n s , to  A ppend ix  1 fo r  s e c tio n  
p ro p e rtie s  and to  F ig , 21 fo r  s ig n  c o n v e n tio n , the  d is p la c e m e n t/a c t io n  
re la tio n s  a t ju n c t io n  p o in t on th e  b u c k e t, re le v a n t to  th e  assem b ly
c o n d it io n  o f th e  h u b -w ith -b u c k e ts  o f the 16^ in .c a s t  s te e l w h e e l, are 
g iv e n , fo r  subsequen t u s e , as fo l lo w s : -
c 8 .7 5 6 8 8  X 10“ ®  ^ from  e q u a tio n (3B.41)
8 .03753  X 10' h
1' (1 (3B .42)
1.32147 X 10” Fr
II
)
II (3B .43)
"6
0 .9 5 2 5 6  X 10 h II> II (3B .44)
1.81235 X 10" Fr II)
II (3B .45)
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^ rtT 8 .0 37 53  x  10  ^ from  e q u a tio n  (3B. 54)
&%= + 19 .44856  X 10 ® H r i
0p%= + 1 .79787  X 10“  Hr , 
+ 3 .7 5 5 6 8  X lO "® Hr ,
0 ^ =  -  0 .9 5 2 5 6  X 10 ® Hr ,
Mp
6 % =  -  17.64013 X 10“ ® H r ,
C — 6 r"&pj_= -  24 .0 1328  X 10 H r ,
-6 r-  6 .2 74 35  X 10 Hp ,
p u tt in g
(3B .55)
(3B .56)
(3B .57)
(3B .58)
(3B .60)
(3B .61)
(3B .62)
M p  =  h e re .
f"  'R
Og^= + 0 .3 5 2 56  x  10  ^ from  e q u a tio n  (3 B, 68)
&%= + 3 .7 5 5 68  X 1 0 "^ M (^  ,
.Mr
ÇH'= + 1 .70713  X lO"® M r  ,RZ
Mr
0 " =  -  0 .4 3 2 9 8  X 1 0 " ® M r  ,r z
Mn-r  T
Og,.= -  1 .81235  X 10 M x  ,
-  0 .9 5 2 5 6  X 1 0 ~ ® M r  , 
0 .4 3 2 9 8  X 10“ ® M - r ,
+ 0 .8 23 80  X 10 M r  ,
(3B .69)
(3B.70)
(3B.71)
(3B.77)
(3B .78)
(3B .79)
(3B.80)
I t  is  o f in te re s t to  exam ine the  separa te  c o n tr ib u t io n s  to  these  
d is p la c e m e n ts , o f  th e  v a r io u s  s tra in -e n e rg y  te rm s . Table 2 g ive s  the  
pe rcen tage  c o n tr ib u t io n s  o f the  s tra in -e n e rg y  te rm s to  th e  p e rtin e n t 
m u lt i- te rm  d is p la c e m e n ts .
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Table 2
C o n tr ib u tio n s  o f th e  v a r io u s  s tra in -e n e rg y  te rm s to  th e  a ssem b ly  
a c tio n  d is p la c e m e n ts  o f the  bucke t ju n c t io n  p o in t .
D isp la ce m e n t
Percentage c o n tr ib u t io n  to  d isp la c e m e n t by s tra in -e n e rg y  o f : -
Bending in  
p lane  o f 
w h e e l, o r 
about a x is  
Y Y  o f 
s e c tio n .
Bending 
about 
a x is  0 %, 
o f s e c tio n .
D ire c t
fo rce .
Shearing
force.
N o n -u n ifo rm  to rs io n .
1st te rm . 
(St .Venant 
to rs io n  
term ).
2nd te rm . 
(W arp ing  
re s tra in t 
term ).
r 48 1 1 5 39 6
r 71 <  1 < 1 1 31 -5
—» -1 — 117 -16
d x ï 3
— — 84 13
Ç 53 <  1 <  1 4 38 4
0 ^ - 1 - - - 90 9
The p redom inan t s tra in -e n e rg y  te rm  fo r th e  d e fle c t io n s  is  c le a r ly  th a t 
due to  bend ing  in  the  p lane  o f the  w h e a l, w ith  the  S t .Venant to rs io n  
com ponent o f n o n -u n ifo rm  to rs io n  a lso  vexy  s ig n if ic a n t .  Th is la t te r  term  
i s ,  o f c o u rs e , p redom inan t fo r  the  ro ta t io n s . The w a rp in g  re s tra in t 
com ponent o f n o n -u n ifo rm  to rs io n  is  sm a ll in  co m pa riso n  w ith  the  
S t .Venant to rs io n  com ponen t, b e in g  about l / 7 t h  o f the  la t te r  o r le s s .  I t  is  
e v id e n t th ro u g h o u t th a t o n ly  s tra in -e n e rg y  o f in -p ia n e  bend ing  and s tra in -  
energy o f non -un ifo rm  to rs io n  need be c o n s id e re d , and th a t the  o th e r th ree  
te rm s can be n e g le c te d .
'79
3B y  A ssem bly  c o n d it io n  at th e  b u c k e t / i im  1 u n c tio n  -  e v a lu a tio n  o f 
a sse m b ly  a c tio n s  and to ta l c e n tr ifu g a l s tre sse s
The free  ro ta t in g  d is c o n t in u it ie s  to  be e lim in a te d  by a sse m b ly  at 
th e  b u c k e t/r im  ju n c t io n ,  are a l l  in  the  p lane  o f  th e  w h e e l,  and are as 
i l lu s t r a te d  in  F ig . 18. W ith  regard  to  in -p la n e  d is p la c e m e n ts , assem b ly  
is  assum ed to  be a ch ie ve d  at p o s it io n  F ig . 22 , at w h ic h  p o in t the
f in a l p o s it io n  o f th e  ta n g e n t to  th e  bucke t is  G |^ Y " . The assem b ly  
a c tio n s  i  e t c . , on the  b u c k e t, i n i t i a l l y  at G th e re fo re
in d u ce  d isp la c e m e n ts  and as show n . C o n s id e rin g
the  a sse m b ly  a c tio n s  ? ^ tc .  on the  r im , in i t i a l l y  at -,
none o f th e se  a c tio n s  i s ,  o f c o u rs e , a s s o c ia te d  w ith  ta n g e n t ia l d is p la c e ­
m e n t, w h ic h  th e  rim  may s u s ta in  as a w h o le -b o d y  ro ta t io n ,  w ith o u t de fo rm ­
a t io n ,  about th e  w he e l a x is  %  . For a sse m b ly  at th e re fo re , the
rim  ro ta te s  about Z .  as a w h o le -b o d y , from  G j, to  G i\  , o r th rough
th e  ang le  ^  moT 4- S t z - , The a sse m b ly  a c tio n s
? e t c ., now  in i t i a l l y  at  ^ in d u ce  d e fo rm a tio n s  and
Ç2$pj o f the  rim  fo r  a sse m b ly  and c o m p a t ib il i ty  o f d e f le c t io n  and ro ta t io n , 
at G ^ ^  . The o rde r in  w h ic h  the  w h o le -b o d y  d is p la ce m e n t and the  assem b ly  
a c tio n  d isp la c e m e n ts  o f th e  rim  are co n s id e re d  to  ta k e  p la c e , i s ,  o f c o u rs e , 
im m a te r ia l,  and a sse m b ly  a c tio n  d e fo rm a tio n s  and co u ld  be
co n s id e re d  f i r s t l y ,  d is p la c in g  to  G j,  w ith  a p p ro p ria te  ta n ge n t
p o s it io n  G ,j T  w ho le  body ro ta tio n  X, su b se q u e n tly  ta k in g  p la ce  to  
G i/^ and G j^ T I  W ith  re fe ren ce  to  F ig . 22 th e n , on th e  assu m p tion  th a t 
the  jo in t  be tw een  rim  and bucke t is  r ig id ,  th e  fo llo w in g  e q u a tio ns  m ust 
be s a t is f ie d  fo r  c o m p a t ib il i ty  o f th e  in -p la n e  d is p la c e m e n ts :-
^  4- A  — ^  q- A
(3B.81)
(3B.82)
SlÔW CONVENTION  
FOR YM- PLANE &  
TRANSVERSe PLANES 
ASSEMBLY AC.TION 
DiSFLAcec^ENTS.,
M p ,=
( fV i- 'i)
M p z=
O ra * ^ \^  I
Pra
Bucket.
% ,
t ' i\  PARALLEL.
ASSEMBLY Actions^ suFFiX i 
.ON SUFFIX 2  ON BUCKFT, 
CAUSING Fin a l  a s s e m b l y  ,gp 
Rotat in g  r im  &  b u c k  f t  a t  
G ,A &  gTaT . 
t h e  a s s f m b l y  a c t io n s  a s
SHOWN ARE T V E ,
G (a  IS FINAL assem bled / rotatikg 
Po s it io n  o f  BucK e t /R îm  tu n c tio i^
POlNTjANO G \aT ( a uo  G,\T') final 
Position  of t a n g e n t  t o  b u c k e t  
a t  THIS POINT. CPVG-INAL 
s ta t io n a r y  PCS-'* OF TANGENT TO 
BUCKET IS SHOWN THRoo&HooT 
THUS ^
A NALYSIS OF FR E E
Ro ta t in g  &  a s s e m b u y  a c t io n  d is p l a c e y i£ m t s
IN Pl / \ n £  o f  W H E E L^ Fo r  COM P A T IB I L IT Y  (N 
ASSEy ib l e d / R o t a t in g  c o n d i t i o n ,
FR b £ Ro t a t in g  d is  p l a c e  k i e n t ^  t o  p o i n t s
F i g . IS .O n ^ i*x a r £ a s IN
Fig. 22 . d ia g ra m  showing t h e  assem b ly  actions & T H E
ANALYSIS OF DISPLACEMENTS IN THE PLANE OF THE WHEEL 
For THE assembled/Rotating cond\tion of bucket and
R\M AT THE TUNCTlON POINT.
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The s ig n  co n v e n tio n  p e rtin e n t to  the  in -p la n e  and tra n s v e rs e  p lanes 
a ssem b ly  a c tio n  d is p la ce m e n ts  is  g ive n  in  F ig . 22.
Since th e re  are no free  ro ta tin g  d is c o n t in u it ie s  in  the  tra n sve rse  
p la n e s , th e  a sse m b ly  a c tio n  d isp la ce m e n ts  o f b u cke t and o f rim  in  th e  
tra n s v e rs e  p la n e s , m ust be equa l fo r  c o m p a t ib i l i ty .  I f  and
are the  a sse m b ly  a c tio n  d isp la ce m e n ts  o f  th e  r im , and and 0 ^ 2.
th e  a sse m b ly  a c t io n  d isp la ce m e n ts  o f the  b u c k e t, th e n  fo r  c o m p a t ib il i ty  
o f the  tra n s v e rs e  d is p la c e m e n ts ;-
0 R, =
, (3B .83)
0 "^ ' (3B .84)
For e q u ilib r iu m  in  th e  assem b led  c o n d it io n :-
Fri +  = 0  (3B .85)
F t i  h z .  “  O  (3B .86)
-  O  (3B.87)
M t ,  +  M t 2 O  (3B.88)
The s ig n  co n v e n tio n  p e rtin e n t to  the  assem b ly  a c tio n s  is  g ive n  in  F ig . 22.
In  th e  c o m p a t ib il i ty  e q u a tio n s  (3B.81) to  (3B .84) the  assem b ly  
a c tio n  d isp la c e m e n ts  c o m p rise , in  g e n e ra l, com ponents due to  a l l  the  
a sse m b ly  a c t io n s ,  e .g .  >
ta k e n  a lg e b ra ic a lly  a cco rd in g  to  s ig n  c o n v e n tio n . So by  means o f the  
d is p la c e m e n t/a c t io n  re la tio n s  d e rive d  in  s e c tio n s  3B i i i  and 3B i v ,  these  
c o m p a t ib il i ty  e q u a tio ns  may be w r it te n  in  te rm s o n ly  o f th e  assem b ly  
a c tio n s  ^ rz. \ e t c . and o f the  free  ro ta tin g  d is c o n t in u it ie s .  The
e ig h t c o m p a t ib il i ty  and e q u ilib r iu m  s im u lta ne o u s  e q u a tio n s  (3B.81) to  
(3B. 88) are th e n  so lve d  d ir e c t ly  to  f in d  the  e ig h t a sse m b ly  a c tio n s   ^
F r z  e t c . in  m agn itude  and d ire c t io n .
The co rre sp o n d in g  a sse m b ly  a c tio n  s tre sse s  are su b se q u e n tly  
c a lc u la te d /
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c a lc u la te d  from  th e  a p p ro p ria te  e xp re ss io n s  o f s e c tio n s  3B i i i  and 3B iv .  
A pprop ria te  s u p e rp o s it io n  o f th e  assem b ly  a c tio n  s tre sse s  and th e  free  
ro ta tin g  s tre ss e s  o f s e c tio n s  3B i  and 3B i i ,  f in a l ly  de te rm in e s  th e  to ta l 
c e n tr ifu g a l s tre ss e s  in  b u cke t and r im .
For th e  16% in .  c a s t s te e l Turgo w hee l at norm al w o rk in g  speed , 
a l l  th e  te rm s re le v a n t to  th e  a p p lic a t io n  o f the  c o m p a t ib il i ty  and 
e q u ilib r iu m  s im u lta ne o u s  e q u a tio n s  have a lre a d y  been d e rive d  n u m e r ic a lly . 
T he re fo re , in  accordance  w ith  the  s ig n  co n ve n tio n s  o f F ig s ,21 and 22 , 
th e se  e q u a tio n s  are as fo l lo w s : -
0.49832 F,R» = 8.75688 + 8.03753 ~ 17.64013 + 0.95256M^.
-  1. 81235 M t ,  + (8100 -  1080) .
0.11772 1^,
'Ti
-  11,080 -  1 
13.329 13.329
(3B.81).
8.03753F^.j, + 19.44856 F -  24.01328Ç
+ 3.75568 -  0 .95256 M T7.
= - 1 .  32147 Fg^ -  1. 79787 F-, + 6 . 27435 -  2080 .
(3B.82).
0.00881 M«. = 0.95256 FL. + 3 .75568 F-_ + 1.70713 -  0 .4 3 2 9 8 M'Rl ‘T 2
3.82364 = -  1.81235 Fgj^ -  0.95256 FTZ 0 .4 3 2 9 8 M
Fr. -b Fr^  = 0
Ft. -b Fr^  = O
Mr. 4- O
M x , 4- M x z  = 0
(3B.83).
+ 0 .8 2 3 8 0 M  
(3B.84).
(3B.85).
(3B.86).
(3B. 87).
(3B.88) .
TZ
S o lv in g /
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S o lv ing  th e se  e q u a tio n s  g iv e s : -
= -  561.07 1 b . ,  = +211.38 l b . ,
■ ) =  + 2821.32 lb . i n s .  , -  2 0 0 .6 4  l b . I n s . ,
-  193.97 l b . i n s .
The co rre sp o n d in g  a sse m b ly  a c t io n s , s u f f ix  1, on the  r im , have the  
same v a lu e s  as th e s e , but have o p p o s ite  s ig n s .
T o ta l c e n tr ifu g a l s tre sse s  in  th e  bucke t
Know ing th e  m agn itudes and d ire c tio n s  o f th e  a sse m b ly  a c tio n s  on 
the  b u c k e t, the  in d u ce d  a c tio n s   ^ due to
a l l  th e  a sse m b ly  a c tio n s  are re a d ily  d e te rm in e d , from  e q ua tio ns
(3 B .2 7 ), (3B .46) and (3 B .5 9 ), from  e q u a tio n s  (3 B .2 8 ), (3 B .4 7 ),
(3B .63) and (3 B .7 2 ), from  eq ua tions  (3B .29) and (3 B .4 8 ), and
from  e q u a tio n s  (3B .30) and (3 B .4 9 ). The d is t r ib u t io n  o f M ^ ^ ^ w i th  ©  
is  show n in  F ig . 23 , to g e th e r w ith  th e  co rre sp o n d in g  in -p la n e  free  ro ta tin g  
bend ing  moment from  F ig . 16. S u p e rp os itio n  o f and g iv e s
the  to ta l c e n tr ifu g a l in -p la n e  bend ing  moment as in d ic a te d .
S im ila r  d is tr ib u t io n s  w ith  ©  are g iv e n  in  F ig . 24(a) fo r  d ire c t fo rce s  P©-2. •> F© 
from  F ig . 16, and th e ir  a lg e b ra ic  sum ? th e  to ta l ce n t.rifu ga l d ire c t
fo rc e . The v a r ia t io n  w ith  ©  o f bend ing  moment in d u ce d  o n ly  by
the  a sse m b ly  a c t io n s , is  p lo tte d  in  F ig . 24 (b ), from  w h ich  is
e v id e n t ly  sm a ll in  co m pa riso n  w ith  Mg'^.TOT F ig . 23. G raphs may l i k e ­
w ise  be draw n fo r  sh e a iln g  fo rce s  and , from  F ig .16. Super­
p o s it io n  g iv e s  w h ic h , in  g e n e ra l, has been found to  be le s s  th a n
. The re s u lt in g  shear s tre sse s  have been c a lc u la te d  and are o f l i t t l e  
s ig n if ic a n c e ,  so th e se  sh ea ring  fo rce s  are not co n s id e re d  fu rth e r .
The in d u ce d  n o n -u n ifo rm  to rs io n  shear and d ire c t s tre sse s  due to  a l l  
the  a ssem b ly  a c t io n s ,  may a ls o  be found from  th e  re le v a n t e q u a tio n s  o f 
s e c t io n /
+6000-
6060 i20  127100
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s e c tio n  3B iv .  The S t .Venant to rs io n  and th e  w a rp in g  re s tra in t shear
s tre sse s  and re s p e c t iv e ly ,  have been de te rm ined  and found to  be
o f n e g lig ib le  s ig n if ic a n c e . The w a rp ing  re s tra in t d ire c t s tre sse s
h o w e ve r, are a p p re c ia b le , h a v in g  been c a lc u la te d  from  eq u a tio n s  (3B.38) ,
(3 B .5 2 ), (3B .66) and (3 B .7 5 ). These s tre sse s  are m axim um  on the  bucke t
edges and th e  d is t r ib u t io n  w ith  ©  (or SI. ) o f on the  in le t  edge is
show n in  F ig . 2 4 (c ). F ig , 25 d e p ic ts  the  d is t r ib u t io n  o f o ve r the
p a ra b o lic  c ro s s -s e c t io n  o f th e  e q u iv a le n t b u cke t a t ©  = 127*^, ( s f l  = 0) .
The d ire c t s tre ss e s  due to  P g  are
s im p ly  de te rm ined  by  a p p ro p ria te  a p p lic a t io n  o f e q u a tio n s  (3B.6) and (3 B .7 ).
is  found to  be by  fa r  th e  dom inant a c tio n  in  regard to  s tre sse s
a n d , s in ce  m axim um  bend ing  s tre sse s  o ccu r th e re , th e  bucke t edges are
c r i t ic a l  as the  lo c a t io n s  o f the  maximum to ta l d ire c t s tre sse s  on the  c ro s s -
s e c t io n . T o ta l d ire c t s tre sse s  on the  edges are c a lc u la te d  by a lg e b ra ic
s u p e rp o s it io n  o f the  a p p ro p ria te  s tre sse s  due to  M ^
pQ to g e th e r w ith  the  a p p ro p ria te  edge v a lu e s  o f . F ig .26 shows
the  v a r ia t io n  w ith  0  o f th e  to ta l d ire c t s tre sse s  on the  in le t  and o u tle t
edges o f  the  b u c k e t. O v e ra ll, th e  o u tle t edge is  more h ig h ly  s tressed
in  te n s io n  th a n  the  in le t  edge. The maximum c e n tr ifu g a l s tre ss  in  the
2
b u cke t y _^j_75 0 J j) / in .  te n s io n , occu rs  on the  o u tle t edge at about 
Q  = 9 4^ , w h ic h , from  F ig .9 , is  in  the  v ic in i t y  o f the  p itc h  c ir c le .  
C om paring  th is  v a lu e  w ith  the  co rre sp o nd in g  m aximum  free  ro ta tin g  
d ire c t s tre s s  o f + 14,050 lb / in .  at about th e  same lo c a t io n ,  i t  is  c le a r  
th a t the  e ffe c t o f rim  re s tra in t on the  bucke t is  a re d u c tio n  o f some 38% 
in  the  m axim um  free  ro ta tin g  s tre s s .
T o ta l c e n tr ifu g a l s tre sse s  in  the  rim
Know ing the  m agn itudes and d ire c tio n s  o f th e  a sse m b ly  a c tio n s  F^, ,
, e t c . on th e  rim., th e  co rrespond ing  d ire c t s tre sse s  are de term ined
f ro m /
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from  e q u a tio ns  (3B.19) and (3 B .2 5 ), and .the  shear s tre sse s  from  e q ua tio ns
(3B.21) and (3 B .2 3 ) . The la t te r  s tre sse s  have been found to  be n e g lig ib ly
2s m a ll,  th e  m aximum  v a lu e  no t e xceed ing  400 lb / in  . The asse m b ly  a c tio n
d ire c t s tre sse s  are superposed on th e  free  ro ta tin g  d ire c t s tre ss  o f 
2
+ 2430 lb / in  , to  g iv e  the  to ta l d ire c t s tre ss  d is t r ib u t io n  o ve r th e  e q u i­
v a le n t rim  s e c tio n  as in d ic a te d  in  F ig . 27. The l in e a r  d is t r ib u t io n  a ris e s  
from  th e  bend ing  moment about Y  Y  , in d u ce d  by  " in v e rs io n  moment "
a sse m b ly  a c tio n  w h ic h  a c ts  about the  rim  s e c tio n  as show n.
2
The m aximum c e n tr ifu g a l s tre ss  in  the  rim  is  4100 lb / in  c irc u m fe re n tia l 
te n s io n  o ve r the  com p le te  o u tle t s id e .
T o ta l c e n tr ifu g a l s tre sse s  in  the  hub
As p re v io u s ly  m e n tio n e d , and as con firm e d  b y  th e  a sse m b ly  a c tio n
a n a ly s is ,  due to  th e  rim  re s tra in t ,  the  m aximum  c e n tr ifu g a l s tre ss  in  the
2
hub w o u ld  be exp e c ted  to  be le s s  th a n  1680 lb / i n  te n s io n ,  th is  be ing  
the  m axim um  free  ro ta tin g  s tre ss  w h ic h  occu rs  a t the  bo re .
From a su rve y  o f th e  m ethod o f c a lc u la t io n ,  i t  is  n o te w o rth y  th a t : -
(1) A ll th e  in d u ce d  a c tio n s  on the  bucke t a t ©  , due to  the  free  
ro ta tin g  c o n d it io n  and due to  the  a sse m b ly  c o n d it io n ,  are d ir e c t ly  
p ro p o rtio n a l to  D .C O ^. So th e  free  ro ta tin g  s tre s s e s , th e  a sse m b ly  
a c tio n  s tre s s e s , and th e re fo re  th e  to ta l s tre sse s  are d ir e c t ly  
p ro p o rtio n a l to  D .  W  ^ . Th is  a p p lie s  a ls o  to  th e  r im .
(2) The free  ro ta t in g  s tre sse s  are in d ependen t o f th e  e la s t ic  c o n s ta n ts ,
but th e  a sse m b ly  a c tio n  s tre sse s  are dependent on , so the
to ta l s tre sse s  are fu n c tio n s  o f . For m a te r ia ls  o f th e  sam e, o r
n e a rly  the  same , the  same s tre sse s  w i l l  be d e te rm in e d , o th e r
fa c to rs  be ing  c o n s ta n t.
2The maximum c e n tr ifu g a l s tre ss  o f + 8750 lb / i n  , o r about 
2+ 4 T / in  , in  the  in .c a s t  s te e l Turgo w hee l a t norm a l w o rk in g  speed , is  
o f reasonab le  o rd e r, and occu rs  in  a fa i r ly  sm a ll lo c a lis e d  re g io n  o f the  
b u c k e t /
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bucke t o u t le t edge . Together .w ith some re ason a b le  v a lu e  fo r  th e  
co rre sp o n d in g  je t  lo a d in g  s tre s s , w h ich  m igh t be guessed at th is  s ta g e , 
i t  is  not as h ig h  as w o u ld  be expected  to  le a d  to  fa ilu re  at th e  norm al 
w o rk in g  c o n d it io n .  R e ferring  to  Table 1, th e  co rre sp o n d in g  m axim um  
c e n tr ifu g a l s tre ss  a t o ve rsp e e d , w hen the  je t  lo a d in g  s tre ss  is  z e ro , is  
g iv e n  by:-^
+ 8.750 x/234oV  = + 28,400 I b / in ^  = + 12 .7  T / in .
llS O O /
Th is  v a lu e  o f s tre s s , o b ta in in g  perhaps o n ly  once o r a fe w  tim e s  in  the  
s e rv ic e  l i f e  o f the  w h e e l, w o u ld  a ls o  be u n l ik e ly  to  le a d  to  fa i lu re .
W ith  re fe ren ce  to  the  subsequen t e x p e rim e n ta l a n a lyse s  o f the lG g  in . 
ca s t alu m in iu m  Turgo w h e e l, p e rtin e n t app rox im a te  th e o re t ic a l c e n tr ifu g a l 
a c t io n s ,  s tre sse s  and d isp la c e m e n ts  are e a s ily  d e te rm ined  from  th e  
co rre sp o n d in g  v a lu e s  c a lc u la te d  fo r  the  c a s t s te e l w h e e l. Table 1 
in d ic a te s  th a t bo th  m a te r ia ls  have the  same v a lu e  o f P o is s o n ‘s Ratio 
V  -  0 ,3 1 , and th a t the  a lu m in ium  has d e n s ity  D  equ a l to  o n e - th ird  th a t 
o f  s te e l.  For the  same norm al w o rk in g  speed o f 1 ,300  r .p .m .  , th e re fo re , 
the  a c tio n s  and s tre sse s  in  the  a lu m in ium  w he e l w i l l  be o n e -th ird  o f the  
co rre sp o n d in g  v a lu e s  fo r  th e  s te e l w h e e l. In  the  a lu m in iu m  w h e e l, 
a c tio n s   ^ and to ta l d ire c t  s tre sse s  on th e  bucke t
edges and in  the  rim  are a l l  o f p a r t ic u la r  in te re s t .  A lthough  th e se  s tre sse s  
appear sm a ll in  co m pa rison  w ith  the  co rre sp o n d in g  ones in  th e  s te e l w h e e l, 
the  a s s o c ia te d  s tra in s  w i l l  be o f s im ila r  o rde r in  th e  tw o  w h e e ls , s ince  
Y oung 's  M o d u lu s  E fo r  th e  a lum in ium  is  l i t t l e  more th a n  o n e -th ird  th a t 
fo r  th e  s te e l,
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3C. APPROXIMATE STRESSES AND DEFORMATIONS DUE TO TET LOADING
In  th e  absence o f any in fo rm a tio n  rega rd ing  the  d is tr ib u t io n  o f 
lo a d in g  on a Turgo w h e e l bucke t s u b je c t to  je t  a c t io n ,  a reasonab le  
lo a d in g  d is t r ib u t io n  is  assum ed , in  the  l ig h t  o f d a ta , from  F ig , 6 and
(5)
from  ED EL , p e rtin e n t to  je t  a c tio n  on a s ta t io n a ry  P e lton  b u c k e t.
The c o m p a ra tiv e ly  sm a ll a x ia l com ponent o f th e  je t  fo rce  is  ne g le c te d  
and th e  assum ed lo a d in g  a c ts  s o le ly  in  the  p lane  o f the  w h e e l, id e n t ic a l ly  
d is tr ib u te d  on th re e  a d ja ce n t b u c k e ts .
The th re e  je t- lo a d e d  b u cke ts  are in i t i a l l y  co n s id e re d  as de tached 
from  th e  r im  at th e  ju n c t io n  p o in ts ,  be ing  r ig id ly  connec ted  to  th e  hub , 
i t s e l f  assum ed r ig id  and fu l ly - s u p p o r te d , th a t i s ,  keyed  to  the  tu rb in e  
d r iv in g  s h a ft.  Th is  is  c a lle d  the  "r im le s s  je t- lo a d e d  bucke t c o n d it io n " 
in  w h ic h  a c t io n s , s ta t ic a l ly  de te rm in a te  and a l l  in  th e  p lane  o f the  w h e e l, 
are s e t-u p  o n ly  in  the  th re e  a d ja ce n t bucke ts  due to  the  a p p lie d  je t  lo a d in g . 
Th is c o n d it io n  co rresponds v e ry  c lo s e ly  to  the  "free  ro ta tin g  c o n d it io n "  o f 
th e  b u cke ts  in  s e c tio n  3B i i , and the  s tre sse s  at 0  in  the  bucke t and the  
d isp la ce m e n ts  at the  ju n c t io n  p o in t on the  b u cke t are c a lc u la te d  in  id e n t ic a l 
fa s h io n  to  th o se  o f th a t s e c t io n . The ju n c t io n  p o in t d isp la ce m e n ts  o f 
a r im le s s  je t - lo a d e d  bucke t are o f c o u rs e , ra d ia l and ta n g e n tia l d e fle c tio n s  
and a ro ta t io n  in  th e  p lane  o f the  w h e e l, ju s t  as in  th e  free  ro ta tin g  
c o n d it io n . In  the  r im le s s  je t- lo a d e d  c o n d it io n , h o w e ve r, th ese  d is p la c e ­
m ents a ls o  rep resen t the  d is c o n t in u it ie s  o f d isp la ce m e n t be tw een the  
b u c k e t- t ip  o f the  je t- lo a d e d  b ucke t and the  ju n c t io n  p o in t on the  rim  o f the 
"rem a inde r o f th e  w h e e l" .  The rem a inde r o f the  w he e l com prises  o f co u rse , 
a w h ee l le s s  the  th re e  a d ja ce n t loaded  b u c k e ts , and s in ce  the  hub is  
assum ed r ig id  and fu l ly - s u p p o r te d , the  rem a inde r o f the  w hee l in  th is  
c o n d it io n ,  c a rr ie s  no lo a d in g  w h a tso ve r and does not d is p la c e .
T o /
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To e lim in a te  the  d isp la ce m e n t d is c o n t in u it ie s ,  th e  "assem b ly  
c o n d it io n " is  in c u rre d . Th is resem b les i t s  co u n te rp a rt fo r  c e n tr ifu g a l 
lo a d in g  in  pa rt 3B, but d if fe rs  e s s e n t ia lly  in  th a t th e  a sse m b ly  a c tio n s  
here are n e ith e r  r o ta t io n a lly  sym m e trica l nor s e lf - e q u i l ib ra t in g .  They 
a re , o f c o u rs e , m u tu a lly  e q u ilib ra t in g  in  the  same sense as are th o se  o f 
the  c e n tr ifu g a l lo a d in g  a n a ly s is ,  th a t is  in  th e  sense exp ressed  by 
e q u a tio n s  (3B. 85) to  (3 B ,8 8 ) . U n lik e  the  rim  in  th e  c e n tr ifu g a l lo a d in g  
a n a ly s is ,  th e  rim  o f the  re m a ind e r o f the  w he e l is  in te g ra l w ith ,  and 
supported  b y , a l l  th e  un loaded  bucke ts  w h ich  are r ig id ly  connec ted  to  the  
fu lly -s u p p o r te d  r ig id  hub . The asse m b ly  a c tio n s  at a je t- lo a d e d  b u c k e t /  
rim  ju n c t io n  p o in t are th u s  f u l ly  th re e -d im e n s io n a l,  be ing  s ix  in  num ber,
-  fo rce s  F , Fy- j  ^ ra d ia l  ^ ta ng en tia l and a x ia l re s p e c t iv e ly ,  and 
m oments M p ^  M y ^  in  th e  p lane  o f  the  w h e e l, about a ra d iu s  and 
about a ta n g e n t re s p e c t iv e ly ,  as i l lu s t ra te d  d ia g ra m m a tic a lly  in  F ig . 28.
At each o f th e  th re e  ju n c t io n  p o in ts   ^ and  ^ s ix  such
a ssem b ly  a c tio n s  o b ta in . The v a lu e s  o f co rre sp o n d in g  a c tio n s  at the  
th ree  ju n c t io n  p o in ts  w i l l  be d if fe re n t in  g e n e ra l.
C o n s id e rin g  th e  ju n c t io n  p o in ts  on the  rim  o f th e  rem a inde r o f the  
w h e e l, i t  is  e v id e n t th a t th e  d e r iv a t io n ,  fo r  each a sse m b ly  a c t io n , o f  the  
d is p la c e m e n t/a c t io n  re la tio n s  re le v a n t to  th e se  ju n c t io n  p o in ts  on th is  
v e ry  h ig h ly  redundant s tru c tu re , is  a ta s k  o f v e ry  fo rm id a b le  m a g n itu d e , 
no m a tte r w h e th e r s tra in -e n e rg y  m ethods o r:o the r m ethods o f d e r iv a t io n  
are a p p lie d . In  a cu rre n t d e s ig n  Turgo w h e e l, the  rim  on th e  rem a inde r 
o f th e  w he e l con n ec ts  to  n in e te e n  b u c k e ts . I t  is  c le a r ly  to ta l ly  
im p ra c tic a b le  th e re fo re , to  a ttem pt to  de rive  the  p e rtin e n t d is p la c e m e n t/  
a c tio n  re la tio n s  in  g ene ra l te rm s , and h a rd ly  le s s  im p ra c tic a b le  to  a ttem pt 
to  c a lc u la te  th e ir  v a lu e s  n u m e r ic a lly  fo r  p a r t ic u la r  a p p lic a t io n s .  M o re o ve r, 
were such a d e r iv a t io n  o r c a lc u la t io n  to  be c a rr ie d  o u t, the  subsequent 
a sse m b ly  c o n d it io n s  at th e  ju n c t io n  p o in ts  w o u ld  p resen t a c o rre s p o n d in g ly  
com p lex  c a lc u la t io n .  Such an a pp roach , even v ia  com pu te r m e thods , is  
p a te n t ly /
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p a te n tly  in a p p ro p r ia te  to  th is  e s s e n t ia l ly  s im p le  a p p rox im a te  a n a ly s is  
and canno t re a s o n a b ly  be e n te rta in e d . For s im p lic i ty  th e re fo re , i t  is  
assum ed th a t co rre sp o n d in g  a sse m b ly  a c tio n s  are id e n t ic a l on the  th ree  
bu cke ts  at G ,g and  ^so n e c e s s ita t in g  a n a ly s is  fo r  o n ly  one 
je t “ lo a de d  b u c k e t. I t  is  fu r th e r  assum ed, subsequen t to  a reasoned 
c a s e , th a t th e  re m a in d e r o f th e  w hee l may be s im u la te d  by  a fu l ly - f ix e d  
a rc h , o f  th e  rim  ra d iu s .a n d  c ro s s -s e c t io n ,  su b te n d in g  an ang le  o f 180^ 
a t th e  w h e e l a x is  and w ith  the  p e rtin e n t ju n c t io n  p o in t a t i t s  ap e x .
U s in g  s tra in -e n e rg y  m e th o ds , the d is p la c e m e n t/a c t io n  re la t io n s  re le v a n t 
to  th is  ju n c t io n  p o in t are th e n  o b ta in e d  fo r  each  a sse m b ly  a c t io n .
For th e  ju n c t io n  p o in t on the  je t - lo a d e d  b u c k e t, r ig id ly  con nec ted  
to  th e  r ig id  h u b , m ost o f th e  d is p la c e m e n t/a c t io n  re la t io n s  have been 
d e riv e d  p re v io u s ly  fo r  th e  c e n tr ifu g a l lo a d in g  a n a ly s is ,  and so are 
e x tra c te d  from  s e c tio n  3 B iv .  The o th e r d is p la c e m e n t/a c t io n  re la t io n s ,  
e .g .  a s s o c ia te d  w ith  a x ia l d is p la c e m e n ts  and w ith  a x ia l fo rce  y 
are d e te rm in e d  in  e x a c t ly  s im ila r  fa s h io n  to  th o se  o f s e c tio n  3B iv .
The tw e lv e  a sse m b ly  c o n d it io n  s im u lta n e o u s  e q u a tio n s  to g e th e r  
w ith  th e  d is p la c e m e n t/a c t io n  re la t io n s ,  p ro v id e  on s o lu t io n ,  the  m agn itudes 
and d ire c t io n s  o f th e  s ix  a sse m b ly  a c t io n s . The a sse m b ly  a c tio n  s tre sse s  
and hence th e  to ta l je t- lo a d in g  s tre s s e s , are th e n  c a lc u la te d  fo r  lo c a t io n s  
on th e  b u cke t and fo r  th e  ju n c t io n  p o in t on th e  r im .
To in v e s t ig a te  th e  r a t io n a l i ty  o f the  "a rc h ” a s s u m p tio n , p e rta in in g  to  
the  a sse m b ly  a c tio n s  on the  rim  o f th e  rem a ind e r o f th e  w h e e l, the  a sse m b ly  
c o n d it io n  c a lc u la t io n  is  repea ted  fo r  th e  h y p o th e t ic a l case  o f  a f u l ly -  
f ix e d  support at th e  b u cke t ju n c t io n  po inc , and a g a in  fo r  th e  h y p o th e tic a l 
case  o f re s tra in t p ro v id e d  o n ly  by tw o  b u cke ts  r ig id ly  a tta ch ed  to  the  hub , 
c o - l in e a r  w ith  the  je t - lo a d e d  bucke t but r ig id ly  co nn e c ted  to  i t  o n ly  at th e  
ju n c t io n  p o in t .  The fo rm e r case  is  o b v io u s ly  a more s t i f f  re s tra in t th a n  
w ou ld  be a p p lie d  by th e  rem a inde r o f the  w h e e l, th e  la t te r  a more f le x ib le  
re s tra in t .  R esu lts  d e rive d  from  the  "a rc h "  a ssu m p tio n  are com pared w ith  
re s u lts  d e te rm ined  on th e se  tw o  b a se s .
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3G i  The d is t r ib u t io n  o f lo a d in g  on a b u cke t due to  je t  a c tio n
No in v e s t ig a t io n  has y e t been made o f th e  d is t r ib u t io n  o f p ressure
due to  je t  a c tio n  on a bu cke t o f a Turgo im p u ls e  w h e e l. The p ressure
d is t r ib u t io n  w i l l  v a ry  as the  bu cke t ro ta te s , and i t  m ay re a so n a b ly  be
assum ed th a t th e  c r i t ic a l  c o n d it io n  in  re spe c t o f je t  lo a d in g  s tre sse s  w i l l
be th a t co rre sp o n d in g  to  th e  deve lopm en t o f th e  m axim um  v a lu e  o f the
(5)re s u lta n t je t  fo rce  on th e  b u c k e t. F ig .6 , ta k e n  from  EDEL , shows 
co n to u rs  o f m easured p ressu re  d is t r ib u t io n ,  due to  je t  a c tio n  on a 
s ta t io n a ry  P e lto n  b u cke t in  a c o n d it io n  ro u g h ly  co rre sp o n d in g  to  th a t fo r  
m axim um  je t  fo rce  on an id e n t ic a l ro ta tin g  b u c k e t. The con tou rs  are 
d raw n on th e  d e ve lop e d  sw ep t su rface  o f a h a lf - b u c k e t . D e ta ils  o f the
(5)
geom etry  o f th is  P e lton  b u cke t are g iv e n  by  EDEL and have enab led  the  . 
more m e a n in g fu l F ig . 29 to  be c o n s tru c te d . The p ressu re  con tou rs  o f 
F ig . 6 are tra n s fe rre d  to  a p la n  v ie w  o f th e  h a lf -b u c k e t .  F ig . 29(a) 
w h ic h  shov\7s the  same s e c tio n s  as F ig .6 . From th is  p la n  v ie w  and from  
d e ta ils  o f th e  s e c t io n s , p ro f ile s  o f p ressure  d is t r ib u t io n  are co n s tru c te d  at 
s e c tio n  VI and at s e c tio n  5 as sho w n , s e c tio n  VI be ing  ro u g h ly  the  m id - 
h a lf -b u c k e t s e c tio n  in  the  p lane  o f the  w h e e l, and s e c tio n  5 be ing  ro u g h ly  
th e  s e c tio n  ta n g e n t ia l to  th e  p itc h  c ir c le .  I t  is  e v id e n t th a t the  p ressure  
peak occu rs  in  th e  "h o llo w "  o f the  h a lf -b u c k e t ,  ro u g h ly  in  w ay o f the  
p itc h  c i r c le .  C le a r ly  th is  is  a fa i r ly  p re d ic ta b le  re s u lt .
I t  is  no t un re aso na b le  to  assum e th a t th e  p ressu re  d is t i lb u t io n  on 
a Turgo w he e l b u cke t fo r  the  c o n d it io n  o f th e  deve lopm en t o f maximum 
re s u lta n t je t  fo rc e ,  w i l l  be som ew hat s im ila r  in  c h a ra c te r to  th a t d e p ic te d  
in  F ig . 29 . The axJ.al com ponent o f the  je t  fo rce  on th e  Turgo w hee l bucke t 
is  c o m p a ra tiv e ly  sm a ll and may be n e g le c te d , so the  lo a d in g  in te n s ity  on 
th e  b u cke t may re a so n a b ly  be assum ed not to  v a iy  in  the  a x ia l d ire c t io n . 
Th is  may a ls o  be exp ressed  by sa y in g  th a t th e  lo a d in g  in te n s ity  d is t r ib u t io n  
o ve r any m e rid io n a l p a ra b o lic  s e c tio n  o f th e  e q u iv a le n t b u c k e t, may be 
a s s u m e d /
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assum ed to  be u n ifo rm , a c o n d it io n  re m o te ly  s im u la t in g  the  a p p ro x im a te ly  
co rre sp o n d in g  c o n d it io n  in  F ig . 29. The more im p o rta n t je t  lo a d in g  
in te n s ity  d is t r ib u t io n  on th e  bucke t in  the  p lane  o f th e  w h e e l, is  a fu n c t io n  
o f ang le  ©  a n d , fo r  th e  m aximum  je t  fo rce  c o n d it io n ,  is  assum ed to  be 
g iv e n  by  the  e x p re s s io n :-
^ I — c o s ^
(3 C .1 ),
V n/ q b e in g  th e  je t  lo a d in g  in te n s ity  on th e  b u cke t in  th e  p lane  o f 
th e  w h e e l, a t any ang le  ©  .
The v a r ia t io n  o f W q w ith  ©  is  in d ic a te d  on F ig . 30 . The peak lo a d in g  
in te n s ity  is  o f course  and occu rs  in  th e  "h o llo w "  o f th e
e q u iv a le n t b u c k e t, but o ffs e t a l i t t l e  from  th e  p itc h  c ir c le  to w a rd s  th e  
b ucke t t ip  G j . In  c h a ra c te r , th is  assum ed lo a d in g  in te n s ity  d is t r ib u t io n  
is  seen to  be re a so n a b ly  s im ila r  to  the  a p p ro x im a te ly  co rre sp o n d in g  
p ressu re  d is t r ib u t io n  p ro f ile  o f F ig . 29 ,
S ince i t  is  assum ed th a t the re  is  no v a r ia t io n  in  lo a d in g  in te n s ity  
o ve r m e rid io n a l s e c t io n s , the  re s u lta n t to rque  about the  w h e e l a x is  due 
to  lo a d in g  in te n s ity  d is t r ib u t io n   ^ may be de te rm ine d  s tra ig h tfo rw a rd ly .
As th e  w h e e l e f f ic ie n c y  is  h ig h , around 84%, and as th e  a x ia l com ponent 
o f the  je t  fo rce  has been n e g le c te d , i t  is  rea so n a b le  to  equate th is  to rque  
to  o n e - th ird  o f T  5 ^  p , the  brake horse pow er to rq u e , fo r  th e  purpose o f 
c a lc u la t in g  th e  v a lu e  o f ^  in  a p a r t ic u la r  a p p lic a t io n .  Three
a d ja ce n t b u cke ts  are o f c o u rs e , assum ed to  be id e n t ic a l ly  loaded  by the  
je t .  Thus from  F ig . 3 0 ;-
1  B.H.SW@.kU8.cos(^ -  e) [ =
w h ic h , on s u b s t itu t in g  from  e q u a tio n  (3C.1) and in te g ra t in g ,  g iv e s : -
.k lo  U -  s'm (y 1^ ) ^  ^  s.H,?.
in  w h ic h /
2 ( \ - c o s ! | )  3  (3 C .2 ) ,
UNIT ACTIONS AT (3, POS DiSPLACEMÊNTS, 
DIRECTIONS SWOWN P0C2 UNIT ACTIONS  
AGE TWE + VE OieECTIOWS OP THE  
glM LESS J E T  LOAOlNg OISPLTS 
AT G, .
^  A
UNE OP ceWTCOIDS'"
OP BIM.
JET UOAOINQ FOBCE 
ON ELEMENT k .d ^
OUTÊQ 
OP MUS
/0 =<|.k.dë
= h. sLb ( 2  + p)-
ABC OP CEMTCOIOS 
OP EQUIVALENT 
BUCKET.
1 '  COÙ 0 ^
co ô (f"0 + 4 )-c < r» |
UET LOADING INTENSITY,
0 = y f.”  t_ .. [000(1 - e) -coj,||. 
1-C03 t  I- ^ J
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in  w h ic h  —  I t .  Çt.
2TT  (.R.P.M.)
From Tab le  I ,  th e  i s i  in .c a s t  s te e l Turgo w h e e l d e ve lo p s  1,013 B .H .P  
at 1 ,300  R .P .M . und e r norm a l w o rk in g  c o n d it io n s .  The co rre sp o n d in g  
v a lu e  o f is  found from  e q u a tio n  (3 C .2 ) to  be =
306 .82  lb / in . ,  re fe rr in g  to  F ig , 12 fo r  th e  d im e n s io n s  a p p ro p ria te  to  th e  
assum ed g e o m e try .
“ 9 2 -
3C i i  The r im le s s  le t- lo a d e d  b u cke t c o n d it io n
R efe rring  to  F ig .3 0 , at any s e c tio n  o f th e  b u cke t a t ang le  ©  th e  
a c tio n s  due to  je t  lo a d in g  are bend ing  moment , d ire c t  fo rce  
and sh ea ring  fo rce  a l l  in  th e  p lane  o f th e  w h e e l. Consid< ir in g
e lem en t a t ang le  from  ©  as show n , th e se  a c tio n s  on th e
b u cke t are g iv e n  b y : -  
0 D
M 0 COG \-C O S ^
r
J
giving.
^  -  a) -  B  "  0] |  "  c o s ^ ( i -  z cos 0 ^
(3 C .3 )
e
R
r
o
g iv in g  ^
[co g (^ "© +?)" C0S^S\v^|.cJ Ç )
p |c o s [^ -ô ) -  © s m ^ ^ -e )  -
(3 C ,4 )
6
\ /  =  -  COS^ cosÇ | [c o s fè -  B + Ç ) - -c o s ^ c o ^ ^ .c iÇ
e I -  c o s 4   ^ 1 -  c o s ^  L VZ /
o
g iv in g .
\l  — 1 9  cosfé“ ô) ■" c o s ^ ©"}
® 2 0 - c c s t ) |  ^ ^
(3C .5)
—9 3*"
C o rre sp o n d in g  s tre ss e s  m ay be c a lc u la te d  by a p p ro p ria te  
a p p lic a t io n  o f e q u a tio n s  (3 B .6 ), (3B .7) and (3B .8) re s p e c t iv e ly ,  th e  
s ig n s  o f s tre s s e s  b e in g  in te rp re te d  in  re la t io n  to  th e  d ire c t io n s  o f th e  
a c t io n s .
Regard ing th e  b u cke ts  as fu l ly - f ix e d  to  th e  r ig id  fu lly -s u p p o r te d  
h u b , th e  r im le s s  je t  lo a d in g  d isp la ce m e n ts  at th e  b u c k e t- t ip  o r ju n c t io n  
p o in t F ig . 30 , are ra d ia l d e f le c t io n  A  ta n g e n t ia l d e f le c t io n
and ro ta t io n  in  th e  p lane  o f the  v^^heel. These d isp la c e m e n ts  are
found  by th e  u n it  lo a d  m ethod c o n s id e r in g  to ta l s tra in -e n e rg y  o f th e  
b u cke t due to  b e n d in g , d ire c t  fo rce  and shea r. They are p o s it iv e  in  th e  
d ire c t io n s  o f th e  co rre sp o n d in g  u n it  lo a d s  show n at in  F ig . 30, and are 
g iv e n  b y : -
(\-cos%)c^EIy^ r f  + 2 s in ^  -  sm
+ P)] -  2 Sm% S.Vi(ji+p)
— CosA)cosP “  — ico S ^+ P ) + 2 SmH, sin(^-l-P)^
+ cos^(cos<»t-^COs2c<) —  ^ c o S ^ .
^
(l-cos^)c^eA
P "  -^cos(k-(^) -^cos(c<-  ^p) 
cos^(co5oi. — ---- ^  ^  ^
r  ^^[cos^-kcoG (4+p)]+^[^^Zcos% s(voG^-V‘p ) -s m (^ -p )^ +  s m " ^ ]
^ C +  .^ [ . |- ^ c < b s ( '^ + P ) -c -o s (^ -p )^ - .A c o s ^ -S m H .s m p ]
■ + ^ o o s .5 (cos2 k - . j )  + "?
(3C.6)
i
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7.
0 L  ^  I^^ZcoS (^ 4- p) + 14 coS^ cos(^+ p) -  COS^-P]^ -  1G CùS  ^4- coS
sivN^-'-p)^ “  Zsm ^cos(y+P)
+ cos^^sm p  4- siyi(k'^P) "  ^  SiV»(^ 4*P] — h siy^ cC cosG"*"!^)^^
+ cos-^(-^ 4- ^  sm^ — Sm ^  ^
0 ^  ^+^|^'^^2cos(^4-p)4*2cos^cost’'4p) “  GOS^-P)^ ”  4cï>S“  +  COS “ J
C0S^^SmP4-^smC^-P)- ^smC^4p)^J 
4"Gos^(_^sm«(" smZ«<) ” ’^ ( s m " 4 -
t  ^ 0C .^6c ! |* k  + k  Sm ^+(^] 'V^[-^^2cos|;CosC^4-P) + cos(|;“ P)^-2coS~'-Co5^
 ^ + s m ^ “ l^)^4“ ■ÿcos^-s:m ^.cosPj
+  ^ c o s ^  SmZH H" ..g (^S iv ,^+ s in P ^}
C 3 C .7 )
$ P 2 '  A î r i A .  J Z s m i 4 -  ^ « 5 4 . ( 5,w  -  - i^ )
T
C3C.8)
"95“
For n u m e rica l a p p lic a t io n  to  the  16^ in .c a s t  s te e l w hee l under 
norm al w o rk in g  c o n d it io n s .  F ig . 31 i l lu s t r a te s  th e  d is tr ib u t io n s  w ith  G  
o f the  r im le s s  je t  lo a d in g  a c tio n s  and V q on th e  b u c k e t.
The m axim um  r im le s s  je t  lo a d in g  s tre sse s  (+ te n s ile )  due to  the se  
a c tio n s  are as fo l lo w s ; -
2
due to  (T = + 14,450 lb / in .  at in le t  and o u tle t edges
o f b u c k e t,a t ©  = 1 2 7 °
due to  = +  500 1 b / in ^ a t  0  = 1 2 7 °0 a MAX
2
due to  1,200 lb / in  fa i r ly  ne a r n e u tra l a x is  Y Y
o f th e  s e c t io n ,  a t 0  = 95 .
The m axim um  r im le s s  je t  lo a d in g  to ta l no rm a l s tre ss
~ 14,950 lb / in ^  at th e  bu cke t edges at ©  = 127°,
These s tre sse s  in  th e  b u cke t are o f q u ite  c re d ib le  o rde r fo r  je t  
lo a d in g  o f a r im le s s  w h e e l. I t  is  e v id e n t th a t is  th e  dom inan t 
a c t io n ,  and th a t th e  shear s tre ss  is  o f n e g lig ib le  s ig n if ic a n c e .
From e q u a tio n s  ( 3 0 .6 ) ,  (3 C .7 ) and (3 C .8 ) the  r im le s s  je t  lo a d in g  
d isp la c e m e n ts  o f the  ju n c t io n  p o in t G , on th e  b u c k e t , re la t iv e  to  th e  
h u b , are found re s p e c t iv e ly  to  b e :-
ra d ia l d e f le c t io n  A = + 4 ,4 2 0  x  10 ^ ins.
"  6ta n g e n t ia l d e f le c t io n  = + 9 ,660 x  10 ins.
ro ta t io n  in  th e  p lane  o f  the  w h ee l + 1,380 x  10 ^ rads.
The bend ing  s tra in -e n e rg y  te rm s o f  th e  d e f le c t io n s  are h ig h ly  dom inan t and 
the  o th e r te rm s m ay re a d ily  be n e g le c te d .
Since th e  rem a inde r o f  the  w hee l is  un loaded  in  th is  c o n d it io n  and so 
does not d is p la c e ,  the se  d isp la ce m e n ts  T, A .^ ^  and ^ ^ ^ ^ a l l  +ve as
shown on F ig . 30 , rep resen t at the  b u c k e t/r im  ju n c t io n  p o in t,  the  je t  lo a d in g  
d is c o n t in u it ie s  o f d e f le c t io n  and ro ta tio n  in  th e  p lane  o f  the  w h e e l, be tw een 
the  je t- lo a d e d  b u cke t and the  rim  on the  rem a inde r o f th e  w h e e l.
+ 10,000 -
+8000 -
+6000
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F ig. 31. DISTBIBUTIOKIS OF BIMLESS JET LOADING ACTIONS
M a, Pg, Va WITkl 0  OKI 'TWE EQUIVALENT BUCKET OF TWE 
IS lIN .  CAST STEEL TUQ@0 WHEEL UNDER MOBMAL 
WOBKINJQ CONDITIONS.
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3C i i i  A ssem b ly  c o n d it io n  -  assem b ly  a c tio n s  on th e  rim  o f the  
rem a in d e r o f the  w h e e l
W ith  re fe rence  to  F ig , 28 , i t  is  assum ed fo r  s im p lic i ty  th a t the  
a sse m b ly  a c tio n s  at b u c k e t/r im  ju n c t io n  p o in ts  and w i l l  be
id e n t ic a l in  m agn itudes and d ire c tio n s  to  th e  co rre sp o n d in g  assem b ly  
a c tio n s  at ju n c t io n  p o in t Gj . The asse m b ly  a c tio n s  at th ese  th ree  
ju n c t io n  p o in ts  on th e  rim  o f th e  rem a inde r o f the  w h e e l are th u s  Fp^-, Fv ,
, K ip  , K l(^ and K l^  as show n in  F ig .2 8  and a ls o  in  F ig , 3 2 (a ), In  th e  
la t te r  f ig u re  i t  is  e v id e n t th a t th e  rim  c a rry in g  th e se  3 id e n t ic a l se ts  o f 
a sse m b ly  a c t io n s ,  is  supported  by the  19 u n loaded  b u c k e ts .
C o n s id e rin g  any one o f th e se  3 ju n c t io n  p o in ts  on the  r im , say G , , 
i t  may re a so n a b ly  be assum ed as a s im p le  a p p ro a ch , th a t the  a sse m b ly  
a c tio n s  at th is  one ju n c t io n  p o in t are su s ta in e d  b y  o n e - th ird  o f the  
u n loaded  b u c k e ts , i . e .  by 6 un loaded  b u cke ts  s a y , as in d ic a te d  in  F ig . 
3 2 (b ), So fo r  one ju n c t io n  p o in t o n ly ,  the  rim  is  supported  by 6 b u c k e ts . 
I f  n o w , th e  b u cke ts  I  and I I ,  F ig . 32(b) , were co n s id e re d  to  be rem oved as 
shown in  F ig .3 2 (c ) , the  re s u lt in g  system  w ou ld  in  ge n e ra l be le s s  s t i f f  
in  re sp e c t o f the  a sse m b ly  a c tio n  d isp la ce m e n ts  at ju n c t io n  p o in t G, 
and w ou ld  co rrespond  to  th a t o f an a rch , su b te n d ing  an ang le  o f 180^ at 
the  w he e l a x is  Z   ^e la s t ic a lly -s u p p o r te d  at and G^ g  ^ and w ith  the  
a sse m b ly  a c tio n s  a p p lie d  at G,  ^the  apex o f  th e  a rch . To com pensate 
fo r  the  e ffe c ts  o f rem ova l o f  bucke ts  I  and I I ,  and so a ttem p t to  s im u la te  
a p p ro x im a te ly  the  s t if fn e s s  a s s o c ia te d  w ith  th e  system  F ig . 3 2 (b ), the  
arch supports  at 0^^  and &,g may re a so n a b ly  be regarded as fu l ly - f ix e d  
ra th e r th a n  e la s t ic .  Thus system  F ig . 3 2 (d ) , a f u l ly - f ix e d  arch o f the  rim  
rad ius  and c ro s s -s e c t io n ,  is  assum ed to  rep resen t system  F ig . 32(b) in  
re sp e c t o f the  d is p la c e m e n ts  and in te rn a l a c tio n s  in d u ce d  at ju n c t io n  p o in t 
G, on the  r im , by the  a sse m b ly  a c tio n s  a p p lie d  th e re .
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By th is  v e ry  c o n s id e ra b ly  s im p lif ie d  approach  i t  is  r e la t iv e ly  e a sy  
to  o b ta in  in  ge ne ra l te rm s , th e  d is p la c e m e n t/a c t io n  re la t io n s  and the  
in d u ce d  a c tio n s  p e rta in in g  to  th e  asse m b ly  a c tio n s  at ju n c t io n  p o in t G, on 
th e  r im . As a s u b s titu te  fo r  th e  a c tu a l r im -o n -re m a in d e r -o f-w h e e l 
sys te m , ty p if ie d  by F ig , 32(a) but show ing  d is p a r i ty  in  th e  3 sets ' o f 
a sse m b ly  a c t io n s ,  th e  a ssu m e d -a rch  system  o f F ig . 32(d) m igh t be expe c ted  
to  e x h ib it  le s s  s t if fn e s s  in  g e n e ra l, th a n  th e  v e ry  h ig h ly  redundant a c tu a l 
s y s te m , in  re sp e c t o f the  a sse m b ly  a c tio n  d is p la c e m e n ts  at ju n c t io n  p o in t 
, In  consequence  i t  w o u ld  be l ik e ] y  to  o ffe r  le s s  re s tra in t w ith  
regard  to  the  je t  lo a d in g  b u c k e t/r im  d isp la ce m e n t d is c o n t in u it ie s .
For a fu l ly - f ix e d  th in  c ir c u la r  arch c a rry in g  in -p la n e  o r tra n s v e rs e  
fo rc e s  o r moments at th e  a p e x , th e  ind u ced  a c tio n s  and d is p la c e m e n ts  at 
th e  apex are re a d ily  d e riv e d  u s in g  s tra in -e n e rg y  m e tho ds . S evera l o f  th e  
cases  re p resen ted  by F ig .3 2 (d ) and th e  a sse m b ly  a c tio n s  th e re o f, are
(32)s tandard  ca ses  w h ich  have re ce ive d  tre a tm en t w id e ly ,  e .g .  by ROARK
( oc .\
and by PIPPARD , C o n ce rn in g  each a sse m b ly  a c tio n  at the  a rch  apex 
G, / th e  re le v a n t d is p la c e m e n t/a c t io n  re la tio n s  and th e  in te rn a l a c tio n s  
in d u ce d  at are p resen ted  b e lo w . These have been de te rm ined  by 
a p p lic a t io n  o f G a s tig lia n o *s  Theorem , the  u n it  lo a d  m ethod and M a x w e ll 's  
R e c ip ro ca l Theorem , assum ing  th e  r im -a rc h  to  be th in  and c o n s id e r in g  
s tra in -e n e rg y  o f bend ing  and a ls o ,  where a p p lic a b le ,  s tra in -e n e rg y  o f 
to rs io n .  The s ig n  co n v e n tio n  p e rtin e n t to  th e  a sse m b ly  a c tio n  d is p la c e ­
m ents at G, , in  g e n e ra l, is  in d ic a te d  on F ig , 3 3 (a ), and the  s ig n  c o n v e n tio n  
p e rtin e n t to  the  in d u ce d  in te rn a l a c tio n s  at G j , in  g e n e ra l, is  in d ic a te d  
on F ig . 3 3 (b ) . W ith  re fe re nce  to  th is  la t te r  f ig u re  and to  F ig . A2.1 
(Append ix  2) , w h ich  show s the  rim  c ro s s -s e c t io n  and i t s  p r in c ip a l axes 
f  Y and X X , the  in te rn a l a c tio n s  ind u ce d  at by these  a sse m b ly  
a c t io n s , a re , in  g e n e ra l, d ire c t fo rce  Pj , sh e a rin g  fo rce s  and
Ï bend ing  m om ents and M y ',  and to rq u e  . The a s s o c ia te d
s t re s s e s /
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AI TWUS ® 15 OUT OP TWE PAQE.
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SISW CONVENTION PERTINENT TO 
TWE GENERAL INTERNAL ACTIONS 
IMOUCED AT JUNCTION POINT G , .
\ \  TWUS ® IS OUT OP THE PAQE
Pis. 33>. SIM OM gEK/IAINOEg OP WHEEL gEPLACEP BY FULLY -  FIXED 160 AgCM 
OP TWE BIM CADIUS AND CI20SS~ SECTION SIGN CONVENTIONS
PERTINENT TO THE D ISPLAC EM ENT/A CTIO N GELATIONS AMD TO TWE 
INTEBNAL ACTIONS AT JUNCTIO N P O IN T  <3, DUE TO THE SIX ASSEMBLY 
ACTIONS APPLIED TWEBE. ( jE T  LOAOINQ)
■9 8-
s tre sse s  are de te rm ined  s tra ig h tfo rw a rd ly , th o se  due to
(31)a s tandard  tre a tm e n t 
A c tio n  F R
by w ay o f
4  —vr p
v,r--
A c tio n  r-
X 1 TT^-S
gJ" = cr ^Fr-'V
E %xY
P
P. . = ~  F  z  F-
_L F 
IT
(3 C .9 )
(3C.10)
(30.11)
S.Tl
(3C.12)
ATT
(30 .13 )
A c tio n M P
V
Mr
y’i
M , : - L M p
1
(30.14)
M p.c^" ~ - r r \ 2T r+ 4
T »  1 - - r  *
F V 3 l . S z T I:
' P i  rz T -^r-rE X ^ ^ , 4TT
A c tio n  Fa
Vx'N -2 '“a
=  . i r
- ,  3 zS = h  A, TT (|+3A) -8tTA.-4(U.0>-)
ft!
E%Yv 8 -rr
(zs'"^- Fa - V  t F (1 -t a ) -  4 X A -  -  4 p  -  A . )
w here A .  ~ E  %YV 
G T ,
A c tio n  I »RM ,
M p  . T r l : i - i - y v ) - ^ - p - '^ O - T r ) ' ]  -s 
^  “ '84V ']
MR
—9 9 —
(3G.15)
(3C .16)
(30.17)
(30.18)
(30.19)
(3 0 .2 0 )
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TvV-2X\-^'2A^/v)-4TTA(S'\TA.-v?Tr-\8A'PA-)- 4 .T r(T r-z)"^4A (A -Q  
ET^Y 2(T r~7.)[trX \+A )--^A ]
A E 
w here 1 \ , -  _ _ - .
(3C .21)
A c tio n  M -
M.
KU^i, - \ - - A .  
IT ( I t  A.)
T
,H.
^  Tr\\+iv') -  4 -n A .-4 ( \-A )
AI %%=-------------------46 2TT
W
0 . ,
- r n i ^ A f - 4 ( l - A y
2 TT 0 -PA.)4 ÊXyV'
w here / \  =  —?-Y’xL
G%
(3 C .22 )
(3 C .23 )
(3C .24 )
For th e  16-| in .c a s t  s te e l w h e e l,  re fe rr in g  to  A ppend ix  2 fo r  s e c tio n  
p ro p e r t ie s , th e  d is p la c e m e n t/a c t io n  re la tio n s  re le v a n t to  the  a ssem b ly  
c o n d it io n  o f the  rim  on th e  rem a inde r o f the  w h e e l, are as fo l lo w s : -
c =
s ;:=
0 : =
Tt 
'Pi
y  =
+ 0 .5 6 5 8 3  X 10" F r 1 from  e q u a tio n (3C.10)
0 .91782 X10~® F t . II II (30 .12 )
0.11971 x lO “ ® f;  , II II (30 .13 )
+ 0 .1 1 9 7 1  x io " ® M p  , II II (30 .15 )
% ,  = ~ 0 .04 0 59  x i o "  MPI
P
A»
Tl
.M
'A\
T l
P )
= + 48 .78861  x lO "®  ,
0 7 =  + 4 .1 1 8 6 8  x  10“  FA )
Ç t ' '=  + 0.27213 x l 0 “ ® ,
+ 4 .1 1 8 6 8  X 10“ ® M.T ^
0 " T  + 0 . 83890 X  10“ ® M T  )
- 1 0 1
from  e q u a tio n  (3C.16)
(30 .18 )
(30 .19 ) 
(30 .21 )
(3 0 .2 3 )
(3 0 .2 4 )  .
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3C iv  A ssem b ly  c o n d it io n — a sse m b ly  a c tio n s  on the  b u cke t
Of th e  gene ra l a sse m b ly  a c tio n s  f v  j F ^  M p   ^ M (^  and
M -p  on th e  b u cke t at the  b u cke t/r i,m  Ju n c tio n  p o in t , F ig . 28 , a l l  
but a x ia l fo rce  F^ have p r io r ly  been th e  s u b je c t o f a n a ly s is  in  s e c tio n  
3B i v ,  fo r  d e r iv a t io n  o f th e  in d u ce d  a c tio n s  a t 0  on th e  b ucke t and o f 
d is p la c e m e n t/a c t io n  re la tio n s  p e rta in in g  to  th e  b u c k e t- t ip  G, . The 
e n tire  s e c tio n  3B iv  w ith  M p ^  ( fV - is  th e re fo re  in co rp o ra te d  as 
p a rt o f th is  s e c t io n .  A n a ly s is  o f th e  a sse m b ly  c o n d it io n  re le v a n t to  je t  
lo a d in g  h o w e ve r, re q u ire s  th e  a d d it io n  o f a x ia l-d is p la c e m e n t/a c t io n  
re la t io n s  at G, fo r  a sse m b ly  a c tio n s  d e a lt w ith  in  3B i v ,  to g e th e r  w ith  
the  d is p la c e m e n t/a c t io n  re la tio n s  a t . and th e  in d u ce d  a c tio n s  a t ©  
re le v a n t to  a sse m b ly  a c tio n  F^ . D e r iv a t io n  o f th is  a d d it io n a l d a ta  is  
c a rr ie d  ou t on l in e s  e x a c t ly  s im ila r  to  3B i v ,  and re s u lts  in  th e  e xp re ss io n s  
p resen ted  b e lo w . The s ig n  c o n ve n tio n  fo r  d is p la c e m e n ts  at G, on the  
b u cke t is  th a t o f  F ig . 21, w ith  th e  a d d it io n  th a t p o s it iv e  g ene ra l a x ia l 
d e f le c t io n  ou tw ard  from  th e  page , e x a c t ly  l ik e  i t s  co u n te rp a rt
on th e  r im , as show n in  F ig . 33 (a ). In du ce d  sh ea rin g  fo rce  
is  p o s it iv e  ou tw a rd  from  th e  page . The a s se m b ly  a c tio n s  a t G^ on the  
b u c k e t, are p o s it iv e  as show n on F ig s . 21 and 2 8 :-  
A c tio n  F R
% ox
-f-{ on n e x t page) ,
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. 1-7^'^ ’') +  KlF-iLsT F5L3V
 ^ 7TF%^)E'-s'^ 3''‘*-3yXKco5ci.+ s;n7 + (EsMj+LjM^X'<sm4- cosr|
F,N,XKcos^- sm4+ (^ M ,+  F,M;KKsm<s.cos4| 
+(M3N^+N,Mj(:os2.^  - 1) -  (N^N,r -  ZÇN^N^+M^Mjz
4  CW+P)"^
"  -  0+ F,(e~''i 0]  + -  I) - smw]
+ . | ( l^ Lj“ F,Fç) +  k [kn (^Ls+f; ’) + km .^ (Ls+ F ,) - 143(15-65)- m (^l .j-F j)
(H+P)0<'*’-^0
f  (F^F^ë^ -  -  7 (6365+ I.3F5V
^ h  j^_J^e___,|^LgN3+L3N^)(Ksm.t-cos«<) - (L5M3+ L3M»)(Kcos'i4-sln«()]
'_^^Ï^[(FsM3+F3N5)(K-5m4+cos<4 -  (F5M 3+ f]M j(K co S 4 -s lw ^)]
4- (.Id 1*2.
+ 7 (L 3 L 5 -% ).t-  7 [kM -;(Ls -'t) + KMqlL^-F;) + 613(65+ 65)+  N4.IL3+ F3)] I
^  ' ( ,H + P )( .K '^ + 1) I
( 3 0 . 2 5 ) ,
w h e re , in  the  n o n -u n ifo rm  to rs io n  te rm s :-
^  f F  , P , , N-^ , and F3 a r e th e  same as in  s e c tio n  SB i v ,  and w h e re :-
k  siv\'=-<  ^ [n!^ k  cos°t  ^ M  ^  (l<  -V +  *x ^ ^
L r= P ^4 -^(H+p ) M s p ^  HM4.+ (Hd-p)Ms
^ KH(HH-?){e'^^%  I )  ^ S KH ( P) (e^' r  0
' -104-
A c t lo n  I T
~ G2  ^ -  ^■^[cos(»<+P)-  cos(«(-pj] 0 ~ 2 4 )
k L s e 'h  +  K \ f ^ k +  !%LJ.
+  Ft H
*>
“  coS(/x + smy) + L^N-^(K'LmG( -  cos^
-  :— ‘Svw)  + (îÿMfv“  PsN^XKsmy Ycosk)
4  CH+ p X
— ’h 0]  - - ^ ^ ^ ^ [ n 3 ( c o s = i - 0 +  M jsm ^c] 
. .K fL  I _-F F.) +  k[k M3(U5+F5)+ K N ju + i-l) + N^lLs-F^)- M ^ L t"  W
(Ju ?TIk " + 0
ÿ ^ 6 5 -  k \ i ^  + L,,F5)<^
+ ^ P  '
+ _ _ K 7 ^ — [(L ç M ^ + L A X K s m ^ -c o s ë ) -  ( l I4  -L s N ^ X K c o s o t+ s m w )]
' (H-^P)(i<^+l)  ^ ^
-  (^ N j(K s w W +  c o s 4 )-  F g N jllK c o s ^ - sive^
_  (M 3 M 4 - H ^ lO U s Z o c - 0 -  (M .N .^ + N 3 M j s ; n Z ^ + 2 ( M 3 N .i.-N ^ K tJ ^ C
4- (M-^ P )^
. . 7 A . , L - - F , M  1 K ~ E < F lX k ~ E ) -K N 3 (U -F 5 )  +  M 3(.Ls+F5)4- N ^ (L ^ + F y )l  
^  (h + p ) C k ' ^ + 0
(30.26) ,
w h e re , in  th e  n o n -u n ifo rm  to rs io n  te rm s :-
K jH j  P j M g   ^ N g j L ^  and are the  same as in  s e c tio n  3 B iv ,  and 
L ^  and are the  same as fo r  .
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A c tio n  M  A
=%    M
A c tio n  t ^ T
 p — T “ - ' 'RF ^. d
3 C .2 7
r ^ T
(3 C .28 )
A c tio n  FA
W ith  re fe re n ce  to  F ig s . 21 and 28  ^ th e  a c tio n s  in d u ce d  on a s e c tio n  
o f th e  b u cke t at ©  a re :-
V  = F
(3 C .29 )
(3 0 .3 0 )
{3 C .3 D
C o rre sp o n d in g  s tre s s e s , in  te rm s o f F^  ^ are o b ta in e d  by th e  sa.me m ethods 
used in  s e c tio n  3B iv  fo r  the  ca se s  o f and Fp - The n o n -u n ifo rm  
to rs io n  s tre s s e s  are g iv e n  b y :-
a  a wTc-t-c 1_ _ n O  t r  (3c . 32)sw v 'V b'  ^ •* H+P H [ ‘ a
L p N ^ s w n - M < ,c o s n 7  p
A
(3 0 .3 3 )
"^z  ^  — Y LgC '^) +. N.4-=°sYI + / p
^  k ^v.% +c) I  ^  ^ H  +  p  I A
(3 0 .3 4 )
where K , H  , P  , L ;  and Pg are th e  same as fo r  5 ^ ^  .
-1 0 6 “  
(3 C .35 )
by  M a x w e ll 's  R e c ip ro ca l Theorem .
F-,
(3 C .3 6 ) ,
s im ila r ly .
MR
(3 C .37 ) ,
s im ila r ly .
s.
( 3 0 .3 8 ) ,
s im i la r ly .
( d c - - : !  sY \;L<)
G A  Z E I  ^ ^  ^o%
+  F .H k [L *(c “ t F;(e-” ï  1).  F ,(ë“- 1)]
+  — rN^[Kco$c(+ 4- M
-V*  |V1a.CKcoSoC.'-S\v\o<^  +  M 4 . ( K s \1A<>^ 4- COS^i.) j
^i*\+PVv.K\\) H- J
4- — ^ Is  Z.K{j<NalL^4'Fs)-M,^(L
^ ^ (^H.v PXk V v)
+ (on ne x t page) ^
- 1 0 7 -
4 - * ' - ! ) ]  + îk V , - ‘
—■ _ [N.iCKsmt<—cosot') — !'4„(KcosJ-+
(h+pKk^+0 ■'
+ [n „(Ksi'v'»C-V-co sA - M„(K=oS'''- sivxil
„  Z K ^ [K t^ ^ (L g - F g ) t -  N.,(.Lgi- Fg)]
(_h + p X'<'‘-+ 0
4 . z(Kl;j.-PN.^ )':<. — (N^—M4  ) sir\ Z°C +  2  M»Nq.[c.os%'< —I )
4  C w + p y
(3 0 .3 9 ) ,
where, in  the non -uniform  torsion terms:-  
K , H , P, , Mg 5 and are the same as for .
The a d d it io n a l d is  p la c e m e n t/a c t io n  re la t io n s  a t ju n c t io n  p o in t G, 
on th e  b u c k e t, re le v a n t to  th e  je t  lo a d in g  a sse m b ly  c o n d it io n  o f the  
b u cke t o f  the  I 62 in ,c a s t  s te e l w h e e l, are g iv e n  b e lo w . These are 
sup p le m en ta ry  to  th e  v a lu e s  a lre a d y  quoted at th e  end o f s e c tio n  3B i v : -
-  6 r~Op^ -2^ “  + 0 .2 9 2 5 3  X 10 , from equation (3 C .25 )
-6= -t 17 . 22563 X 10  ^ from equation (3 C . 26)
Ot
'p 
'R7- '
m,
PZ
p
1.32184 X 10“ ® M p  j from  e q u a tio n  (3B.60)
1 .80086  X 10“ M p  , I t  ri (3B.61)
” 6
M p  ,0 .4 7 0 5 3 X 10 II IÎ (3 B .6 2 ),
h e re .
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Ç -6
*^Az ~ + 7 .8 3 4 2 5  x  10  ^ from  e q u a tio n  (3C . 27)
C -6
^ A z “  “  0 .1 3 2 93  x  10 from  e q u a tio n  (3 G . 28)
S F^  “  fi
^2. == + 0 .29 2 53  x  10 j from  a q u a tio n  (3 C . 35)
% =  + 17 .22563  x lO “ ®Ffl , " " (3 0 .3 6 )
S a z =  + 4 3 .1 5 26 8  x io " '^  Fft . " " (3 0 .3 9 )
9 ^ =  + 7 .8 3 4 2 5  X 10“ ® F« , " " (3 0 .3 7 )
-  0 .13293 X  10'"® Ffl , " " (3 0 .3 8 )  .
-1 0 9 -
3C y  A ssem bly  c o n d it io n  at the  b u c k e t/r im  ju n c t io n  -  e v a lu a tio n  o f 
a sse m b ly  a c tio n s  and to ta l je t  lo a d in g  s tre sse s
The d is c o n t in u it ie s  a r is in g  from  the r im le s s  je t- lo a d e d  b u cke t 
c o n d it io n ,  and to  be e lim in a te d  by assem b ly  at th e  b u c k e t/r im  ju n c t io n  
are , ^ t 2. g iv e n  in  s e c tio n  30  i i .  These are a l l  in
th e  p lane  o f the  w h e e l, as i l lu s t ra te d  in  F ig . 34 in  w h ic h ,  w ith  regard  to
in -p la n e  d is p la c e m e n ts , a ssem b ly  is  assum ed to  be a ch ie ved  at p o s it io n  
/
’lA . At th is  p o in t the  f in a l p o s it io n  o f the  ta n g e n t to  th e  b u cke t is
A ssem b ly  a c tio n s  F r i  7 ? e tc .  on th e  rim  on th e  rem a inde r
o f th e  w h e e l, in i t i a l l y  at G j  ^ th e re fo re  in d u ce  d is p la c e m e n ts  7 ^
0 p j^and a sse m b ly  a c tio n s  Fr-z , F ^ ^   ^ e t c . on th e  b u c k e t, i n i t i a l l y  at 
G ^th e re fo re  in d u ce  d isp la ce m e n ts  > 9 p2. show n.
Assum ing the  b u c k e t/r im  jo in t  to  be r ig id , c o m p a t ib i l i ty  o f th e  in -p la n e  
d is p la c e m e n ts . F ig , 3 4 , re q u ire s  th a t : -
(3 0 .4 0 )
(3 0 .4 1 )
PI r  P 7 . ^  P Z
(3 0 .4 2 )
I f ,  in  th e  tra n s v e rs e  p la n e s , the  a ssem b ly  a c tio n  d is p la ce m e n ts  
o f rim  on rem a inde r o f w h e e l, and o f b u c k e t, are re s p e c t iv e ly   ^
and > 0 R Z  0 ^ ^  ^ then  fo r  c o m p a t ib i l i ty  o f the  tra n s v e rs e
d is p la c e m e n ts :-
(3 0 .4 3 )
(3 0 . 44)
(3 0 .4 5 )
dSIQW CONVENTION 
POS IN" PLANE & 
TRANSVERSE PLANES 
ASSEMBLY ACTION 
DISPLACEMENTS.
BlM ON 
GEMAINDgS 
OF WHEEL.
6 ^
BUCKET
IS FINAL ASSEMBLED/jET- 
LOADEO POSITION OF BUCIÆT/SIM 
JUNCTION p o in t , & (S'l t^ THE 
FINAL POSITION OF TANfilENT TO 
BUCKET AT THIS POINT. ORIGINAL 
UNLOADED POSITION OF TANGENT 
TO BUCKET IS SHOWN THQOUQWOUT 
THUS
ASSEMBLY ACTIONS. SUFFIX I 
ON RIM ON gSMAIMOEg OF WHEEL, 
SUFFIX 2 ON BUCKET, CAUSING 
FINAL ASSEMBLY OF OIM & 
JET-LOAOED BUCKET AT g 'jj_
AMO
THE ASSEMBLY ACTIONS AS 
SHOWN ABE +VE.
ANALYSIS OF RIMLESS 
JET LOADING & ASSEMBLY ACTION 
DISPLACEMENTS IN PLANE OF 
WHEEL. FOB COMPATIBILITY IN 
ASSEMBLEO/JET-LOADED CONDITION. 
BlMUeSS JET LOADING DISPLACEMENTS 
OF^ _BUC‘!ÆT_TO POINT @ 1 APE
& AND
    12  .
§P3 AS SHOWN.
Fig. 34. DIAggAM SWOWINS TME ASSEMBLY ACTIONS AND THE ANALYSIS OF 
DISPLACEMENTS IN TME PLANE OF THE WHEEL FOB THE 
JET™ LOADED CONDITION OF BUCIÆT & DIM AT THE JUNCTION POINT.
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For e q u ilib r iu m  in  th e  assem b led  c o n d it io n ,  re fe rr in g  to  F ig . 3 4 ;-
F r i “  0 ■ (3 C .46 )
F t, +  F r ^  = 0 (3 C .4 7 )
Fft, + = 0 (3 0 .4 8 )
M p , +- M p ^  = 0 (3 0 .4 9 )
M r , M p - i = 0 (3 0 .5 0 )
M t , +  M t 2. = 0 (3 0 .5 1 )
A p prop ria te  s u b s t itu t io n  o f th e  d is p la c e m e n t/a c t io n  re la tio n s  o f 
s e c tio n s  3C i i i ,  3B iv  and 3C iv  enab les  the  tw e lv e  c o m p a t ib i l i ty  and 
e q u ilib r iu m  s im u lta n e o u s  e q u a tio n s  (3C .40 ) to  (3C .51) to  be so lve d  fo r  
th e  tw e lv e  a sse m b ly  a c tio n s   ^  ^ e t c . The co rre sp o n d in g
a sse m b ly  a c tio n  s tre ss e s  are re a d ily  de te rm ined  and are superposed 
a p p ro p r ia te ly  on th e  r im le s s  je t  lo a d in g  s tre sse s  to  g iv e  the  to ta l je t  
lo a d in g  s tre sse s  in  th e  b u c k e t. The to ta l je t  lo a d in g  s tre sse s  in  th e  rim  
a t th e  ju n c t io n  p o in t are th o se  due o n ly  to  th e  a sse m b ly  a c t io n s .
For th e  1 6 i in .c a s t  s te e l Turgo w hee l und e r no rm a l w o rk in g  c o n d it io n s ,  
a l l  te rm s re le v a n t to  th e  a p p lic a t io n  o f th e  c o m p a t ib i l i ty  and e q u ilib r iu m  
s im u lta n e o u s  e q u a tio n s  have a lre a d y  been d e riv e d  n u m e r ic a lly .
S u b s titu tin g  th e re fo re , in  acco rdance  w ith  th e  s ig n  c o n ve n tio n s  o f  F ig s .
33(a) , 21 and 3 4 , and s o lv in g ,  th e  assem b ly  a c tio n s  on th e  b u cke t are 
found to  b e :-
Fr-z = + 4 6 .7 4  lb .  1^ .^ = -  708 .39  lb .  = + 41. 73 lb .
M p ^ =  H- 432 .85  l b . i n .  Mp.j_= + 1 1 4 8 .7 4  l b . i n .  -  163 .03  l b . i n .
The co rre sp o n d in g  a sse m b ly  a c tio n s  s u f f ix  1, on th e  rim  on th e  
rem a inde r o f the  w h e e l,  have th e  same v a lu e s  as th e se  but have o p p o s ite  
s ig n s .
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T o ta l je t  lo a d in g  s tre sse s  in  th e  bucke t
H a v in g  e va lu a te d  th e  a sse m b ly  a c tio n s  on th e  b u c k e t, th e  in d u ce d
a c tio n s  ^  ©-xz > 7 to  a l l  th e  a ssem b ly
a c t io n s ,  are e a s ily  found from  th e  re le va n t e q u a tio n s  o f s e c tio n s  3B iv
and 3G i v .  The d is t r ib u t io n  o f K l^^^^w ith  Ô  is  show n in  F ig , 35 , w ith
th e  co rre sp o n d in g  in -p la n e  r im le s s  je t  lo a d in g  bend ing  moment M  © from
F ig , 31, and th e ir  re s u lta n t  ^ th e  to ta l je t  lo a d in g  in -p la n e  bend ing
m om ent. D is tr ib u t io n s  w ith  ©  o f 7 P© from  F ig , 31, and th e ir
re s u lta n t 7 o f and o f n o n -u n ifo rm  to rs io n  d ire c t s tre s s  (T^
( in le t  edge) are i l lu s t r a te d  re s p e c t iv e ly  in  (a ), (b) and (c) o f F ig . 36 ,
Shear s tre sse s  a r is in g  from  and V g  o f  F ig . 31, from
from  n o n -u n ifo rm  to rs io n  have a l l  been found to  be n e g lig ib ly  s m a ll.
A c tio n  M^Y.TOT th e  dom inan t a c tio n  in  regard  to  s tre s s e s , and the
b u cke t edges are c r i t ic a l  as the  lo c a tio n s  o f th e  m axim um  to ta l d ire c t
s tre s se s  on th e  c ro s s -s e c t io n .  F ig , 37 show s th e  v a r ia t io n  w ith  ©  o f
th e  to ta l  d ire c t s tre sse s  on th e  edges o f the  b u c k e t. O v e ra ll, the  o u tle t
edge is  more h ig h ly  s tre sse d  th a n  the  in le t  edge . The m axim um  je t  load incf
2
s tre s s  in  th e  b u c k e t, 4800 lb / in  te n s io n , o ccu rs  on th e  o u t le t  edge at
Q  = 1 2 7 ^ , w h ic h  is  at th e  ju n c t io n  o f the  o u t le t  edge w ith  the  hub .
In  co m pa riso n  w ith  th e  co rre sp o n d in g  m axim um  r im le s s  je t  lo a d in g  d ire c t
2
s tre ss  o f  + 14 ,950 lb / in  at th e  same lo c a t io n ,  th e  e ffe c t o f the  re s tra in t
on th e  b u cke t by the  rim  on the  rem a inde r o f  th e  w h e e l,  is  e v id e n t ly  a
re d u c tio n  o f some 68% in  the  m axim um  r im le s s  je t  lo a d in g  s tre s s .
There is  an in te re s t in g  p a ra lle l be tw een th e s e  c a lc u la te d  je t  lo a d in g
s tre sse s  on th e  edges o f a Turgo w hee l b u c k e t, and the  s tre sse s  m easured 
(4)
by PERRIG , F ig . 2 , on the  edges o f a F e lto n  b u cke t under s im u la te d  je t
lo a d in g . I f  PERRIG’S v a lu e s  fo r  th e  bucke t on th e  F e lto n  w hee l w ith
rim s are a c c e p te d , i t  is  e v id e n t from  F ig . 2 th a t th e  a d d it io n  o f rim s
reduces th e  m axim um  m easured s tre ss  in  the  b u cke t from  + 860 k g /c m ^
2 2
(12,200 lb / in  ) to  + 130 k g /c m  , a re d u c tio n  o f some 85%. Th is com pares 
w i t h /
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w ith  th e  re d u c tio n  o f some 68% c a lc u la te d  fo r  the  case  o f the  Turgo 
w hee l b u c k e t. R egarding th is  a n a ly s is  fo r  th e  Turgo w he e l bucke t 
th e re fo re , m easurem ents in  a ro u g h ly  p a ra lle l s itu a t io n  co n firm  th a t 
re s tra in t on a b u c k e t, by a rim  arrangem ent on the  rem a inde r o f the  w h e e l, 
has a v e ry  s ig n if ic a n t  re du c in g  in flu e n c e  on th e  v a lu e  o f the  maximum 
r im le s s  je t  lo a d in g  s tre ss  in  th e  b u c k e t.
T o ta l je t  lo a d in g  s tre sse s  in  th e  rim
The o n ly  lo a d in g  on th e  rim  on th e  re m a ind e r o f th e  w hee l is  th a t 
o f th e  a sse m b ly  a c tio n s  at ju n c t io n  p o in t G ,  , F ig . 32 (d ). On accoun t 
o f th e  a ssu m p tio n s  i l lu s t ra te d  in  F ig . 32 and w h ic h  cu lm in a te  in  the  t re a t­
ment o f the  rim  on rem a inde r o f w hee l as a 180^ fu l ly - f ix e d  a rch , i t  is  
u n re a lis t ic  to  c o n s id e r  s tre sse s  at any p o in t o th e r th a n  ju n c t io n  p o in t G, 
on th is  s ys te m . Know ing the  m agn itudes and d ire c tio n s  o f assem b ly  a c tio n s  
:> ? e t c . , co rre sp o n d in g  in te rn a l a c tio n s  at G, on the  rim  are
found from  the  p e rtin e n t e q u a tio n s  o f s e c tio n  3C i i i ,  and so the stresses there an 
d e te rm in e d . The to ta l d ire c t s tre sse s  (c irc u m fe re n tia l)  at the  extrem e • 
f ib re s  o f the  rim  ju n c t io n  p o in t c ro s s -s e c t io n  are in d ic a te d  on F ig . 38, the  
shear s tre sse s  on th is  s e c tio n  h a v in g  been found to  be n e g lig ib le .  The 
m aximum  je t  lo a d in g  s tre ss  in  th e  rim  is  1350 lb / in  c irc u m fe re n tia l te n s io n  
at th e  o u te r ra d iu s /o u t le t  s ide  edge o f the  s e c tio n  c o n ta in in g  the  p o in t o f 
ju n c t io n  w ith  th e  je t- lo a d e d  b u c k e t.
W ith  regard to  re s tra in t exe rted  on the  je t- lo a d e d  bucke t by  the  rim  
on the  rem a inde r o f the  w h e e l, the  ra t io n a li ty  o f th e  tre a tm e n t o f the  
la t te r  as a 180^ fu l ly - f ix e d  a rc h , may be a ssessed  by com paring  the  
re s u lts  w ith  tho se  d e rive d  from  assum p tions  o f an u n re a l is t ic a l ly  s t i f f  
re s tra in t and o f an u n re a l is t ic a l ly  f le x ib le  re s tra in t .  S ince the  dom inant 
a c tio n  on the  bucke t under je t  lo a d in g  is  c le a r ly  in -p la n e  b e n d in g , i t  is  
a s u f f ic ie n t  b a s is  o f assessm en t to  compare the  re s u lt in g  va lu e s  o f to ta l 
in -p la n e  bend ing  moment * C urve I ,  F ig . 39, shows
d e te rm in e d /
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d e te rm ined  from  th e  "a rc h "  a ssu m p tio n , th is  cu rve  be ing  tra n s fe rre d  
d ir e c t ly  from  F ig .35. For the  assu m p tio n  o f a f u l ly - r ig id  re s tra in t ,  
w h ic h  o f cou rse  is  u n r e a l is t ic a l ly  s t i f f ,  the  le f t -h a n d  s id e s  ( s u f f ix  1) o f 
th e  d isp la c e m e n t c o m p a t ib il i ty  e q u a tio n s  (3 C . 40) to  (3 C . 45) becom e z e ro , 
and the  p e rtin e n t a sse m b ly  a c tio n s  are e va lu a te d  on th is  b a s is .  Th is is  
a u s e fu l case  to  c o n s id e r n o w , no t o n ly  fo r  pu rposes o f co m p a riso n , but 
a ls o  s in ce  th e  re s u lts  p ro v id e  a p a r t ia l che ck  on th e  fo rm u la tio n  o f the  
s im u lta n e o u s  e q u a tio n s  o f th e  p r io r  c a lc u la t io n .  Among o th e r c h a ra c te r­
is t ic  fe a tu re s , the  re s u lta n t tra n sv e rse  a c tio n s  on the  b ucke t are found to  
be z e ro , th e  re s u lts  be ing  o b ta in e d :-
F „  -  o , M . ,  + F „ . a  -  O ,  -  F „ .a  -  o ,
a l l  as th e y  shou ld  be . The d is t r ib u t io n  w ith  ©  fo r  th e  f u l l y -
r ig id  re s tra in t case  is  show n as cu rve  I I  on F ig . 39 .
The u n re a l is t ic a l ly  f le x ib le  re s tra in t is  som ew hat im a g in a ry  but
p o sse sse s  doub le  v ir tu e s  o f be ing  o b v io u s ly  u n re a l is t ic a l ly  f le x ib le  and
o f g iv in g  re s u lts  v e ry  e a s i ly  d e riv a b le  from  th o se  fo r  f u l ly - r ig id  re s tra in t .
I t  com prises  re s tra in t p rov ide d  by  tw o  b u cke ts  r ig id ly  a ttached  to  th e  h u b ,
c o - l in e a r  w ith  th e  je t- lo a d e d  b u c k e t, but bo th  r ig id ly  connec ted  to  i t  o n ly
a t th e  ju n c t io n  p o in t . C le a r ly  such an im a g in a ry  system  w o u ld  be
exp e c ted  to  o ffe r  le s s  re s tra in t at ju n c t io n  p o in t th a n  th a t o f F ig . 3 2 (b ).
In  each o f  the  re le v a n t d isp la ce m e n t c o m p a t ib il i ty  e q u a tio n s  (5C .40 ) to
(3 0 .4 5 ) ,  fo r  eve ry  a sse m b ly  a c tio n  te rm , s u f f ix  2 , on th e  r ig h t-h a n d  s id e ,
G
e .g .  *f 8 .7 5 688  X 10 F( -^2 -> is  on the  le f t -h a n d  s ide  a co rre spo n d ing
a sse m b ly  a c tio n  te rm , s u f f ix  1, w ith  the  c o e f f ic ie n t  h a lv e d , e .g .
+ i X 8 .7 5 688  X 10 ^ . In  v ie w  o f the  e q u ilib r iu m  e q u a tio n s  (3 0 .4 6 )
to  (3 0 .5 1 ) , th e  ne t e ffe c t is  th a t the  s ix  c o m p a t ib il i ty  e q u a tio ns  are the  
same as th o se  fo r  f u l ly - r ig id  re s tra in t , w ith  le f t -h a n d  s id e s  z e ro , but 
w ith  th e  n u m e rica l te rm s fo r  Z \^ ^ a n d  ^ p 2. by f .
Hence the  re le v a n t a sse m b ly  a c tio n s  are f  o f  th e  co rre sp o n d in g  a sse m b ly  
a c tio n s  fo r  the  f u l ly - r ig id  re s tra in t c a se . Our\/e I I I ,  F ig . 39 , g iv e s  th e  
v a lu e s  fo r  fo r  th is  "tw o  c o - l in e a r  b u c k e ts "  re s tra in t c a se .
I t /
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I t  is  e v id e n t from  F ig . 39 th a t in  re sp e c t o f th e  m aximum  v a lu e s  o f 
 ^ w h ich  o c c u r at ©  = 127*^, cu rve  i  o f d e rived  from
the  "a rc h " a ssu m p tio n  fo r  r im  re s tra in t ,  l ie s  be tw een  c u iv e s  I I  and I I I  
o f M ©y.T“oT vê tu e s  fo r  the  tw o  extrem e re s tra in t c a s e s . Th is in d ic a t io n ,
. to g e th e r w ith  th e  e xp e rim e n ta l da ta  o f PERRIG, p re v io u s ly  c i te d ,  p rov ide  
support fo r  th e  "a rc h "  assum p tio n  as a re a so n a b ly  r e a l is t ic  and u s e fu l 
a p p ro x im a tio n .
From a su rve y  o f th e  m ethod o f c a lc u la t io n  i t  is  n o te w o rth y  th a t : -
(1) A ll th e  in d u ce d  a c tio n s  on th e  b ucke t a t ©  , due to  th e  r im le s s
je t  lo a d in g  c o n d it io n  and due to  the  a sse m b ly  c o n d it io n ,  are
d ir e c t ly  p ro p o rtio n a l to  So th e  r im le s s  je t  lo a d in g
s tre s s e s , th e  a sse m b ly  a c tio n  s tre s s e s , and th e re fo re  the  to ta l
s tre sse s  are d ir e c t ly  p ro p o rtio n a l to  \A A _o c , The a c tio n s  and
2.
s tre sse s  a t th e  ju n c t io n  p o in t s e c tio n  o f th e  idm are a ls o  d ire c t ly  
p ro p o rtio n a l to  .
(2) The r im le s s  je t  lo a d in g  s tre sse s  are in d e p e n d en t o f the  e la s t ic  
c o n s ta n ts , but th e  a sse m b ly  a c tio n  s tre sse s  are dependent on V ,  
so the  to ta l s tre sse s  are fu n c tio n s  o f For m a te r ia ls  o f th e
sam e, o r n e a r ly  the  same "V  , th e  same s tre ss e s  w i l l  be 
d e te rm in e d , o th e r fa c to rs  be ing  c o n s ta n t.
2
The m aximum  je t  lo a d in g  s tre ss  o f t  4800 l b / i n .  , o r about 
2
+ 2.1 T / in  . , in  th e  16^ in .  ca s t s te e l Turgo w hee l und e r norm al w o rk ing
c o n d it io n s ,  is  o f reasonab le  o rd e r, and occu rs  in  a fa i r ly  sm a ll lo c a lis e d
re g ion  o f the  bucke t o u tle t e d g e . Appropria te  s u p e rp o s it io n  o f the  graphs
o f F ig s . 26 and 37 in d ic a te s  th a t the  to ta l m aximum  norm al w o rk in g  s tre ss
2
(c e n tr ifu g a l + je t  lo a d in g ) is  about + 10,800 lb / in .  , o r ju s t  le s s  than  
2+ 5 T / in .  , a v a lu e  not as h ig h  as w ou ld  be exp e c ted  to  le a d  to  fa i lu re .
C on ce rn ing  th e  subsequen t e xp e rim e n ta l a n a lyse s  o f the  1 6 i in .  ca s t 
a lu m in iu m  Turgo w h e e l, s in ce  th is  m a te r ia l has the  same v a lu e  o f as 
t h e /
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th e  c a s t s te e l,  th e  p e rtin e n t approx im ate  th e o re t ic a l je t  lo a d in g  a c tio n s  
and s tre sse s  are e x a c t ly  th e  same as th o se  c a lc u la te d  fo r  the  ca s t 
s te e l w h e e l, fo r  th e  same v a lu e  o f the  je t  lo a d in g  param ete r ^  .
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m  COMP.ARISOH OF CENTRIFUGAL AND JET LOADING APPROXIMATE
STRESSES AND DEFORMATIONS, AND COMBINATION OF CENTRIFUGAL 
AND TET LO AD IN G  APPRQiaMATE STRESSES
A p p lic a t io n  o f th e  a n a lyse s  to  the  1 6 i in .c a s t  s te e l Turgo w h ee l shows
th a t th e  b u cke t edges are th e  c r i t ic a l  lo c a tio n s  o f h ig h  s tre s s ,  e x h ib it in g
th e  s tre ss  m ax im a . From F ig s , 26 and 37 th e  m axim a are as fo l lo w s : -
2
M axim um  c e n tr ifu g a l s tre s s  = + 8750 lb / in  
^ c ^ d i t l c ^ ^ ^ ^ ^  ^  M axim um  Jet lo a d in g  s tre ss  = + 4800 I b / in ^
. . r a t io .  M a x . c e n t r i f ,  s tre ss  _ ^
M a x . je t  lo a d , s tre s s
2Oveispeed c o n d it io n :-  M axim um  c e n tr ifu g a l s tre s s  = + 28 ,40 0  lb / in
C e n tr ifu g a l s tre ss  is  c le a r ly  dom inant a t no rm a l w o rk in g  c o n d it io n s  
and is  c r i t ic a l ly  im p o rta n t a t ove rsp e ed .
C o n s id e rin g  norm al w o rk in g  c o n d it io n s , th e  g o ve rn in g  a c tio n  in  
re sp e c t o f  bo th  c e n tr ifu g a l and je t  lo a d in g  m axim um  s tre ss e s  is  in -p la n e  
bend ing  o f  th e  b u c k e t. The predom inance o f  the  m axim um  c e n tr ifu g a l 
s tre ss  is  p re d ic ta b le  from  th e  re s u lts  o f th e  free  ro ta t in g  and r im le s s  
je t  lo a d in g  c o n d it io n s  o f th e  b u c k e t. The edge d ire c t s tre sse s  fo r  the se  
tw o  c o n d it io n s  are com pared in  F ig . 40 and th e  a s s o c ia te d  d isp la ce m e n t 
d is c o n t in u it ie s  at th e  b u cke t ju n c t io n  p o in t are com pared as fo l lo w s : -
free  ro ta t in g  c o n d it io n  r im le s s  je t  lo a d in g  c o n d it io n
A r^ tot -  = + 7020 x  10"® in  A r^ =  + 4420 x l0 " ® ln
+ 11,080x 10” in  + 9660 x  10” ®in
+ 2 ,0 8 0  x10 rads + 1380 x  10 rads
I t  is  e v id e n t th a t the  s tre ss  m axim a fo r  the  tw o  c o n d it io n s  are o f 
s im i la r /
+ 15,000
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s lm ila r  v a lu e  / bu t th e  d isp la ce m e n t d is c o n t in u it ie s  are s ig n if ic a n t ly  
g re a te r fo r  th e  fre e  ro ta tin g  c o n d it io n  th a n  fo r  th e  r im le s s  je t  lo a d in g  
c o n d it io n , a fe a tu re  in  acco rdance  w ith  th e  edge s tre ss  v a r ia t io n s .
Now  fo r  th e  a sse m b ly  c o n d it io n s  at the  ju n c t io n  p o in t ,  even  on a 
.q u a lita t iv e  b a s is  i t  may be seen th a t the  re s tra in t o ffe re d  b y  th e  rim  in  
th e  c e n tr ifu g a l lo a d in g  c a s e , where the  rim  canno t re s tra in  ta n g e n tia l 
d e f le c t io n ,  w i l l  be c o n s id e ra b ly  le s s  th a n  th e  re s tra in t e xe rte d  by th e  
r im , supported  by a l l  th e  u n loaded  b u c k e ts , in  th e  je t  lo a d in g  c a s e .
I t  w o u ld  th e re fo re  be expe c te d  th a t th e  to ta l m axim um  c e n tr ifu g a l s tre ss  
w o u ld  exceed th e  to ta l m axim um  je t  lo a d in g  s tre s s ,  perhaps by  a m arg in  
som ew hat more th a n  th a t e s tim a te d .
In  com paring  th e  tw o  cases  from  th is  v ie w p o in t ,  i t  m ust be noted 
th a t th e  d is t r ib u t io n  o f je t  lo a d in g  on th e  b u cke t has been assum ed in  
th e  absence o f  d ir e c t ly  p e rt in e n t d a ta , so the  degree o f a p p ro x im a tio n  
a s s o c ia te d  w ith  th e  r im le s s  je t  lo a d in g  c a lc u la t io n  is  g re a te r th a n  th a t 
a s s o c ia te d  w ith  th e  c e n tr ifu g a l c o u n te rp a rt. H o w e ve r, i t  is  reasonab le  
to  c o n s id e r  th a t any  o th e r a p p ro p ria te  je t  lo a d in g  d is t r ib u t io n  shou ld  
e x h ib it  ro u g h ly  th e  same m a g n itu d e , p o s it io n  and d ire c t io n  o f the  re s u lta n t 
je t  fo rce  on th e  b u c k e t, so g iv in g  about the  same v a lu e  o f m aximum  s tre ss  
fo r  th e  r im le s s  je t  lo a d in g  c o n d it io n .  Thus a s im ila r  com pa riso n  in  th e  
m agn itudes o f th e  to ta l c e n tr ifu g a l and je t  lo a d in g  s tre ss  m axim a w o u ld  be 
lo o ke d  fo r .
W ith  regard  to  th e  a sse m b ly  c o n d it io n s  fo r  th e  c e n tr ifu g a l lo a d in g  
and je t  lo a d in g  c a s e s , th e  co m pa ra tive  e ffe c t iv e n e s s  o f th e  re s tra in ts  
exe rte d  re s p e c t iv e ly  by  the  rim  and by the  rim  on th e  rem a inde r o f the  w h e e l, 
may be gauged from  th e  cu rves  o f F ig s .23 and 35 in  re la t io n  to  the
re s p e c tiv e  c u rv e s . The re s tra in t in  the  case  o f je t  lo a d in g  is  the  
much more e ffe c t iv e  one . Th is  has a lre a d y  been i l lu s t r a te d  in  s e c tio n s  
3B V and 3C v  w h e re , in  the  fo rm e r, th e  ilm  re s tra in t reduces the  m aximum 
f r e e /
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free  ro ta t in g  s tre ss  by o n ly  about 38% w h ile  in  th e  la t te r ,  th e  a c tio n s  o f 
the  rim  on th e  rem a inde r o f the  w he e l reduce th e  m axim um  r im le s s  je t  
lo a d in g  s tre ss  by some 6 8%. I t  is  a lso  in te re s t in g  to  com pare th e  va lu e s  
found in  th e  tw o  cases  fo r  th e  to ta l ta n g e n tia l d e f le c t io n s  o f th e  b u c k e t /  
r im  ju n c t io n  p o in t /F ig s  . 22 and 3 4 ) :-
c e n tr ifu q a l lo a d in g  c o n d it io n  fe t lo a d in g  c o n d it io n
^ T 2 .ToT "  + 5020 x 10 ^ in  + 690 x 10 ^ in
In  th e  c e n tr ifu g a l lo a d in g  case  the  rim  re s tra in t p e rm its  a lm ost 50% 
o f th e  fre e  ro ta t in g  ta n g e n t ia l d e f le c t io n  o f the  b u cke t to  o c c u r, w h ile  in  
th e  je t  lo a d in g  case th e  re s tra in t o f the  rim  on th e  re m a in de r o f  th e  w hee l 
p e rm its  le s s  th a n  10% o f th e  r im le s s  je t  lo a d in g  ta n g e n t ia l d e f le c t io n  to  
ta k e  p la c e . T h is  de m onstra tes  th e  e s s e n tia l d if fe re n c e  in  th e  ch a ra c te rs  
o f th e  tw o  re s tra in ts .
As a lre a d y  m e n tio n e d , in  re sp e c t o f th e  assum ed je t  lo a d in g  
d is t r ib u t io n ,  th e  degree o f a p p ro x im a tio n  o f th e  je t  lo a d in g  a n a ly s is  is  
g re a te r th a n  th a t o f th e  c e n tr ifu g a l lo a d in g  a n a ly s is .  Th is  is  o f cou rse  
a ls o  th e  case  in  re sp e c t o f  th e  com pa ra tive  re s tra in ts  p rodu c in g  a sse m b ly , 
where fo r  c e n tr ifu g a l lo a d in g , th e  rim  is  f a i r ly  r e a l is t ic a l ly  t re a te d , but 
w h e re , fo r  je t  lo a d in g  the  rim  on th e  rem a inde r o f th e  w h e e l is  assum ed to  
be re p la ce d  by a 180^ f u l ly - f ix e d  arch -  a system  s im p le r th a n  th e  a c tu a l 
sys te m . Both a n a lyse s  are app rox im a te  in  re sp e c t o f th e  geom etry  
assum ed and o f the  a ssu m p tio n  o f beam b e h a v io u r o f th e  bucke ts  in  p la ce  
o f a c tu a l s h e ll b e h a v io u r. A n o te w o rth y  g e o m e tr ic a l a ssu m p tio n  is  th a t 
o f p o in t c o n ta c t be tw een  bu cke t and rim  at th e ir  ju n c t io n , The a c tu a l 
c o n ta c t is  ove r a lo n g  " l in e ” , pa rt o f w h ich  sub tends an ang le  o f ©  =* 45^ 
at Z ,  . (F ig .9 ) .  These and o th e r assum p tions  are fa c to rs  to  be co n s id e re d  
when a s s e s s in g  th e se  c a lc u la te d  re s u lts  in  the  l ig h t  o f co rre sp o n d in g  
e xp e rim e n ta l d a ta .
I n /
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In  l ig h t  o f th e  in d ic a t io n  th a t c e n tr ifu g a l s tre ss  is  p redom inan t 
fo r  norm a l w o rk in g  c o n d it io n s  o f th e  16^ in .c a s t  s te e l Turgo w h e e l, and 
a ls o  in  l ig h t  o f th e  m agn itude  o f the  m aximum  c e n tr ifu g a l s tre ss  at 
o ve rsp e e d , i t  is  ra t io n a l as w e ll as p ra c t ic a l ly  c o n v e n ie n t to  conduc t 
subsequen t co rre sp o n d in g  e xp e rim e n ta l s tre ss  a n a ly se s  on th is  s iz e  o f 
w h e e l, m a in ly  as fo l lo w s : -
(1) By s p in n in g  th e  w h e e l in  th e  d ry  c o n d it io n  in  a c e n tr ifu g a l te s t  r ig ,  
and m easuring  the  c e n tr ifu g a l s tre s s e s .
(2) By a tte m p tin g  to  s im u la te  th e  je t  lo a d in g  by  m e ch a n ica l means on 
th e  s ta t io n a ry  w h e e l,  and m easuring  th e  ap p rox im a te  je t  lo a d in g  
s tre s s e s .
These e x p e rim e n ta l s tre ss  a n a lyse s  are such as w o u ld  re q u ire  to  be 
com p le ted  in  any c a s e , p r io r  to  em bark ing  on c o n s id e ra tio n s  o f  an 
e x p e rim e n ta l in v e s t ig a t io n  un d e r a c tu a l w o rk in g  c o n d it io n s ,  w ere such an 
in v e s t ig a t io n  to  be c o n te m p la te d . H o w e ve r, the  re s u lts  o f the  approx im a te  
th e o re t ic a l a n a lyse s  in d ic a te  th a t a te s t under w o rk in g  c o n d it io n s  may 
h a rd ly  be n e ce ssa ry  at a l l  and th a t th e  e xp e rim e n ts  in  th e  d ry  c o n d it io n , 
bo th  o f w h ic h  are show n to  be n e c e s s a ry , m ay s u f f ic e .  R ese rva tions  on 
th is  p o in t m ust p re s e n tly  be m a in ta in e d , o f c o u rs e , in  v ie w  o f ig n o ra n ce  
co n ce rn in g  th e  re le v a n t je t  lo a d in g  d is t r ib u t io n  and in  v ie w  o f th e  fa c t 
th a t unde r no rm a l w o rk in g  c o n d it io n s ,  the  a s s o c ia te d  s tre ss  com ponent is  
a c y c l ic  one superim posed on th e  s te a d y  c e n tr ifu g a l s tre s s .
The c e n tr ifu g a l and je t  lo a d in g  s tre sse s  on th e  edges o f th e  b ucke t 
o f  th e  16^ in .w h e e l are in d ic a te d  re s p e c t iv e ly  on F ig s . 26 and 37 , from  
w h ic h  the  c y c l ic  je t  lo a d in g  s tre ss  com ponent m ay be superim posed on 
th e  co rre sp o n d in g  s te a d y  c e n tr ifu g a l s tre ss  com po n en t, e n a b lin g  th e  
c o m b in a tio n s  to  be e xa m ined . The com bined s tre sse s  on th e  e d g e s , taken  
from  th e se  tw o  F igs  are shown on F ig . 41, from  w h ic h  i t  is  seen th a t 
under/
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FIG. 41 - DISTRIBUTION WITH 0  OP THE COMBINED (CENTRIFUGAL 4-JET LOADING)
DIRECT STRESSES ON THE INLET AND OUTLET EDGES Of- THEÎÏ
EQUIVALENT DUCKET OF THE 16-2 CAST STEEL TURGO WHEEL 
UKlDEg NORMAL WORKING CONDITIONS, ( fr o m  figs . 26 a 37.).
"120»
unde r norm al w o rk in g  c o n d it io n s  th e  maximum com bined  (c e n tr ifu g a l + le t
O o
lo a d in g ) s tre s s  in  th e  16% in .w h e e l is  + 10,800 lb / i n  (+ 4 .8  T / in  ) and 
o ccu rs  on th e  o u tle t edge o f th e  bucke t at 0  = about 1 0 3 ^ , ‘ From F ig s .
27 and 3 8 , th e  co rre sp o n d in g  m axim um  com bined s tre s s  in  th e  rim  is  
+ 5 ,4 5 0  l b / i n  a t th e  o u t le t  s id e /o u te r  ra d ius  c o rn e r o f th e  bucke t ju n c t io n  
p o in t s e c tio n  . The m axim um  s tre ss  In  th e  w h e e l and th e  s tre sse s  o f 
F ig s .26 , 27 , 37 , 3 8 and 41 are a l l  o f q u ite  c re d ib le  o rd e r. S teady and 
c y c l ic  s tre sse s  o f th e se  c o m p a ra tiv e ly  sm a ll v a lu e s  w o u ld  be e xpec ted  
w hen i t  is  co n s id e re d  th a t in  20 yea rs  o f norm a l w o rk in g  l i f e ,  such a w hee l 
w i l l  w ith s ta n d , in  c o rro s iv e  c o n d it io n s ,  more th a n  10^^ c y c le s  o f com bined 
s t re s s .
The m a in  c o n c lu s io n s  from  th is  ch a p te r are sum m arised as fo l lo w s : -
(1) For th e  16^ in .c a s t  s te e l Turgo w hee l unde r no rm a l w o rk in g  c o n d it io n s :
(a) C e n tr ifu g a l s tre ss  is  p red o m in a n t, th e  m axim um  c e n tr ifu g a l 
s tre s s  be ing  about tw ic e  th e  m axim um  je t  lo a d in g  s tre s s .
Both m axim a o c c u r on the  o u tle t edge o f  th e  b u c k e t.
(b) For bo th  lo a d in g s , th e  m ost s ig n if ic a n t  s tre s se s  o c c u r on the  
b u cke t e d g e s , a long  w h ic h  the  s tre ss  d is t r ib u t io n s  are q u ite  
d is t in c t iv e .
(c) For both lo a d in g s  the  m ost s ig n if ic a n t  a c tio n  on the  b u cke t is  in »  
p la ne  bend ing  (bend ing in  the  p lane  o f sym m etry o f the  e q u i­
v a le n t b u c k e t. Th is  p lane  is  a ls o  th e  p lane  o f th e  w h e e l) ,
(d) These in d ic a t io n s  p ro v id e  co n s id e ra b le  gu ida n ce  fo r  subsequen t 
e xp e rim e n ta l in v e s t ig a t io n s .
(2) The a n a lyse s  m ay be a p p lie d  to  es tim a te  th e  app rox im a te  c e n tr ifu g a l 
and je t  lo a d in g  s tre sse s  and d e fo rm a tio ns  in  any s iz e  o f cu rre n t 
d e s ig n  Turgo im p u lse  w h e e l, under any c o n d it io n s  o f speed and 
p o w e r. They m ay th u s  be used as a b a s is  fo r  s tu d y in g  the  
app rox im a te  e ffe c ts  on the  s tre s s e s , o f a lte ra t io n s  in  d u ty  and 
d e s ig n .
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CHAPTER 4 .
EXPERIMENTAL INVESTIGATIONS OF THE CENTRIFUGAL AND APPROXIMATE 
JET LOADING STRESSES AND DEFORMATIONS IN  A TURGO IMPULSE WHEEL
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EXPERIMENTAL INVESTIGATIONS OF THE CENTRIFUGAL AND APPROXIMATE
TET LOADING STRESSES AND DEFORMATIONS IN  A TURGQ IMPULSE WHEEL
The m a jo r experi-m enta l in v e s t ig a t io n s  were co nduc ted  on the  1 6 i in ­
cu rre n t d e s ig n  Turgo im p u lse  w h ee l made in  a lu m in iu m . G uided by th e  
in d ic a t io n s  from  the  app rox im a te  th e o re t ic a l s tre ss  a n a lyse s  o f th e  p re v io u s  
c h a p te r, th e se  in v e s t ig a t io n s  com prised  m easurem ent o f th e  c e n tr ifu g a l 
s t ra in s ,  fo llo w e d  by m easurem ent o f the  app rox im a te  je t  lo a d in g  s tra in s .
In  th e  la t te r  te s t  th e  app rox im a te  je t  lo a d in g  w as s im u la te d  by m e ch a n ica l 
m eans. In  bo th  te s ts  s tra in s  w ere m easured at a la rg e  num ber o f lo c a t io n s .  
I t  w as im p o rta n t to  se t ou t to  e xp lo re  the se  m any lo c a t io n s ,  h a v in g  in  m ind 
th a t th e  lo c a l q u a n tita t iv e  re s u lts  a ffo rded  by  th e  e x p e rim e n ta l a n a ly s e s , 
w o u ld  be in h e re n t ly  o f  th e  m ost d ire c t s ig n if ic a n c e .
P rio r to  th ese  s tra in  m easurem ents h o w e ve r, an e xp e rim e n ta l s tu d y  
w as u n d e rta ke n  to  m easure th e  s tra in s  in  separa te  s in g le  a lu m in ium  
b u cke ts  und e r v a r io u s  p e rtin e n t lo a d in g s . The m a in  o b je c ts  were to  
exam ine the  b e h a v io u r o f th e  b u cke t as a s h e l l ,  and to  in v e s tig a te  th e  
e s tim a tio n  o f a c tio n s  on a m e rid io n a l c ro s s -s e c t io n  o f  th e  b u c k e t, from  
co rre sp o n d in g  s tra in  m easurem ents at the  s e c t io n . These m a tte rs  had 
im p o rta n t b e a rin g  on th e  subsequen t c e n tr ifu g a l and s im u la te d  je t  lo a d in g  
e xp e rim e n ta l s tre ss  a n a ly s e s .
The a d o p tio n  o f c a s t a lu m in iu m  as th e  m a te r ia l o f  th e se  e xp e rim e n ta l
com ponents w as on grounds o f econom y o n ly .  A lum in ium  w o u ld  not be used
fo r  w h e e ls  in  s e n d e e . For the  ro le s  ta ke n  by th e  e xp e rim e n ta l com ponents
i t  proved to  be a p e r fe c t ly  adequate m a te r ia l,  be ing  found to  be l in e a r -
2
e la s t ic  to  a l im i t  o f 6 .2  T / in  fo r  both the  w h e e l and the  separa te  s in g le  
b u c k e ts .
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4A PRELIMINARY EXPERIMENTAL INVESTIGATION ON SEPARATE SINGLE 
BUCKETS
For the  a lu m in iu m  o f th e  tw o  separate  s in g le  b u c k e ts , the  v a lu e s  
o f Y oung 's  M o d u lu s  E and P o is s o n *s Ratio  w ere  found  to  b e :-  
E = 1 0 .9  X 10® lb / in  V =  0 .3
The c h o ic e  o f lo a d in g s  to  be a p p lie d  to  th e  s in g le  bucke ts  was 
gu ided  m a in ly  by re s u lts  o f th e  approx im a te  th e o re t ic a l s tre ss  a n a lyse s  
o f th e  p re v io u s  c h a p te r, supported  by genera l re a so n in g  as to  the  l ik e ly  
b e h a v io u r o f a b u cke t in  a w o rk in g  w h e e l. These in d ic a te d  th a t the  
lo a d in g s  m ost re le v a n t to  th e  a c tu a l w o rk in g  b e h a v io u r shou ld  be such 
as to  in d u ce  bend ing  in  th e  p lane  o f th e  w h e e l as th e  p redom inan t a c tio n  
on th e  b u c k e t. I t  w as th e re fo re  de c ided  to  exam ine  th e  s tre sse s  and 
d e fo rm a tio n s  o f th e  s in g le  b u cke ts  under lo a d in g  by  fo rce s  a p p ro x im a te ly  
ta n g e n t ia l and a p p ro x im a te ly  r a d ia l , and by a pure moment in  th e  p lane  o f 
the  w h e e l.
To p rov ide  fo r  p rope r tra n s m is s io n  o f lo a d in g ,  th e  bu cke t fo r  the  
18 in .w h e e l,  w h ic h  is  th e  a lu m in iu m  bucke t o f F ig . 8 , w as b o lte d  
a p p ro p r ia te ly  a t i t s  h u b -p o r t io n  to  an L -sh a p e d  b ra cke t fa b r ic a te d  from  
s tru c tu ra l s te e lw o rk , and an L -sh a p e d  p lin th  o f re in fo rc e d  concre te  was 
c a s t in te g ra l w ith  the  h u b -p o r t io n  o f the  33 in .w h e e l b u c k e t. These 
m oun tings  fo r  th e  b u cke ts  may be seen in  F ig s . 42 and 43,
Before a p p lic a t io n  o f s tra in  gauges to  th e  b u c k e ts , a te s t  o f l im ite d  
scope w as c o n d u c te d , in  w h ic h  the  18 in .w h e e l b u cke t w as coa ted  w ith  
b r i t t le  la c q u e r and su b se q u e n tly  su b jec te d  to  a p p ro x im a te ly  ta n g e n tia l 
lo a d in g . One o f th e  im p o rta n t o b je c ts  o f th is  w as to  g a in  exp e rie n ce  in  
b r i t t le  la c q u e r te ch n iq u e  p r io r  to  i t s  a p p lic a t io n  to  in v e s t ig a t io n s  on the  
1G& in ,w h e e l.  The te c h n iq u e , f in a l ly  deve loped  and u s e d , is  d e ta ile d  
in  A ppend ix  4 . The s t r a in - s e n s it iv i t y  o f th e  la c q u e r in  th is  b r ie f  te s t  
w a s /
(a) LOOKING ON SWEPT SURFACE OF BUCKET FROM INLET SIDE
(b) LOOKING DOWN ON SWEPT SURFACE OF BUCKET.
F IG . 4 2 . SINGLE A L U M IN IU M  BUCKET FOR 18 in . p . c . d .  TURGO W H EEL.
MOUNTED ON L -S H .^ E D  BRACKET. BUCKET CARRIES STRAIN GAUGES
WIRED AND COVERED, AND IS READY FOR LOADING IN  THE ADJACENT 
COMPRESSION TESTING M A C H IN E .
(a) SINGLE A L U M IN IU M  BUCKET OF F IG . 42. TOGETHER W ITH
B A LD W IN -L IM A -H A M ILTO N  STRAIN MEASURING INSTRUMENT AND 
SWITCH-BOXES.
(b) SINGLE A L U M IN IU M  BUCKET FOR 33 I n . p . c .d .  TURGO WHEEL (EARLY 
OBSOLETE DESIGN) MOUNTED ON L-SHAPED. REINFORCED CONCRETE 
P LIN TH . BUCKET CARRIES STRAIN GAUGES. WIRED AND COVERED. 
FOR CONDITIONS SHOWN. SOME OF THESE GAUGES SERVE AS 
COMPENSATORS W HEN GAUGES ON 18 in .W H EEL BUCKET OF (a) ABOVE 
ARE ACTIVE.
FIG. 43.
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w as found to  be about 0 .0 0 0 7 . The la cq u e re d  b u cke t on i t s  b ra c k e t, 
w as p la ce d  in  a co m pre ss io n  te s t in g  m a ch ine , som ew hat as shown in  
F ig s . 42 and 43(a) and a co n ce n tra te d  fo rc e , ro u g h ly  in  th e  ta n g e n tia l 
d ire c t io n  (w ith  re sp e c t to  an 18 in .w h e e l)  was a p p lie d  to  the  bucke t t ip .
The lo a d in g  w as e x a c t ly  the  same as the  a p p ro x im a te ly  ta n g e n tia l lo a d in g  
in d ic a te d  su b se q u e n tly  in  d e ta il in  s e c tio n  4 A i ,
F irs t c ra c k in g  o f the  b r it t le  la c q u e r occu rred  at th e  in le t  edge o f the  
b ucke t on th e  sw ept s u rfa c e , fo r  an a p p ro x im a te ly  ta n g e n tia l fo rce  o f 4001b. 
P ho tog raph , F ig . 44(a) show s th is  c o n d it io n , w h ile  F ig , 44(b) in d ic a te s  the  
e x te n t o f th e  c ra c k in g  o f th e  la c q u e r around th is  same re g io n , w hen the  
fo rce  had been in c re a s e d  to  7001b. At about 500 lb ,  c ra c k in g  o f the  
la c q u e r w as a ls o  found  at tw o  re g io n s  on th e  o u t le t  ed g e , one on the  sw ept 
su rface  ro u g h ly  on th e  same m e rid io n a l s e c tio n  w h ic h  co n ta in e d  the  p o in ts  
o f f i r s t  c ra c k in g  at the  in le t  e d g e , th e  o th e r on the  un sw ep t su rface  where 
the  o u tle t edge jo in e d  the  h u b -p o r t io n . I t  w as n o te w o rth y  th rou gh o u t the  
te s t  th a t ,  a lth o u g h  th e re  was fa i r ly  e x te n s iv e  c ra c k in g  at bo th  edges on 
the  sw ept s u rfa c e , th e re  was no e v id e nce  o f c ra c k in g  at co rre sp o n d in g  
p o in ts  a t th e  edges on th e  un sw ept su rfa ce .
Know ing th e  la c q u e r s t r a in - s e n s it iv i ty  to  be about 0.00D7, a rough 
q u a n tita t iv e  assessm en t o f the  s tra in s  in  some re g io n s  o f the  b u c k e t, w as 
ab le  to  be made fo r  th is  lo a d in g  c o n d it io n . For in s ta n c e , w ith  re fe rence  
to  F ig . 44 , i t  c o u ld  be sa id  th a t : -
(a) At 400 lb .  th e  s tra in  at the  f i r s t  c ra ck  re g io n  on the  in le t  edge 
w as about 0 .0 0 0 7  te n s ile .
(b) At 700 lb .  the  m aximum  te n s ile  s tra in  on the  boundary  o f the  c ra cked  
re g io n  shown on the  sw ept s u rfa c e , was about 0 .0 0 0 7 .
H o w e ve r, apart from  the  exp e rie n ce  ga ined  in  b r it t le  la c q u e r 
te c h n iq u e , the  v a lu e  o f  th is  short te s t  w ith  regard to  b ucke t b e h a v io u r 
under th is  lo a d in g , was in  show ing  th a t the  bu cke t e d g e s , m a in ly  on the  
s w e p t /
4 0 0  lb
(a) FIRST CRACKING OF BRITTLE LACQUER OCCURS AT INLET EDGE ON 
SWEPT SURFACE. APPROXIMATELY TANGENTIAL FORGE = 400 lb .
7001b
(b) EXTENT OF CRACKING OF LACQUER ON SWEPT SURFACE FOR 
APPROXIMATELY TANGENTIAL FORCE = 700 lb .
F IG . 4 4 . SINGLE A L U M IN IU M  BUCKET FOR 18 in.TURGO W HEEL. COATED 
W ITH BRITTLE L.ACOUER AND LOADED IN  TESTING M AC H IN E BY 
APPROXIMATELY TANGENTIAL FORCE AT BUCKET TIP . ILLU M IN ATIO N  
SHOWS CRACKING OF LACQUER (LIG HT PARTS AT. AND EXTENDING FROM. 
INLET EDGE) AND DETAILS H.AVE BEEN ADDED TO PHOTOGRAPHS TO 
CLARIFY THEM AND INDICATE LOADS.
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sw ept s id e ,  w ere the  lo c a tio n s  o f g re a te s t te n s ile  s tra in s ,  and th a t at 
co rre sp o n d in g  p o in ts  at th e  e d g e s , on the  o p p o s ite  s id e , the  s tra in s  were 
s m a lle r  o r c o m p re s s iv e . Th is  was the  f i r s t  in d ic a t io n ,  a lb e it  q u a l i ta t iv e , 
o f th e  a c tio n  o f bend ing  m om ents a long  th e  b u cke t e d g e s . The te s t  a lso  
show ed , to  a sm a ll e x te n t,  the  d ire c tio n s  o f p r in c ip a l s tra in s  on the  
sw ep t s u rfa c e . For exam ple  i t  is  in te re s t in g  to  n o te , from  the  d ire c t io n  
o f  c ra c k in g  in  F ig . 44(b) th a t ,  fo r  th is  lo a d in g , th e  p r in c ip a l te n s ile  
s tra in s  in  th e  re g io n  in d ic a te d ,  are ro u g h ly  p e rp e n d ic u la r to  the  l in e  o f the  
b u c k e t/h u b  ju n c t io n  ra th e r th a n  p e rp e n d ic u la r to  a m e rid io n a l s e c tio n .
Th is  can  be seen more c le a r ly  i f  F ig . 44(b) is  exam ined  in  c o n ju n c tio n  w ith  
F ig . 10(a ) , e s p e c ia lly  w ith  th e  u n se c tio n e d  p la s te r  b u cke t th e re o f, on w h ich  
m e rid io n a l s e c tio n s  are m arked .
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4A 1 S tra in  m easurem ents on separa te  s in g le  b u cke ts  su b je c te d  to  
v a r io u s  lo a d in g s
S ince i t  p e rta in e d  to  th e  cu rre n t d e s ig n , th e  b ucke t fo r  the  18 in ,  
Turgo w h e e l w as o f the  g re a te r in te re s t .  E le c tr ic a l re s is ta n c e  s tra in  
gauges o f 0 .2 5  in  gauge le n g th  w ere a ff ix e d  to  th is  b u cke t a t se le c te d  
lo c a t io n s ,  some o f w h ic h  are d e ta ile d  on F ig . 45. Gauge p a irs  were used 
a t lo c a t io n s  on th e  edges and 45^ ro se tte s  a t lo c a t io n s  rem ote from  th e  
e d g e s . A ccura te  p o s it io n in g  o f th e  gauges on th e  b u cke t w as a ch ie ve d  
on th e  b a s is  o f  m easurem ents ta k e n  from  the  m a n u fa c tu rin g  d raw in g  
(s im ila r  to  F ig .9) and from  th e  w h o le  and se c tio n e d  p la s te r  re p lic a s ,
F ig s . 8 and 10. These la t te r  were o f p a r t ic u la r  v a lu e  fo r  p in -p o in t in g  
lo c a t io n s  on th e  un sw ep t su rfa ce  o p p o s ite , th rou g h  th e  th ic k n e s s ,  to  
s e le c te d  lo c a t io n s  on -the  sw ep t s u rfa c e . As in d ic a te d  in  F ig . 45 , gauges 
w ere co n ce n tra te d  p a r t ic u la r ly  on th e  boundaries  o f  a m e rid io n a l s e c tio n  
o f th e  bu cke t in  th e  re g io n  o f the  p itc h  c ir c le  — th e  "average " m e rid io n a l 
s e c tio n  o f C h a p te r 3 . On th e  a m p lif ie d  m a n u fa c tu rin g  d ra w in g  (see V iew  
Y , F ig ,9 ) , th is  s e c tio n  w as s p e c if ie d  by ©  = 86° .
S im ila r  s tra in  gauges were a p p lie d  to  th e  33 in .w h e e l b u cke t in  a 
som ew hat s im ila r  la y o u t .  On bo th  b u c k e ts , w ire s  were connec ted  to  the  
gauges w h ic h  w ere th e n  s u ita b ly  cove red  as p ro te c tio n  from  d ra u g h ts . 
F ig s . 42 and 43 show  th e  com ponents ju s t  p r io r  to  a lo a d in g  te s t on the  
18 in . w hee l b u c k e t, w ith  s tra in  gauges cove red  and w ire s  ru n . F ig , 43(a) 
a lso  show s th e  s tra in  m easuring  in s tru m e n t and s w itc h  boxes w h ich  were 
u s e d . The s tra in  bri.dge and th e  th ree  s w itc h  boxes w ere o f the  B a ld w in - 
L im a -H a m ilto n  ty p e s . C o n n e c tio n s  were so arranged th a t when one 
b u cke t w as unde r lo a d in g , w ith  i t s  s tra in  gauges a c t iv e ,  gauges on the  
o th e r served  as co m p e n sa to rs .
O n /
AVIS IN 
^  PLANE OF WUEEL
SWEPT SUBFACE
CENTBOlO OF 
Q  |,SECTION
45 P05ETTE
t p a c e  on s w e p t
SUB FACE, OF THE WEOIDIONAL 
SECTION AT 0  •  86°
SWEPT SUBFACE OF BUCkET
V IE W  W.
^ C ID IO N A L  SECTION 
OF BUCKET AT 0  = 86^.
J_ INDICATES S T B A ^ -  
GAUGE LOCATION.
i  APE OPTHOGONAL
AXES TWBOUGH , THE CENTOOlD 
OF THE SECTION.
GAuGE DAiPPAPAlwEl & 
PEQPÊNOICULAP 
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V IE W  V .
^ P A IN -G A U G E  LOCATIONS 
ON SWEPT SUPFACE o f  BUCKET. 
TUEPE APE COPPESPONDlNS 
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e $  AS IN VIEW W ABOVE.
Fig 4.5.
STB A IN  -  GAUGE LO CATIO NS ON S IN G L E  
5EPADATE A LU M IN IU M  BUCKET FOD
1 0 in ._P C D  TU B S D W U E E L .
VIEWS SHOWN COPPE5POND TO VIEWS X & W  
OF F ig . 9.
FULL S IZE .
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On th e  b u cke t o f the  18 in .w h e e l,  s tra in s  w ere  m easured fo r  lo a d in g  
by pure moment in  the  p lane  o f the  w h e e l, and by  fo rc e s  a p p ro x im a te ly  
ta n g e n t ia l and a p p ro x im a te ly  ra d ia l (w ith  re sp e c t to  th e  w h e e l) , a p p lie d  
a t the  b u cke t t ip .  The moment w as e ffe c te d  as show n in  F ig . 46 , by 
a p p ly in g  equa l and o p p o s ite  v e r t ic a l fo rce s  to  th e  ends o f a bar w h ic h  was 
g rooved to  f i t  t ig h t ly  on th e  b ucke t t ip .  A ra ld ite  a d h e s ive  w as used to  
make a te m p o ra ry  but s u f f ic ie n t ly  s trong  jo in t  be tw een  ba r and b u c k e t.
The a p p ro x im a te ly  ta n g e n t ia l and a p p ro x im a te ly  ra d ia l fo rce s  at the  b u cke t 
t ip  were a p p lie d  by a co m pre ss io n  te s t in g  m achine in  w iiic h  the  b u c k e t, 
on i t s  b ra c k e t , had been s u ita b ly  a rranged , fo r  exam ple  som ewhat as 
in d ic a te d  in  F ig s ,42 and 43 (a ). The d ire c tio n s  and p o in ts  o f a p p lic a t io n  
o f  th e se  fo rce s  on th e  b u cke t are s p e c if ie d  in  F ig s , 47 and 48, There 
th e y  are re fe rred  to  th e  th re e -d im e n s io n a l o rth o g o n a l axes ,
p e rta in in g  to  th e  ©  = 86*^  m e rid io n a l s e c tio n  o f th e  
b u c k e t, th e  c e n tro id  o f th is  s e c t io n . F ig . 45 , b e in g  th e  o r ig in  o f 
a x e s . The arrangem ents o f th e se  fo rce  d ire c tio n s  s u b s ta n t ia l ly  p a ra lle l 
and p e rp e n d ic u la r  to  th e  m e rid io n a l s e c t io n , w ere a ch ie ve d  o n ly  a fte r  
p a in s ta k in g  s e tt in g -u p  p rocedures in  the  co m p re ss io n  m a ch ine .
Load ing  and u n lo a d in g  w ere a p p lie d  in c re m e n ta lly ,  s tra in s  be ing  
read c o rre s p o n d in g ly . The re ad in g s  th rou g ho u t w ere found to  be l in e a r -  
e la s t ic .  The re s u lts ,  in  th e  fo rm  o f p r in c ip a l s tre s s e s  at the  m e rid io n a l 
s e c tio n  lo c a t io n s , are show n in  F ig s . 46, 47 and 48 fo r  the  maximum 
v a lu e s  o f th e  th re e  lo a d in g s . These re s u lts  t y p i f y  th e  s tra in  b e h a v io u r 
o f th e  b u c k e t. The te n d e n c ie s  and b e h a v io u r in d ic a te d  were f u l ly  
co n firm e d  by th e  re s u lts  from  a l l  the  o th e r gauges.
S tra ins  were m easured on the  o b so le te  d e s ig n  b ucke t fo r  the  33 in . 
w h e e l, unde r a p p ro x im a te ly  ta n g e n tia l and a p p ro x im a te ly  ra d ia l fo rce s  
a p p lie d  at th e  t ip .  The c h a ra c te r is t ic s  o f the  re s u lts  o b ta in ed  were 
e x a c t ly  s im ila r  to  tho se  e x h ib ite d  by the  re s u lts  o f th e  co rre sp o n d in g  
te s ts  on the  18 in ,w h e e l b u c k e t.
I t /
IN p l a n e . / ,
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/  1401b
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UNSWEPT SURFACE.
P’ig .4 S . PCIWCIPAU STRESSES ( ib . / in O  OKI SINGLE ALUMIMIUM BUCKET
e3S*ACVY«Bosw:sje*vc» ' '  — ' " . .... - - \  /— ---- --  . -r - t- -ri
FOG 16 IN. RC.D. TUgGO WHEEL, DUE TO LOADING BY PURE
BENDING MOMENT OF 1400 lb. ins. IN TMË PLANE OF THE WHEEL. 
TUE STRESSES AGE SUOWW AT TUE LOCATIONS OKI TWE 
ECTI0N,(Flk45~) FOB TUE MAXIMUM VALUE0 = 86 WEGIOIOWAL
OF THIS LOADING.
APPROXIMATELY 
RADIAL FORCE 
PARALLEL TO 2 m 2 m - J
AXIS IS IN PLANE 
OP WWEEL, I.e. PLANS 
PARALLEL TO TWE PLANE 
OF TWE INLET EDGE.
SPeCIFICATION OF
LOADING APPUÈQ TO BUCKET.
2001b. 2001b.
4 TENSION 
-  COMPRESSION
OJ
to
«0in
AT LOCATIONS ON SWEPT SUPPACE, AT COPPESPGNDIN0 LOCATIONS 
ON UNSWEP1* SUP PACE.
Pio. 47. PRINCIPAL STOE55£S(lb./in!)0M  SINGLE ALUMIMiUM _BUaÆT__ 
POP 18 IN. BC.O. fU R gO  VvWEEIL , DUE TO LOADING i iS  APPRÔXIMATELV 
RADIAL FORCE ( WITM RESPECT TO WMEeQ  OF 2001b. TWE STRESSES 
ARE SHOWN AT TME LOCATIONS ON TW E ' 6  = 6 6 °  MERIDIONAL 
lË C T IO N , ( F IG . Is T fO R  TH E MAXIMUM VALUE OF TM IS  LOADING.
APPROKIMATekY
TANGENTIAL P0RC6 
PARALLEL TO
AXIS IS IN PLANE 
OP WHEEL, Le. PLANS 
PARALLEL TO TWS PLANE 
OP TWE INLET EOSe.
SPECIPICATION OP LOADING 
APPLIED TO BUCKET.
2001b.
+ TENSION 
-  COMPRESSION
AT LOCATIONS ON SWEPT SURPACE. AT COPaSSPOMOlN® LOCATIONS ON 
UNSWEPT SURFACE.
Fig. 48. PRINCIPAL STRESSES ( ib /ir iQ  ON SINGLE ALUMINIUM BUCKET FOR 16m. 
RC.D. TURGO WWEELj^  DUE TO LOADING BY APPPOKIMATELV TANGENTIAL
FORCE CvilTH RESPECT TO WHEEL)  OF 2001b. TWE STRESSES ARE 
SHOWN AT TWE LOCATIONS ON TWE 0  = S6° M ERID IO NAL S£CTION.(fig.45) 
FOP M AXIM UM  VALUE O F T H IS  LO ADING.
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ï t  is  c le a r  from  F ig s . 46 , 47 and 48 th a t th e  p r in c ip a l s tre ss  
d ire c tio n s  on both  s u r fa c e s , at th e  m e rid io n a l s e c t io n ,  are no t fa r  from  
be ing  p a ra lle l and p e rp e n d ic u la r to  the  p lane  o f the  w h e e l, o r a lte rn a t iv e ly ,  
are a lm o s t c irc u m fe re n tia l and m e rid io n a l. There is  a common s lig h t  
d e v ia t io n  from  the  c irc u m fe re n tia l and m e rid io n a l to w a rd s  th e  p a ra lle l and 
p e rp e n d ic u la r  to  th e  l in e  o f th e  b u c k e t/h u b  ju n c t io n ,  th is  te n d e n cy  be ing  
m ost in  e v id e n ce  at the  lo c a t io n s  nea res t th is  ju n c t io n .  For purposes o f 
d is c u s s io n , h o w e ve r, i t  is  not un reasonab le  to  say th a t th e  p r in c ip a l 
p lan e s  are s u b s ta n t ia l ly  c irc u m fe re n tia l and m e r id io n a l.
The m ost rem arkab le  fe a tu re  th ro u gh o u t is  th e  p re se n ce , rem ote 
from  the  e d g e s , o f a p p re c ia b le  m e rid io n a l s tre s s , o f s ig n  o p p o s ite  to  th a t 
o f th e  co rre sp o n d in g  c irc u m fe re n tia l s tre s s . At th e  m a jo r ity  o f th e  non ­
edge lo c a t io n s  the  m e rid io n a l s tre ss  has the  h ig h e r  m a g n itu d e . The s ig n s  
o f th e  m e rid io n a l s tre sse s  on th e  tw o  su rface s  fo r  a g iv e n  lo a d in g , show  
th a t the  m e rid io n a l s e c tio n  deform s m a in ly  by  b e n d in g , th e  m e rid io n a l 
cu rva tu re  ch a n g in g  in  a sense o p p o s ite  to  th a t o f the  co rre sp o n d in g  change 
in  the  c irc u m fe re n tia l o r in -p la n e  c u rv a tu re . For in s ta n c e , in  th e  c a s e s . 
F ig s , 46 and 48 , where th e  a p p lie d  in -p la n e  bend ing  moment te n d s  to  
reduce the  c irc u m fe re n tia l c u rv a tu re , the  m e rid io n a l cu rva tu re  is  in c re a se d  
(m e rid io n a l co m pre ss io n  on th e  sw ept s u rfa c e , te n s io n  on the  u n s w e p t) .
The s itu a t io n  is  v ic e -v e rs a  in  the  c a s e . F ig . 47 , w here  th e  a p p lie d  in ­
p lane  bend ing  moment te n d s  to  in c re a se  the  c irc u m fe re n t ia l c u rv a tu re .
In  a l l  th re e  lo a d in g  cases both  edges o f th e  bu cke t show th e  same 
ge n e ra l s tre ss  b e h a v io u r and th e  h ig h e s t s tre ss e s  on th e  s e c tio n  o ccu r at 
th e  edge lo c a t io n s  on the  sw ep t s u rfa ce . These s tre s s e s  a re , o f c o u rs e , 
p a ra lle l to  the  edges and the  co rresp o nd in g  s tre s s e s  on th e  unsw ep t 
su rface  are e ith e r  sm a ll o r  ze ro . Th is in d ic a te s  th e  p resence  o f 
s ig n if ic a n t  bend ing  m oments and membrane fo rce s  a long  both  e d ge s , 
th e  s ig ns  o f th e  bend ing  and membrane s tre sse s  be ing  s im ila r  on the  
s w e p t /
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sw ept s u r fa c e , d is s im ila r  on th e  unsw ep t s u rfa c e . For pure moment 
and ra d ia l fo rce  lo a d in g s , F ig s . 46 and 47, m axim um  s tre ss  is  on the  
o u tle t edge , bu t fo r  ta n g e n t ia l fo rce  lo a d in g . F ig . 48 , m aximum  s tre ss  
is  on th e  in le t  edge . I t  is  show n la te r  th a t th e  edge re s u lts  fo r  th is  
la s t  case  r e f le c t ,  to  some d e g re e , the  in f lu e n c e  o f to rs io n  on the  bucke t 
as w e ll as th a t o f  in -p la n e  b e n d in g . The o u tle t edge s tre sse s  fo r  a l l  
cases  m ay have been som ewhat a ffe c te d  by th e  fa c t th a t the  a p p lic a t io n  
o f th e  lo a d in g s  was d ir e c t ly  on th is  edge , a lb e it  a t p o in ts  rem ote from  the  
0  = 86^  m e rid io n a l s e c t io n . H o w e ve r, any  e ffe c ts  due to  th is  are 
show n to  have been sm a ll by th e  s im ila r i ty  in  th e  s tre s s  b e h a v io u r at 
bo th  edges and by re s u lts  o f the  subsequent c e n tr ifu g a l and s im u la te d  
je t  lo a d in g  e x p e rim e n ta l s tre s s  a n a ly s e s .
As w as to  be e x p e c te d , fo r  a l l  th re e  lo a d in g s  th e  s tre sse s  
p e rp e n d ic u la r  to  th e  e d g e s , th e  edge m e rid io n a l s tre s s e s , were found to  
be v e ry  sm a ll and v ir tu a l ly  ze ro .
I t  is  in te re s t in g  to  no te  th a t the  p r io r  b r i t t le  la c q u e r te s t  re s u lt  
rep resen ted  by F ig .4 4 (a ) ,  is  q u ite  w e ll co n firm e d  b y  th e  maximum s tre ss  
re s u lt  o f th e  c a s e . F ig . 48 , l in e a r ly  e x tra p o la te d  to  400 lb  lo a d in g .
In d e e d , a l l  the  in d ic a t io n s  o f th e  b r it t le  la c q u e r te s t  are w e ll s u b s ta n tia te d  
by th e  re s u lts  o f the  s tra in  m easurem ents fo r  th is  c a s e .
For a c tio n s  on the  bu cke t p rodu c in g  p re d o m in a n tly  bend ing  in  th e  
p lane  o f th e  w h e e l, th e se  te s t re s u lts  o f F ig s . 46, 47 and 48 show  th a t 
th e  s h e ll b e h a v io u r o f the  bucke t is  v e ry  s im ila r  to  th a t o f  a to ro id a l s h e ll 
unde r in -p la n e  b e n d in g . Th is is  p a r t ic u la r ly  so in  re sp e c t o f the  de fo rm ­
a tio n  o f m e rid io n a l s e c t io n s . The b eh a v io u r unde r bend ing  o f th e  c lo s e d
to ro id a l s h e ll o r p ip e -b e n d  is  w e ll docum ented . The p u b lic a t io n  o f the
(41)M , W , KELLOGG CO. fo r  e xa m p le , i l lu s t r a te s  how  th e  o r ig in a l ly  
c ir c u la r  s e c tio n  deform s e l l ip t ic a l ly  under both  senses o f in -p la n e  
b e n d in g , and under o u t-o f-p la n e  b e nd in g . The m e rid io n a l s e c tio n  
d e fo rm a tio n s /
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d e fo rm a tio n s  o f th e  p ip e -b e n d  under in -p la n e  bend ing  and o f th e  Turgo
w h e e l bu cke t under bend ing  in  th e  p lane  o f th e  w h e e l, are com pared
d ia g ra m m a tic a lly  in  F ig , 49. I t  is  e v id e n t th a t the  b u cke t deform s in  the
same w a y  as th e  part o f  th e  p ip e -b e n d  w h ic h  i t  resem b les  g e o m e tr ic a lly ,
n am e ly  th e  pa rt ou te rm ost from  th e  cen tre  o f  re v o lu t io n  o f the  bend.
The b e h a v io u r under co rre sp o n d in g  c o n d it io n s ,  o f  an open to ro id a l
s h e ll shaped l ik e  th is  ou te rm ost p o r t io n , form s a b e tte r  co m parison  w ith
the  b u cke t b e h a v io u r w h ic h  has been re co rde d . The g ene ra l q u a lita t iv e
(42)re ason in g  used by some in v e s t ig a to rs ,  fo r  exam ple  CLARK & REISSNER , 
to  e x p la in  the  m e rid io n a l d e fo rm a tio n  under in -p la n e  bend ing  o f the  
c lo se d  to ro id a l s h e l l ,  can be a p p lie d  e q u a lly  to  th is  co rre sp o n d in g  open 
to ro id a l s h e ll c a s e , and show s th a t in  re sp e c t o f m e rid io n a l s e c tio n  
d e fo rm a tio n , th e  open to ro id a l s h e ll behaves s im ila r ly  to  the  b u c k e t.
The open to ro id a l s h e ll case is  tre a te d  a n a ly t ic a l ly  in  th e  su cceed ing  
c h a p te r.
MM
M
M
BUCKET OF TURGO WWEEL SUBJECTED TO
PURE BENDING IN TUE PUANE OR TWE WHEEL.
P IP E -B E N D  SUBJECTED TO PURE IN -PLA N E BENDING.
w
r iG .  4 9 .  C O M P A P IS O M  OF D E FO R M A TIO N A L B E H A V IO U R  O F  A  TU R G O  
W UEEL BUCKET UWDER BËMOIMG IN TW E PLANE OF TWE  
W H E E L , WITI-I TM AT OP A  P IP E -B E N D  UKIDEP IN -P L A N E  BENOING 
D O TTE D  L IM E S  SHOW D IA G gA M M A TiC A LLY , TM E QEFQBMEO  
SH APES O F M E R ID IO N A L  S E C T IO N S  DUE TO  M O M E N T  M .
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4A i i  A n a ly s is  o f s tra in s  to  de te rm ine  a c tio n s  on a m e n d io n a l s e c tio n
o f a bucke t
I t  is  v a r io u s ly  accep ted  th a t th in  s h e ll th e o ry  a p p lie s  to
s h e lls  o f w h ic h  th e  geom etry  l ie s  w ith in  the  l im ita t io n s : -
____________ th ic k n e s s  at a p o in t_________ ;_______________  ^  _1_ , o r__1_.
m inim um  ra d iu s  o f cu rva tu re  o f m id -s u rfa c e  at th e  p o in t * ^ 2 0  10
D e s p ite  th e  fa c t th a t e ith e r  ra tio  is  o b v io u s ly  exceeded at some p o in ts
on i t  (see , fo r  e xa m p le , th e  s e c tio n s  o f F ig .9 ) ,  i t  is  assum ed fo r
s im p lic i ty  th a t th e  Turgo w hee l bucke t behaves as a th in  e la s t ic  s h e ll,
and hence in  p a r t ic u la r  h e re , th a t th e  d is t r ib u t io n  o f norm al s tre ss  th rough
th e  th ic k n e s s  is  l in e a r .  P h o to e la s tic  in v e s t ig a t io n s  by FESSLER AND 
STANLEY and FESSLER AND ROSE m ode ls  o f  to r ls p h e r lc a l
drum heads under p re s s u re , show  th a t the  th ro u g h - th ic k n e s s  s tre ss  
d is t r ib u t io n  m ay depa rt g ro s s ly  from  the  l in e a r  at p o in ts  on a s h e ll where 
th e  above ra tio  is  o f  the  o rde r o f 1. H o w e ve r, on a s h e ll where the  ra tio  
is  about i ,  the  s tre s s  d is t r ib u t io n  is  in d ic a te d  as a p p roach ing  fa i r ly  c lo s e ly  
to  th e  l in e a r .  A lthough  the  cases  c ite d  are not p re c is e ly  com parab le  w ith  
th o se  o f th e  b u c k e t, w hen i t  is  co n s id e re d  th a t the  ra t io  does no t exceed 
about 1 /5  at any p o in t on a Turgo w he e l b u c k e t, and is  o f th e  o rde r o f 1 /2 0  
o r le s s  at m any lo c a t io n s  on i t ,  th e  a ssu m p tio n  o f l in e a r  s tre ss  d is t r ib u t io n  
th ro u g h  th e  b u cke t th ic k n e s s  m ay be regarded as re a s o n a b le .
For any m e rid io n a l s e c tio n  o f a b u c k e t, i f  th e  s tre s se s  norm al to  the  
s e c tio n  ( i . e .  the  c irc u m fe re n tia l s tre sses) are know n  on the  sw ept and 
un sw ept s u r fa c e s , th e  co rre sp o n d in g  membrane and bend ing  s tress  
com ponents C5^  and (T^ are s im p ly  o b ta in e d . R e fe rring  to  th e  
m e rid io n a l s e c tio n  F ig .5 0 , fo r  any p o in t a long  th e  m id - l in e  at d is ta n ce  
from  th e  in le t  edge datum  , le t  the  c irc u m fe re n tia l d ire c t fo ic e  and 
b e n d in g /
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ve AS swoww.
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OF SECTION.
( a ) .  FULL SIZE DR3. OP A MERIDIONAL SECTION SMOWINQ UNIT ACTIONS N @ AT A POINT
ON TWE MIO-LIN£.^ IN0 ICATIN6  'ME PARAMETERS OP TWE POINT «ELEVANT tO  THE ANALYSIS. 
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M
ACTIONS ON 
MERIOIONAL SECTION 
+VE AS SHOWN. 'm  
ÎW . SCREW-RULE FOR 
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lb ) .  PICTORIAL VIEW OF SECTION & BUCKET SHOWING ACTIONS ON ELEMENT d s ^  OF
M ID-LINE, AND TOTAL ACTIONS My^ , AND ON THE SECTION
PiG. 50. MERIDIONAL SECTION OF A BUCKET WITH BASIS INDICATED FOP
m w u m vT e yW u w vT t.T T M l
derivation of ACTIONS ON THE SECTION FROM SURFACE STRESSES,
AT THE SEC'
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bend ing  moment per u n it  le n g th  be N g  and M g  re s p e c t iv e ly ,  in  n o ta tio n  
a p p ro p ria te  to  th in  s h e ll tre a tm e n t. These u n it  a c tio n s  may be found from  
th e  co rre sp o n d in g  membrane and bend ing  s tre sse s  v ia  th e  e q u a tio n s :-
w here " t ^  is  th e  co rre sp o n d in g  th ic k n e s s  o f the  b u c k e t.
The to ta l d ire c t fo rce  a c t io n  on th e  s e c t io n .  F ig .5 0 (b)^is
th e n  g iv e n  b y : -
=  \
J (4A. 2)O
and , w ith  re sp e c t to  axes and ^the to ta l bend ing  moment
a c tio n s  and on th e  s e c t io n , F ig . 50(a) and (b)^are g iv e n
re s p e c t iv e ly  b y : -
(4A.3)
and
J  J  (4A.4)
I t  is  e v id e n t th a t ,  kn o w in g  th e  d is tr ib u t io n s  o f d j  and (T^ w ith  
5 ^  a lo n g -th e  m id - l in e ,  and kn o w in g  the s e c tio n  geom etry  from  a fu l l  
s ca le  d ra w in g , e .g .  F ig . 50(a) , graphs o f a l l  th e  te rm s o r p roduc ts  w ith in  
the  in te g ra l s ig n s  m ay be p lo tte d  to  a common base o f 5 ^  . E va lu a tio n  
o f th e  in te g ra ls  m ay th e n  be c a rr ie d  out u s in g  S im pson 's  Rule o r g ra p h ic a l 
in te g ra t io n ,  o r s im p ly  by d ire c t m easurem ent w ith  p la n im e te r o f the  areas 
under th e  c u rv e s . The co rre sp o n d in g  a c tio n s  and on
the  m e rid io n a l s e c tio n  are th u s  o b ta in e d .
The above a n a ly s is  fo r  d e te rm in in g  a c tio n s  on a m e r ld io n a l s e c tio n  
from  th e  su rface  s tre ss e s  at the  s e c t io n , has been a p p lie d  to  the  re s u lts  
o f /
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o f th e  te s ts  on th e  18 in . w h e e l b u c k e t. S ince th e  c o rre c t a c tio n s  on the
o©  = 86 m e rid io n a l s e c tio n  were know n from  e q u il ib r iu m , (see p ic to r ia l ■
v ie w s  o f F ig s . 46 , 47 and 48) a ch eck  on the  a ccu ra cy  o f th e  m ethod was 
a v a ila b le .  The a ccu ra cy  w as o f in te re s t in  re la t io n  to  th e  num ber o f 
lo c a t io n s  on th e  s e c tio n  at w h ic h  s tra in s  had been m easured , o r 
a lte rn a t iv e ly ,  to  th e  num ber o f va lu e s  o f 5 ^  fo r  w h ic h  th e  in i t ia l  s tre ss  
da ta  were kn o w n . The la t te r  num ber was f iv e  as is  show n in  V iew  W y  
F ig .45 and in  F ig .5 0 (a ) , and i t  w as hoped th a t th is  w o u ld  p ro v id e  an 
adequate d is t r ib u t io n  o f (Q and (T^ o ve r th e  s e c t io n . The a n a ly s is  w as 
a ls o  un de r c o n s id e ra tio n  fo r  use in  th e  subsequent s tra in -g a u g e  
in v e s t ig a t io n s  on th e  1 6 i in .w h e e l,  p a r t ic u la r ly  in  regard  to  th e  re s u lts  o f 
the  c e n tr ifu g a l te s t .
A p p lic a t io n  o f th e  a n a ly s is  to  th e  re s u lts  o f th e  18 in ,w h e e l b u c k e t, 
w as ca rr ie d  ou t as d e sc rib e d  b e lo w  and , as I l lu s t ra te d  in  F ig s .51 (a ) , (b) 
and ( c ) , is  e x e m p lif ie d  by  th e  tre a tm e n t o f th e  1400 lb . in .  pure bend ing  
moment lo a d in g  c a s e , in  re sp e c t o f the  Ô = 86^ m e rid io n a l s e c t io n :-
(1) The norm a l c irc u m fe re n tia l s tre sse s  on th e  tw o  su rfa ce s  o f the  
s e c tio n  w ere c a lc u la te d  from  th e  read ings  o f th e  s tra in -g a u g e s  
p e rp e n d ic u la r  and p a ra lle l to  the  s e c t io n . As w as e x p e c te d , the  
v a lu e s  o b ta in e d  were o n ly  o f s l ig h t ly  s m a lle r  m agn itudes th a n  the  
co rre sp o n d in g  p r in c ip a l s tre sse s  in d ic a te d  on F ig . 46.
(2) At each o f th e  co rre sp o n d in g  f iv e  p o in ts  on th e  m id - l in e  o f  the  
s e c t io n , F ig . 50 (a ), the  membrane and bend ing  s tre sse s  and 0% 
norm al to  th e  s e c t io n , w ere found b y : -
<3^  = h a lf  th e  a lg e b ra ic  sum o f the  su rfa ce  norm al s tre s s e s ,
0^  = h a lf  the  a lg e b ra ic  d iffe re n c e  o f th e  su rfa ce  norm al s tre s s e s ,
(3) From F ig .5 0 (a ) ,  graph F ig ,51(a) was d raw n , be in g  set out as
base l in e ,  and the  v a lu e s  o f (Q and w ere p lo tte d  as a b sc issa e  
a t the  a p p ro p ria te  lo c a t io n s  on . Smooth d ire c t cu rves  were 
dravm  th ro u g h  the  p lo tte d  p o in ts  as show n .
(4) /
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(4) For m any v a lu e s  o f  F ig . 50 (a ), th e  param ete rs   ^ ,
p e rtin e n t to  th e  m id - l in e  o f th e  s e c t io n , w ere  m easured from  the  
F ig . , and th e n  p lo tte d  on a base o f  ^ e .g .  as show n fo r  on 
F ig . 51(a).
(5) From th e  cu rves  o f th is  la t te r  F ig . , N g  and M g  w ere c a lc u la te d
v ia  e q u a tio n s  (4A.1) and graphed w ith  as i l lu s t r a te d  in  F ig  .51(b),
By m easuring  the  area under th e  a p p ro p ria te  cu rve   ^ \ K lg .d is^
w as e v a lu a te d .
(6) From th e  cu rves  o f F ig . 51(b) and from  th e  p lo t o f th e  m id - l in e  
p a ra m e te rs , p roduc ts   ^ M g  siv\ f   ^ were d e te rm in e d .
These w ere graphed w ith  g iv in g  F ig .5 1 (c ) . P roduct M g .  cos^
was a ls o  c a lc u la te d , but w as found th ro u g h o u t to  be s m a ll in  com parison  
w ith  the  o th e r p rodu c ts  and was th e re fo re  n e g le c te d . By m easuring  
areas u n d e r th e  a p p ro p ria te  cu rves  , j  N eX t^ -d s ,^  , j  M g sm
O o
and j  were e v a lu a te d . Th is  w as a c tu a lly  ca rrie d  out
on graphs to  g re a te r s c a le s  th a n  tho se  o f F ig . 51(c) , w h ich  is  
p resen ted  to  i l lu s t r a te  th e  p roce d u re . The v a lu e s  o f a l l  th e  in te g ra ls  
p e rtin e n t to  th is  case  are show n on F ig s . 51(b) and ( c ) . These 
co rrespond  to  th e  to ta l a c tio n s  on the  s e c t io n , a cco rd in g  to  e q u a tio n s  
(4 A .2 ), (4A .3) and (4 A .4 ) .
The co rre sp o n d in g  re s u lts  o f th e  o th e r te s ts  on the  18 in ,w h e e l b u c k e t, 
re fe re nce  F ig s . 47 and 48, have been an a lyse d  e x a c t ly  as above .
The v a lu e s  o f a l l  th e  a c tio n s  o b ta in e d  by th e se  a n a lyse s  are com pared 
w ith  the  co rre sp o n d in g  c o rre c t e q u ilib r iu m  va lu e s  in  the  fo llo w in g  ta b le : -
Tab le  3 /
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T a b le  3.
Tests on bucket for 18 in. Turgo wheel*
Comparison of actions on a meridional section, obtained by analysis 
of measured strains, with the corresponding correct actions for equilibriur
Action on ©  = 86*^  meridional section, refoFig, 50(b)
Loading Mvtv/l Ih. in. M x M lb. in. P m
lb.
on
bucket
Derived
from
strain
measure­
ment
Correct
from
equi­
librium
Derived
from
strain
measure­
ment
Correct
from
equi­
librium
Derived
from
strain
measure­
ment
Correct
from
equi­
librium
1400 lb. in. pure 
bending moment 
Fig. 46
-1- 1430 + 1400 + 150 0 . + 25 0
200 Ib.japprox?^ 
radial force 
Fig.47
- 1100 - 1100 - 300 - 200 - 225 - 200
200 lb., approxî? 
tangential force 
Fig.48
+ 1240 + 1200 -i- 400 0 - 15 0
I t  is  e v id e n t from  th e  ta b le  th a t the  a n a ly s is  from  m easured s tra in s , 
as p re se n te d , re s u lts  in  th e  d e te rm in a tio n  o f a c tio n  w ith  e x c e lle n t
a c c u ra c y , and o f a c t io n  w ith  q u ite  good a c c u ra c y . A c tio n  is
much le s s  a c c u ra te ly  d e te rm in e d . One p o s s ib le  reason  fo r th is  poor 
a ccu ra cy  in  one moment as com pared w ith  th e  o th e r , is  th e  na tu res  o f the  
p rodu c ts  N gX j^  and  ^ t y p if ie d  in  th e  cu rves  o f F ig . 51(c). There
the  area under com prises  m a in ly  p o s it iv e  p o r t io n s , so any e rro r
a s s o c ia te d /
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a s s o c ia te d  w ith  one p o r t io n , say to w a rd s  the  in le t  edge , w i l l  be 
re fle c te d  as a r e la t iv e ly  sm a ll f ra c t io n  o f the  to ta l .  The area under ^
h o w e ve r, co m prise s  m uch la rg e r  and ro u g h ly  equa l p o s it iv e  and n e g a tive  
p o r t io n s . An e rro r a s s o c ia te d  w ith  one such p o rt io n  w ou ld  be expec ted  to  
be p ro p o r t io n a te ly  g re a te r th a n  th e  co rre sp o n d in g  e rro r in  N ^ X ^ ^ ^ a n d  
w o u ld  be re fle c te d  as a r e la t iv e ly  la rg e  pe rcen tage  o f the  to ta l a rea , 
i t s e l f  c o m p a ra tiv e ly  s m a ll.  Thus th e  d e te rm in a tio n  o f M ^ ^ w i l l  be more 
s e n s it iv e  to  the  a c c u ra c y  in h e re n t in  the  in i t ia l  cu rve  o f 0 ^  , e .g .  as in  
F ig . 51 (a)^ and in  th e  in i t i a l  s p e c if ic a t io n  o f th e  s e c tio n  g e o m e try , e .g .
F ig .5 0 (a ) . The ta b le  in d ic a te s  a c o n s is te n t tre nd  in  th e  e rro r in  ,
w h ic h  e rro r m ay be a s s o c ia te d  w ith  th e  s tra in  re s u lts  o r th e  shapes o f the  
CT  ^ cu rve s  in  the  re g io n  o f the  in le t  edge . For th e  ta n g e n t ia l fo rce  
lo a d in g  w h e re , as is  show n la te r ,  the  in f lu e n c e  o f to rs io n  on th e  s e c tio n  
is  a ls o  p re s e n t, th e  s tre sse s  at the  in le t  e d ge . F ig . 48 , are c o n s id e ra b ly  
h ig h e r th a n  at th e  o u t le t  e d g e . Th is seems to  have exa ce rba te d  th e  
co rre sp o n d in g  e rro r in
The shapes o f th e  in i t ia l  membrane and bend ing  s tre ss  c u rv e s , e .g .
F ig . 51 (a ), are o f o b v io u s  im p o rta n ce  to  the  a ccu ra cy  o f th e  a n a ly s is .
The cu rve s  in  th e  F ig a n d  fo r  the  o th e r tw o  lo a d in g  c a s e s , have been 
d raw n  sm o o th ly  and d ir e c t ly  th rough  the  p lo tte d  p o in ts .  S ince a c tio n  M x m  
is  o f m in o r co nce rn  both  in  th e se  te s ts  and in  re la t io n  to  b ucke t b e h a v io u r 
in  a w o rk in g  w h e e l,  the  form  o f the  a n a ly s is  p re se n te d , based on m easured 
s tra in s  p e rtin e n t to  f iv e  p o in ts  on the  s e c tio n  m id - l in e ,  is  regarded as 
re a so n a b ly  s a t is fa c to ry .
I t  is  in te re s t in g  to  no te  from  F ig .51 (c) , th a t on the  m e rid io n a l s e c tio n , 
th e  re s is ta n c e  to  th e  in -p la n e  bend ing  moment M y ^ is  p rov ide d  m a in ly  by 
th e  membrane a c tio n  o f the  b u c k e t, re fle c te d  in  \ = + 1130 lb . in .
The fo llo w in g  ta b le  g iv e s  the  da ta  p e rtin e n t to  th is  re s u lt and to  the  o th e r 
re s u lts : -
Table 4 .
Tests on bucket for 18 in,Turgo wheel. 
Membrane and bending actions on meridional section
-137“
-
Loading on bucket
Percentage of in-plane bending 
moment ©  = 86 meridional 
section, taken by:-
Membrane action Bending action 
J q
1400 lb. in.pure bending 
moment, Fig.46 79 21
200 lb., approximately 
radial force, Fig.47 75 25
200 lb., approximately 
tangential force, Fig,48 79 21
The d is t r ib u t io n  o f membrane u n it  fo rce  N g  o ve r th e  s e c t io n ,
F ig . 51(b) , is  not u n lik e  the  co rre sp o n d in g  s tre ss  d is t r ib u t io n ,  w h ich  w ou ld  
be g iv e n  by assum ing  s im p le  beam b e h a v io u r.
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4A i l l  E xam ina tion  o f s tra in s  p e rtin e n t to  th e  b e h a v io u r o f a b u cke t 
under to rs io n
Of the  th ree  typ e s  o f lo a d in g  a p p lie d  to  th e  18 in .w h e e l b u c k e t, 
o n ly  the  a p p ro x im a te ly  ta n g e n tia l fo rc e , F ig , 48 , ac ted  tra n s v e rs e ly  w ith  
re sp e c t to  th e  ©  = 86°  m e rid io n a l s e c tio n , and so w as the  o n ly  lo a d in g  
l ik e ly  to  cause  any s ig n if ic a n t  e ffe c ts  due to  to rs io n  to  be e x h ib ite d .
The occu rre n ce  in  th is  c a s e , o f maximum s tre ss  on th e  in le t  edge , in  
c o n tra s t to  the  re s u lts  fo r  the  pure bend ing  moment lo a d in g  case F ig . 46, 
w here m axim um  s tre ss  is  shown on the  o u tle t edge , w as suspected  as 
r e f le c t in g  the  in f lu e n c e  o f to rs io n  on th e  s e c tio n . The s u s p ic io n  was 
co n firm e d  by the  re s u lts  o f  tw o  fu r th e r  a p p ro x im a te ly  ta n g e n tia l fo rce  te s ts ,  
in  w h ic h  the  same fo rce  on th e  bucke t t ip ,  F ig . 48 , w as a p p lie d  at d if fe re n t 
d is ta n c e s  in  re la tio n  o n ly  to  a x is  In  th is  w a y , th e  o n ly  a c tio n
w h ic h  w as v a r ie d  on th e  s e c tio n  was the  to rq u e . The edge s tre sse s  fo r  
a l l  th ree  a p p ro x im a te ly  ta n g e n tia l fo rce  te s ts  are in d ic a te d  on F ig . 52 , 
w h ic h  a lso  shows the  fo rce  p o s it io n s  re la t iv e  to  Z  ^  . As the  to rque  
changes w ith  in c re a s in g  d is ta n c e  o f  th e  200 lb . fo rc e  from  Z   ^so the  
in le t  edge s tre sse s  in c re a s e  on bo th  su rfaces  and th e  o u tle t edge sw ept 
su rface  s tre ss  re d u ce s . C o n v e rs e ly , i t  is  e v id e n t th a t ,  i f  th e  a p p ro x im a te ly  
ta n g e n tia l fo rce  w ere to  be a p p lie d  at zero d is ta n c e  from   ^ o r a
l i t t l e  to  th e  r ig h t o f th is  a x is ,  F ig . 52 , the  o u t le t  edge w ou ld  e x h ib it  th e
m aximum s tre ss  on the  s e c t io n , and a fo rce  p o s it io n  co u ld  be found fo r
. . . . .  .. / o u t le t  edge sw eot surface  stress ') , . .w h ic h  th e  ra tio  7- — ----—^------------%------ :--------- *----------/ w o u ld  equa l the c o r re s -\ in le t  edge sw ept su rface  s tre ss  /
pond ing  ra tio  fo r  the  pure bend ing  moment lo a d in g  c a s e , F ig . 46,
The a p p ro x im a te ly  ta n g e n t ia l fo rce  o f 200 1b, F ig , 48, e xe rts  an in ­
p lane  bend ing  moment M y ^ o f  1200 lb . in .o n  the  ©  = 86°  m e rid io n a l 
s e c tio n . As in d ic a te d  p re v io u s ly ,  the  s tra in s  o f th is  case have been 
a n a ly s e d /
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P ig. 52. STRESSES O b j i n ^ )  AT TME EDGES, ON BOTM SURFACES OF TME 
B= 86° MERIDIOMAL SECTION, POP 2001b. APPROXIMATELY 
TANGENTIAL FORCE APPLIED AT TIP OF THE iSiN. WHEEL BUCKET, 
AT TMREË DIFFERENT POSITIONS RELATIVE TO AXIS Zulu-
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analysed for the derivation  of actions on the section . It  is  instructive  
to compare the measured bending and membrane stress distributions^ CT^  
and O j  ^ over the section for th is  case , w ith  the corresponding stress 
distributions for the case of 1200 lb .in .pure bending moment lo ad in g , the  
stress results for th is  la tte r  having been extracted by d irect proportion from 
the values of F ig . 51(a). The comparisons are shown on F ig . 53 , where the 
more in teresting  of the two is undoubtedly the membrane stress comparison 
F ig . 53(b ). It  is  not unreasonable to assume that the (Q  curve for 
1200 lb .in .pu re  moment lo ad in g , also represents the e ffec t of the 1200 lb .in . 
in -p la n e  bending moment exerted by the 200 Ib .ta n g en tia l fo rce. The 
difference in  ord inates , therefo re , between the two CQ curves, represents  
the membrane stress d is tribu tion  due to the 200 lb .transverse force and to  
torsion on the section induced b y  th is  force. Membrane stress due to 
transverse force w ill c le a rly  be of small consequence, so that the difference  
in  ordinates between the curves, as ind icated on F ig .5 3 (b ), is  approxim ately  
the membrane stress d is tribu tion  due m ainly to torsion on the section .
This membrane stress d is tribution due m ainly to  to rs io n , has been
re plotted over the actual Q  ~ 86^ m eridional section of the bucket, as shown
in  F ig .54. Comparing th is  F ig . w ith  Fig . 25 , there is  a remarkable
resemblance between the d istribution  of torsion membrane stress over an
actual bucket section and that of theoretica l warping restrain t d irect stress
over an equivalent parabolic section of bucket. M oreover, the signs of the
torsion membrane stresses (-î- at in le t ,  -  at outlet) are in  accordance w ith the
directions of the torque d istribution  over the bucket from tip  to root, i f  the
problem is  view ed in  the ligh t of the theory of non-uniform  torsion of th in -
(33 34)w alled  open-section  beams '  ^ . C le a rly , although the bucket is  of
pronounced shell form , its  behaviour under torsion is  not so very d ifferent 
from that of a straight beam of s im ilar m eridional section .
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P ig . 54. MEMBRANE STRESS DISTRIBUTION OVER 8» 86° MERIDIONAL 
SECTION OF ISim.TURGO WHEEL BUCKET, DUE MAINLY TO 
TORSION ON TWÊ SECTION INDUCED BY 2001b. APPROXIMATELY 
TANSiNTIAL FORCE LOADING. ( F ig 48). TME DISTRIBUTION, 
SHOWN PLOTTED TO SCALE OVER THE SECTION MID"LINE,
IS TAKEN FROM PIG. SB (b).
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4B MEASUREMENT OF CENTRIFUGAL STRESSES IN 16? In.p .c .d. TURGO WHEEi
The choice of s ize  of aluminium wheel for experim ental stress analysis  
was a compromise m ainly between two factors . The w heel had to be small 
consistent w ith  economy, but also had to be s u ffic ie n tly  large to a llow  ease  
of access to  a ll surfaces of in terest for the in s ta lla tio n  of strain gauges.
The density  and the e la s tic  constants of the wheel m aterial were 
measured. These are given in  Table 1, Chapter 3.
A spinning test rig was manufactured and consisted b a s ic a lly  of a 
bedplate w ith bearings which carried a steel shaft. One end of the shaft 
was coupled d ire c tly  to the drive u n it^  a variab le  speed A, 0 .  motor 
incorporating a speed regulator. The other end, which was 1.15/16 in . 
diam eter and overhung or c a n tile v e re d , bore the dynam .ically-balanced w heel 
and other rotating parts when the la tte r  were required. As the bore o f the  
w heel hub was 4 f  in  (F ig s .7 and 9 ) ,  mounting of the wheel on the overhung 
Shaft was achieved v ia  a flanged steel sleeve on which the hub was a 
slid ing f i t .  The sleeve was keyed to the shaft, and its  flange was connect­
ed to the in le t side face of the wheel hub by four steel driving pins which  
engaged in  rad ia l slots cut in  the hub fa c e . The an'angement of pins in  
rad ia l slots was designed so as to provide positive  d riv e , but to incur no 
restra int against rad ia l deformation of the w h ee l. In  the same w ay , a f la t  
ring screwed to the sleeve on the outlet s id e , sensed to locate  the wheel 
a x ia lly  but w ith suffic ien t clearance to a llow  any ax ia l deformation of the  
wheel to occur fre e ly . The w h e e l/s le e ve  assem bly was a x ia lly  located on 
the shaft by means of spacer r in g s , a washer and a nut on the screwed 
overhung end. The wheel may be seen mounted in  the spinning tes t rig 
in  F ig . 59 ,
P r io r /
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Prior to  commencing strain gauge in s ta lla tio n , a b rittle  lacquer 
centrifugal test was conducted on the w hee l. The technique largely- 
fo llow ed the general description given in  Appendix 4 . The lacquered wheel 
and ca lib ra tio n  bars were stoved in  a large closed oven, cooled s low ly  and 
removed. Fa irly  sp eed ily , 3 ca lib ra tion  bars were tested  w hile  s im ult­
aneously the w heel was fitte d  on the overhung shaft of the spinning test 
r ig , care being taken to avoid touching the lacquered areas. To prevent 
contact w ith  draughts w hile  spinning, a lacquered sector of the w heel was 
appropriately m asked-o ff w ith ta p e , but another nom inally id en tica l 
lacquered sector was le ft  uncovered. The w heel was spun at increm entally  
increasing speeds, w ith  in terva ls  at stationary to permit exam ination of the  
lacquer for cracking . The maximum speed which the motor would a tta in ,
1920 r .p .m . , was achieved without any cracking of the lacq u er, e ith er on 
the m asked-o ff sector or on the exposed sector, being found on subsequent 
exam ination. After the remaining ca lib ra tio n  bars were tested a ll results  
from the bars were plotted on an appropriate graph, and the s tra in - 
s e n s itiv ity  of the lacquer was obtained. The results are graphed on 
F ig . A 4.1, from which the s tra in -s e n s itiv ity  is  seen to be about 0 .0005 -  20%. 
Although th is  b rittle  lacquer test on the wheel was somewhat abo rtive , i t  
did ind icate  th a t , at 19 20 r .p .m , ,  the maximum te n s ile  strain on the wheel 
was most u n lik e ly  to exceed 0 .0 0 0 6 .
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4B 1 C entrifugal stress measurement using e le c tr ic a l resistance strain  
gauges and s lip  rings
After the b rittle  lacquer test the wheel was removed from the shaft 
of the spinning test r ig . It  was then cleaned and mounted on a stand,
F ig s .55 and 56 , for in s ta lla tio n  of strain gauges.
The use of s lip  rings to recover signals from strain gauges on
(1 5rotating p ie c e s , is  a topic on which there is  a considerable lite ra tu re , ' '
14, 15, 20 , 21, 22 , 46 -  57 in c l.)  a  c ircu it system in  wide use is  that
of the fu ll rotating bridge which is  designed s p e c ific a lly  to m inim ise the
possible e ffects  of s lip  ring "noise". This system formed the basis of
the strain gauge c irc u it. F ig . 57 , which was adopted for the Turgo wheel
te s ts . In  the fu ll rotating bridge, as w e ll as the active  gauge, the three
in active  gauges of the basic four-arm  bridge are mounted on the rotating
s ide . The s lip  rings lie  outwith the bridge, being in  series only w ith the
power supply and galvanom eter of the strain m eter, where the in fluence of
the lings on the strain  in d ica tio n  is  n e g lig ib le , provided th e ir  resistance
is re la tiv e ly  lo w ,
A problem associated w ith  the use of the fu ll rotating bridge, is  that
suitable locations for the inac tive  gauges require to be found or provided
on the rotating parts . None of the various so lu tions, which investigators
have adopted, was regarded as suitable for th is  ap p lica tio n . A n ew
(57)so lu tion , devised by the author , was used. This new method, which 
provides s tra in -free  locations in  the centrifugal f ie ld ,  consists in mounting 
the in a c tiv e  gauges a x ia lly  on the segmented circum ference of a th in  d is c , 
made from the same cast of m ateria l as the Turgo w h e e l, w ith which the  
disc ro ta tes . F ig s ,55(b ) and 56(b) show the segmented disc on the outlet 
side of the wheel during attachment and w iring of the strain gauges.
In  F ig . 59(b) i t  is  shown in s ta lle d  on the outlet side of the w heel in  the  
spinning tes t r ig . In th is  photograph the disc is  covered w ith black tap e . 
To gether/
e(a) LOOKING ON INLET SIDE AND SHOWING TUFNOL TERMINAL BOARD 
TO W H IC H  ALL STRAIN GAUGES ON WHEEL ARE CONNECTED.
(b) LOOKING ON OUTLET SIDE AND SHOWING A L U M IN IU M  SEGMENTED DISC  
W H IC H  CARRIES COMPENSATING AND R.ATIO-ARM STRAIN GAUGES.
F IG .5 5 . 16? in .A L U M IN IU M  TURGO WHEEL ON STAND, DURING  INSTALLATION 
AND W IR IN G  OF STRAIN GAUGES.
£%
(a) LOOKING ON INLET SIDE AND SHOWING TUFNOL TERMINAL BOARD 
TO W H IC H  ALL STRAIN GAUGES ON WHEEL ARE CONNECTED .
(b) LOOKING ON OUTLET SIDE AMD SHOWING A L U M IN IU M  SEGMENTED
DISC W H IC H  CARRIES COMPENSATING AND RATIO-ARM STRAIN GAUGES
FIG . 5 6 . 16? in .A L U M IN IU M  TURGO WHEEL ON STAND. DURING  
INSTALLATION AND W IR IN G  OF STRAIN GAUGES.
—143 —
Together w ith  associated considerations, a descrip tion  of the segmented 
disc method for in a c tiv e  gauge locations is presented in  Appendix 5 , which  
comprises the author's pub lica tion .
In s ta lla tio n  and w iring of strain gauges on the w heel and segmented 
disc were completed w ith  both these components on the stand. F ig s .55 and 
56. All w ires were arranged to run to the Tufnol term inal board shown on 
the in le t side of the w h ee l. The 219 gauges mounted on the wheel were of 
0.125 ia a n d  0.25 in.gauge lengths and betw een 0.10 in ,and 0 .2 0  in.gauge  
w id th , and comprised many s in g les , ro se ttes , and singles mounted in  
rosette orientations at nom inally id en tica l locations (Fig. 56 ). D e ta ils  of 
the strain  gauge locations are ind icated in  subsequent sections which  
present the strain measurement resu lts . On the buckets , many single  
gauges were located along the edges on both swept and unswept surfaces.
For the most p art, gauge pairs were not used at the edges, in  v ie w  of the 
results of the tests  on the single buckets (section 4A i ) , and owing to the  
d iffic u ltie s  associated w ith locating  a pair accurate ly  together at an edge. 
Other locations on the buckets were on m eridional sectio ns , and at 
possible stress concentration points at bu cket/rim  and bucket/hub junctions.' 
On the rim , gauges were located m ainly at points on fu ll r im -s e c tio n s , 
as fa r as possible in  way of the rim junctions w ith  the in le t and outlet 
edges. Gauges were arranged c irc u m fe re n tia lly ,a x ia lly  and ra d ia lly  as 
appropriate, on the surfaces of the hub, as fa r as access would perm it.
The hub bore was in a c c e s s ib le . To provide checks on resu lts , some 
gauges were duplicated at nom inally id en tic a l locations on the buckets, 
rim and hub.
The w h e e l, segmented disc and term inal board were transferred to the  
overhung shaft of the spinning test r ig , the disc being arranged on the 
outlet side of the w heel, the term inal board on the in le t side near the end 
of the shaft. A dog-drive on th is  end was coupled to the rotor of the slip  
r in g /
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ring un it which stood on a separate m ounting, as shown in  F ig s .58 and 
59 , The s lip  ring unit was a com m ercially manufactured one s p e c ific a lly  
designed for use w ith  strain gauges. It  provided 11 conducting channels  
together w ith a sp lit-c h a n n e l for revolution counting.
D e ta ils  of the centrifugal test strain gauge c irc u it are shown on 
F ig . 57 for one of the four s im ila r banks of a c tiv e , compensating and ra tio -  
arm gauges. The strain  meter and switch leads on the stationary side 
were connected v ia  the 11 channels of the s lip  ring u n it, to  term inals SI 
to 811 on the term inal board. . Three s lip  ring channels were occupied by 
the power leads and common galvanom eter le a d , leav in g  8 for active  gauge 
connections, so a llow ing 8 active  gauges to be read per test run. Only 8 
compensating and 2 ra tio -arm  gauges were therefore necessary in  each  
gauge bank as shown in  F ig .57 , the compensators and ratio -arm s being 
mounted on the segmented d is c . The wires from these were taken through 
the w heel passages d ire c tly  to  the term inal board. Also a ll the leads from 
th e  active  gauges on the w heel passed d ire c tly  to the term inal board, 
where changes of connections were effected between runs. Referring to  
F ig .5 7 , for a ty p ic a l test run the fo llow ing connections were m ade:-
D I l  and D l l  both to S I, D I2 to 82 , DI3 to S3, D A I  DA8
resp ec tive ly  to 8 4 ------- 811 , and D C l  D C 8 also resp ective ly
to 8 4 ------- 811 . The tes t run was then made for ac tive  gauges
DA I - — -DA8, and on com pletion of the run D A I   DA8 were
disconnected from 84 ——  811 and replaced there by other 8
active  gauge connections D A 9    DA16. A tes t run was then
made for active  gauges D A 9    DA16, and so on.
The w ires on the rotating side were stuck down w ith  epoxy glue and 
tap ed , and a ll gauges were covered w ith fe lt and tap e .
At any setting of the motor regulator a v ir tu a lly  constant speed was 
m ainta ined , so s te a d y -s ta te , d irect-read ing  strain meters of the Baldw in- 
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Li m a-H  a m ilt on and Huggenberger types were used for centrifugal strain
in d ic a tio n . These were found to be perfectly  sa tis fac to ry , A subsequent
check, described la te r ,  in  which an S .E . Laboratories u ltra -v io le t
dyn am ic-s tra in  recorder was used, fu lly  confirmed important results
obtained w ith  the s tead y-s ta te  instrum ents, both in  respect of the strain
magnitudes ind icated  and of the steadiness o f the readings.
Speed was measured by tachom eter and d ig ita l pulse counter, th is
la tte r  being operated v ia  the counting channel of the s lip  ring u n it.
Figs 58 and 59 show the wheel in  the spinning test rig ready for
a test run. The former F ig . gives two v iew s of the w h e e l, s lip  ring unit
and pulse counter, the gauges and wires on the wheel being taped .
The term inal board is  also shown taped , as i t  was for each te s t run.
F ig .5 9 (a ) shows the w heel in  the r ig , the s lip  ring u n it, the motor and
speed regulator and the Baldwin strain meter and sw itch box. In  F ig .59(b )
the strain meter has been replaced by the u .v .  d yn am ic-s tra in  recorder.
In  a tes t run, strains at a location  were measured at 3 speeds,
about 770 r .p .m . , about 900 r .p .m , and about 1300 r .p .m . , the normal
working speed. Subsequent to tests  w ith the w heel in  the working
condition as shown in  F igs . 58 and 59 , the com plete w heel was m asked-o ff
w ith tape to e lim inate  w indage. M any of the more s ign ifican t strains v/ere
re-m easured for th is  cond ition , but i t  was found that the elim ination  of
windage had no appreciable e ffe c t.
All the measured centrifugal strains showed accurate lin e a r varia tio n
w ith  the square of the speed. F ig .60 shows a graph of measured strain  
2
V ( r .p .m .)  for a few  gauge lo ca tio n s , including the most s ign ificant ones.
F IG .5 8 . TWO VIEWS OF 16? in .A L U M IN IU M  TURGO WHEEL IN
RIG READY FOR CENTRIFUGAL TEST. THE TAPED TERMINAL BOARD. 
SLIP RING U N IT  AND PULSE COUNTER ARE SHOWN.
(a) V IEW  SHOWING SLIP RING U N IT . B A LD W IN -L IM A -H A M ILTO N  
STRAIN METER AND 8W ITC H -B 0X .
(b) VIEW  SHOWING TAPED SEGMENTED DISC ADJACENT TO OUTLET SIDE 
OF W HEEL. AND SHOWING S .E . LABORATORIES ULTRA-VIOLET DYNAMIC- 
STRAIN RECORDING EQUIPM ENT.
F IG . 5 9 . IG j in .A L U M IN IU M  TURGO WHEEL IN  RIG READY FOR CENTRIFUGAL 
TEST. THE DRIVING MOTOR AND SPEED REGULATOR ARE SHOW N.
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F ig. 60. GRAPHS OF MEASURED CENTRIFUGAL STRAIN v SQUARE OF WHEEI 
SPEED CP.PM.)? ty p ica l OF TME STRAIN GAUGE READINGS FOR 
THE TEST ON THE 15s IN. ALUMINIUM TÜRSÔ V*/MiEL.
“146'
4B ü  C entrifugal stresses on the buckets
The main measured centrifugal stresses on the buckets of the 16& in. 
aluminium Turgo w heel are presented in  F ig s ,61, 62 , 53 and 64. These 
results pertain  to the normal working speed of 1300 r .p .m . , which was the  
maximum speed attained in  the te s ts .
The results for the edges are plotted as edge stress d is trib u tion s , 
in  F ig s . 61 and 62 , the former showing the values read on the swept surfaces  
of the e d g es , the la tte r  the values at corresponding points on the unswept 
surfaces o f the edges.
The principal stresses on the surfaces at points remote from the edges 
are ind icated in  F ig s .63 and 64 , the former F ig . for points on the swept 
surface, the la tte r  fo r , in  the m ain, corresponding points on the unswept 
surface. The principal stresses m ostly refer to points on four m eridional 
sections of the bucket (at ©  = 57^, 74^, 92^ , 111*^ -  F ig ,9) and at 
junctions of the bucket w ith  rim and w ith  hub. Some edge stress values  
have been repeated in  these two F igs. , m ainly at points of in terest in  
re la tion  to ind icated non-edge stresses.
There is  a marked contrast in  magnitudes between the stresses on the  
swept surfaces of the bucket edges F ig .61, and those on the unswept 
surfaces of the edges, F ig .62. The former stresses are , in  genera l, much 
higher than the la t te r— a circumstance in d ica tive  of the presence of bending 
moments and membrane forces along the edges. For the most part, bending 
and membrane stresses are of s im ilar signs on the swept surfaces, and are
of d is s im ila r signs on the unswept surfaces. The maximum measured
2
centrifugal stress on the w h ee l, 3160 lb / in  te n s ile , occurs on the sw 
surface of the outlet edge, as shown on Fig . 61, and lie s  on the same 
meric 
t h e /
ridional section ( ©  = 92*^, F ig .63) as the highest measured stress on
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2the in le t edge — a value of 2600 lb / in  te n s ile , on the swept surface.
These stresses occur on the bucket edges in  the region of the pitch  
c irc le  (F ig .9 ). D espite  the d ifferent geometries of in le t and outlet edges, 
i t  is  c lea r from F ig s .61 and 62 th a t , over the region of the bucket between  
hub and inner radius of rim , the general stress behaviour of one edge is  
fa ir ly  s im ila r to that of the other.
F igs . 63 and 64 show th a t , at points on m eridional sections, 
principal stresses in  the m ain, lie  roughly p a ra lle l and perpendicular to the  
plane of the wheel (or circum ferentia l and m erid io n a l). On the sections  
©  = 7 4 ° , 9 2 ° ,  1 1 1 ° , the m ainly c ircum ferential p rinc ipa l stresses on the 
swept surface are te n s ile  and the accornpanying m eridional stresses are 
com pressive, w hile the situation is  la rg e ly  v ic e -v e rs a  on the unswept 
surface. The c ircum ferentia l and m eridional stresses on these sections  
are of comparable magnitudes on the average and, at in d iv id u a l po in ts , the  
m eridional stress is  frequently the greater. It  is  evident th a t, over th is  
region of the bucket, bending in  the plane of the w heel reduces the 
circum ferentia l curvature, w ith  consequent deform ation of the m eridional 
sections by bending, increasing the m eridional curvature. This behaviour 
is  very  s im ila r to that found in  the tests on single buckets (section 4A i) 
and in  particu lar c lose ly  resembles the ind ications presented in  F ig s . 46 
and 48.
Of the non-edge and non-junction  stresses, the highest values occur 
on the m eridional section at Q = 9  2° where the edge stresses are also  
highest. The m eridional section principal stress res u lts , F igs. 63 and 64 , 
together w ith  the edge stress results of F ig s .61 and 62 , c lea rly  estab lish  
that bending in  the plane of the wheel is  the most s ign ifican t action on the 
bu cket.
The principal stresses on the m eridional section at ©  = 5 7 ° , F ig s .63 
and 64 , and the edge stresses, particu larly  at in le t ,  on th is  same section , 
r e f le c t /
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re fie  et the in fluence of the rim . The natures of the principal stresses
and th e ir  genera lly  sm aller magnitude in  comparison to the values of
principal stresses on the other m eridional sectio ns , and the com paratively
high com pressive stresses on the in le t edge near the rim , ind icate  the
restrain ing e ffect of the rim , in  opposition to the tendency of the bucket to
bend rad ia lly  outwards in  the plane of the w h ee l. To some extent to o ,
these in le t edge compressive stresses may arise due to the geometry of the
edge lo ca l to  its  junction w ith the rim (see e .g .  F ig ,5 6 (a ) ) .  Further
evidence of the restra int due to the rim is  to be seen in  the region of the
outlet edge/rim  ju n c tio n , F ig s .63  and 64. The swept surface stresses  
2 2+ 2200 lb / in  and + 740 lb / in  , together w ith  the respective corresponding
2 2 unswept surface stresses -5 8 0  lb / in  and -  1390 l b / i n  , show the strong
tendency of the bucket to  bend outwards in  th is  reg ion , the rim restraint
countering th is  tendency. Along the outlet edge from the rim , outward
bending of the edge does indeed occur, as the edge stresses show in
F ig s .61 and 62.
The e ffec t of bending action in  the plane of the w heel is  d iscern ib le  
in  the stresses on the bucket at its  junction w ith the hub. Figs .63 and 64. 
The tendency for "m eridional" bending of th is  junction  "section" hov\?ever, 
is  restrained by the hub, and thus gives rise to com paratively high te n s ile  
stresses on the unswept surfaces of the edges near th e ir  junctions w ith  the 
hub. F ig . 62. This may be contrasted w ith the edge stresses more remote 
from the hub, e .g .  at ©  = 1 1 1 ° , F ig s .63, 64 and 61, where m eridional 
bending apparently takes place unrestrained.
M any of the stress readings presented in  F ig s .61, 62 , 63 and 64, 
including the maximum measured centrifugal s tress , represent values  
which have been confirmed by duplicate gauges at nom inally id en tica l 
lo ca tio n s . This also applies to the stresses measured on rim and hub.
Some of the single gauges arranged in  rosette o rien ta tio n s , e .g .  as shown 
on/
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on the unswept surfaces of buckets in  F ig .5 6 (b ) , played the duplicate  
role in  re la tion  to composite rosettes . The maximum difference in  strains 
ind icated  by duplicates was of the order of 35% , and referred to small 
strain  v a lu e s .
Owing to the reasonably thorough centrifugal strain survey, it  is
2rational to conclude that the maximum measured stress of 3160 lb / in
te n s ile , w il l  be of the order of the actual maximum centrifugal stress on
the w h ee l. The measured value w’ould be expected to be somewhat less
than the actual maximum stress since the gauge ind icatin g  the value was
close to the bucket e d g e , but could n o t, of co u rse , be right on the edge.
The other readings on F igs . 61 and 63 show that the stress gradients in  the
maximum stress region are fa ir ly  apprec iab le . It  is  l ik e ly  also th a t, in
the stress concentration regions at outlet edge junctions w ith hub and r im ,
2
where stresses of + 2600 lb / in  on un swept surface (Fig .62) and + 2200 lb /  
on swept surface (F ig . 61) were ind icated res p e c tiv e ly , the measured values  
w ill  be exceeded by the actual lo ca l m axim a. Th is , of course, is  an 
inherent characteris tic  of strain gauge results from non -  uniform strain areas 
It  is  of in terest to compare the maximum measured stress w ith the 
ind ications of the b rittle  lacquer centrifugal t e s t . Extrapolating to the 
relevant speed of 19 20 r .p .m . , the maximum measured strain would have 
been
— 3160--------------- g X ( M M Ÿ  = 0.0006 ,
11.3 X 10 ^1300 /
equal to  the upper lim it of the strain  s e n s itiv ity  of the lacquer in  the te s t. 
In  the maximum stress area th en , the lacquer might have been just on the 
point of cracking . It  seems lik e ly  th a t, i f  a speed only a l i t t le  in  excess  
of 1920 r .p .m . had been a tta in a b le , cracking of the b rittle  lacquer would 
have occurred and been evident at the maximum stress lo ca tio n .
M ost of the edge locations where stresses were measured, can 
read ily  be related to , and so defined by, angle ©  (F ig s .9 and 12).
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F ig . 65 shoves the in le t and outlet edge locations in  correct re la tion  to  
2 1 G , the ©  -  datum , and to arc G , The values of ©  pertinent
to the locations are measured from th is  F ig . so perm itting the construction  
of F ig .66 which presents the distributions w ith  ©  o f the measured 
centrifugal stresses on the bucket edges.
From the measured stresses at m eridional sections ©  » 57^, 74*^,
92*^, 1 1 1 ° , F ig s .63 a n d ’64 , corresponding bending moment and direct 
force actions on the sections have been derived by the method established  
in  section 4 A i i .  The relevant res u lts , diagrams and derivations are given  
in  Appendix 6 , in  which Table A6.1 presents a summary of the derived  
experim ental ac tio ns . F ig , 67 has been drawn from the Table and shows the  
distributions of the experim ental centrifugal actions w ith  Q  over the
bucket. The actions are as fo llo w s :-  
M y  bending moment in  the plane of the wheel; corresponds to
of F ig .50 (b ).
P* direct force in  the plane of the wheel; corresponds to P ^
of F ig . 50(b).
bending moment in  transverse plane; corresponds to
of F ig .5 0 (b ).
As stated in  Appendix 6 , for uniform ity in  a ll four sections and for sub­
sequent d irect comparison w ith corresponding theory , the bending moments 
have been referred to axes X Y  and X X  (see Appendix 6 , e .g .  F ig . AG.1(a) ) 
origin G , the centroid of the equivalent parabolic section (F ig . 11) rather 
than to  the corresponding axes through , (F ig. 50) the centroid of each 
m eridional section .
It  is  natural that the general shapes of the curves  of F ig . 67 , 
e s p e c ia lly  the curve M y  should correspond roughly to the shapes of 
the swept surface edge stress curves of F ig . 66. Each experim ental point 
on F ig .67 reflec ts  the overa ll c ircum ferential stresses on a m éridional 
section , but i t  is  evident from the Figs. presenting the analyses in  Appendix 
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6 , th a t th e  edge s tre sse s  are dom inan t fa c to rs  in  d e te rm in in g  th e  a c t io n s , 
in  p a r t ic u la r ,  bend ing  m oments M y  and , T h is  is  a ls o  e v id e n t, 
o f c o u rs e , In  th e  a n a lyse s  fo r  th e  s in g le  b u cke t te s ts ,  s e c tio n  4A11,
F ig , 51, A n o te w o rth y  fe a tu re  o f a l l  th e  N g  , M lg  graphs o f F ig . 51 
and o f A p pend ix  6 , is  th e  v e ry  sm a ll va lu e s  o f s h e ll edge bend ing  moments 
in  com pa rison  w ith  th e  co rre sp o n d in g  r e la t iv e ly  la rg e  v a lu e s  o f s h e ll 
edge membrane fo rce s  N g . On accoun t o f th e  re la t iv e  th in n e s s  o f the  
b u cke t edges h o w e ve r, co rre sp o n d in g  bend ing  s tre s se s  and membrane 
s tre sse s  are g e n e ra lly  o f the  same o rde r.
The re s is ta n c e  to  in -p la n e  bend ing  moment M y  on m e rid io n a l 
s e c t io n s , is  show n in  A ppend ix  6 to  be m a in ly  due to  membrane a c tio n  o f 
th e  b u c k e t. The re s u lts  are sum m arised In  Tab le  A 6 .2  o f th e  A ppend ix .
Th is  f in d in g  is  a ls o  in  acco rd  w ith  the  s in g le  b u cke t te s t  In d ic a t io n s .
The p ro p o rtio n s  o f a t Ô = 57*^, Table A 6 .2 , are rem arkab le  in  th a t
th e  m embrane and bend ing  a c tio n s  are o f o p p o s ite  s ig n s . F ig .A 6 .1 (d ) 
h o w e ve r, show s th a t ove r m ost o f th is  s e c tio n  and M g  s ln ^
are both  -  v e ,  and th a t much th e  g re a te s t f ra c t io n  o f th e  + ve membrane 
a c tio n  Is  due to  the  o u tle t edge s tre sse s  at . Th is s e c t io n , o f a l l
fo u r ,  is  th e  "m ost u n sym m e trlca l " (F ig .A 6 .1 (a ) ) and Is  th e  m ost su b je c t 
to  th e  in f lu e n c e  o f th e  r im . The p ro p o rt io n a te ly  h ig h  bend ing  a c tio n  may 
be re la te d  to  th e  fa c t th a t the  s e c tio n  Is  " f la t te r "  o r le s s  ere sce n t-sh a p e d  
th a n  th e  o th e r s e c t io n s ,  p a r t ic u la r ly  tow ards  th e  in le t  edge .
-1 5 2 -
4B i i i  C e n tr ifu g a l s tre sse s  on the  rim
The c e n tr ifu g a l s tre sse s  m easured on the  rim  o f th e  16& in .a lu m in iu m  
Turgo w h e e l are show n in  F ig . 68 . These are p r in c ip a l s tre sse s  in  the  
m a in  and re fe r  to  tw o  rim  s e c tio n s  A and B, in  w ay  o f bucke t in le t  edge 
and o u tle t edge ju n c tio n s  re s p e c t iv e ly .
I t  is  e v id e n t th a t ,  a lm os t th ro u gh o u t th e se  d a ta , the  m a jo r p r in c ip a l 
s tre sse s  are te n s ile  and c irc u m fe re n tia l o r n e a r ly  so (w ith  re sp e c t to  the  
rim  and th e  w h e e l a x is ) .  On th e  w h o le , th e  s tre sse s  are a p p re c ia b ly  
d if fe re n t at com parab le  lo c a tio n s  on the  tw o  s e c t io n s — a c ircu m s ta n ce  
w h ic h  w o u ld  seem to  dem onstra te  th e  in f lu e n c e  o f th e  b ucke t ju n c t io n s .
The s tre s se s  on th e  in le t  s ide  o f th e  r im , a d ja ce n t to  th e  bucke t in le t  edge 
ju n c t io n ,  show  e v id e n ce  o f ra d ia l "p u s h " on th e  rim  b y  th e  bucke t in le t  
ed g e . The v a lu e s  on th e  o u t le t  s ide  and on th e  o u te r face  o f the  r im , 
a d ja ce n t to  th e  b u cke t o u t le t edge ju n c t io n ,  show  e v id e n ce  o f  ra d ia l " p u l l"  
on th e  rim  by  th e  b u cke t o u t le t edge . Both o f th e se  in d ic a t io n s  are 
c o n s is te n t w ith  th e  co rre sp o n d in g  s tre sse s  lo c a l ly  on th e  bucke t e d ges ,
F igs . 61 and 62.
2
The m axim um  m easured s tre ss  on the  r im , 2150 lb / in  te n s i le ,  is  
c irc u m fe re n t ia l and occu rs  on the  o u tle t s ide  near th e  o u tle t s id e /o u te r  
face  edge o f th e  rim  at th e  ju n c t io n  w ith  the  b u cke t o u t le t edge . In  g e n e ra l, 
fo r  bo th  s e c tio n s  A and B, th e  o u tle t s ide  s tre sse s  are much h ig h e r than  
th o se  on the  o u te r fa c e . The o u te r face  s tre s s e s , in  tu rn ,  are much h ig h e r 
th a n  the  s tre sse s  on th e  in le t  s id e . These rem arks are bes t i l lu s t ra te d  
w ith  re fe rence  to  F ig , 69 w h ic h  shows the  m easured c irc u m fe re n tia l s tre sses  
p lo tte d  as d is t r ib u t io n s  o ve r the  tw o  rim  s e c tio n s  A and B. Since the  
m a jo r p r in c ip a l s tre sse s  o f F ig . 68 are c irc u m fe re n tia l o r n e a rly  so , the  
p lo t t in g  o f th e  c irc u m fe re n tia l s tre ss  d is tr i.b u tio n s  o f F ig . 69 is  ju s t i f ie d  
a n d /
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and is  s ig n if ic a n t .
A ll th e  m easured c irc u m fe re n tia l s tre sse s  in  F ig . 69 are te n s i le ,  
and th e  d is t r ib u t io n s  o ve r bo th  se c tio n s  e x h ib it  th e  same fe a tu re , 
n am e ly  h ig h e s t s tre sse s  on o u tle t s id e , lo w e s t on in le t  s id e . In  s e c tio n  
B, th e  h ig h e s t s tre ss  occu rs  at th e  extrem e o u t le t  s id e  f ib r e ,  th e  lo w e s t 
s tre ss  at th e  extrem e in le t  s ide  f ib r e — a s itu a t io n  c lo s e  to  re p e t it io n  in  
s e c tio n  A, T h is  fe a tu re  s ig n if ie s  th e  presence o f " r in g  in v e rs io n "  
m om ents exe rte d  by  the  bucke ts  on th e  rim  s e c t io n s , th e  moments a c tin g  
in  th e  p la n e s  o f th e  s e c t io n s . The re s u lta n t ben d in g  s tre sse s  p roduced 
on th e  rim  s e c tio n s  are te n s ile  to  th e  o u tle t s id e , com p re ss ive  to  the  
in le t  s id e , and are superim posed on th e  te n s ile  d ire c t s tre ss  in  th e  r im .
I t  is  now  in te re s t in g  and in s tru c t iv e  to  regard  th e 'c e n tr ifu g a l 
d e fo rm a tio n  o f b ucke t and rim  to g e th e r , on th e  b a s is  o f the  m easured 
s tre sse s  on th e se  tw o  co m po n en ts , F ig s . 61 to  6 4 , 68 and 69. From th e s e , 
th e  c e n tr ifu g a l deform ed c o n d it io n  is  re a d ily  d e d uce d . Th is  is  d e p ic te d  
in  F ig  .7 0 .
PU U U  U lW E ê  S W O W  T W E  S T A T I 0 M A >R V  UJWSsS.«?OC?ME: d
(S O U D iy iO K J -
O O T T E D  k=lSJE® SH O W  TW B EO") a  S N fR IP U  '^xA
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»'T'/c'0'S^©©P (aû, ' l ’^ Ô fe-4'^ Cd9*
70 . fL -U U S T ^^T iO M  O f -  A U  O H P^oeM ATiO W
a
B U C K S T  B D m S 5  ' A M D  C p  OF- iC o t  |M . A U U M h M ^u ;^
O W M S D U , f?OTAT'(W Q A T  ISO O  R p .h i.
-154-
4B iv  C e n tr ifu g a l s tre sse s  on th e  hub
F ig . 71 show s th e  c e n tr ifu g a l s tre sse s  w h ic h  w ere m easured on th e  
hub  o f th e  w h e e l. The v a lu e s  in d ic a te d  are m o s tly  fo r  c irc u m fe re n tia l 
s tre s s e s , the  a s s o c ia te d  o rth o g o n a l s tre s s e s , where m easured , be ing  o f 
c o m p a ra tiv e ly  n e g lig ib le  s ig n if ic a n c e .
2Save fo r  th e  s e m i-a x ia l co m pre ss ive  s tre ss  o f  -  280 lb / i n  , read
from  a s in g le  gauge be tw een  the  b u c k e ts , a l l  th e  s tre sse s  show n are
te n s ile  and are c irc u m fe re n t ia l.  A ll v a lu e s  are sm a ll in  com pa riso n  w ith
th e  co rre sp o n d in g  b u cke t and rim  c e n tr ifu g a l s tre s s e s . Towards th e
o u t le t  s ide  th e  s tre ss e s  are h ig h e r th a n  on th e  in le t  s id e . Th is ten d s  to
co n firm  p re v io u s  in d ic a t io n s  th a t the  r im , in  re s tra in in g  r a d ia l ly  ou tw ard
d is p la c e m e n t o f th e  b u c k e ts , a lle v ia te s  some o f th e  b u cke t lo a d in g  on the
h u b , p a r t ic u la r ly  on th e  in le t  s id e . The lo w  in le t  s ide  v a lu e s  o f  + 110 lb / in '
d e s p ite  th e  re cesse d  in le t  s id e  hub fa c e , p ro v id e  c le a r  e v id e nce  o f t h is .
The re s u lt  w i l l  a ls o  r e f le c t ,  to  a d eg re e , the  o u t-o f-sym m e try  o f bucke t
m e rid io n a l s e c tio n s  (e .g .  F ig .9 ) , the  c e n tro id s  o f w h ic h  l ie  c lo s e r  to  th e
re la t iv e ly  th ic k  o u tle t edge th a n  to  the  th in  in le t  e d g e .
I t  is  n o te w o rth y  th a t th e  h ig h e s t m easured c e n tr ifu g a l s tre ss  on th e  
2h u b , + 570 l b / i n  c irc u m fe re n t ia l,  occu rs  a t a lo c a t io n  a d ja ce n t to  the
b ucke t o u t le t  edge ju n c t io n ,  e v id e n t ly  a s tre ss  c o n c e n tra tio n  re g io n .
2
The co rre sp o n d in g  s tre ss  lo c a l ly  on the  o u tle t edge is  -t 2600 lb / in  ,
F ig . 62 , the  h ig h e s t s tre ss  m easured on the  u n sw e p t su rfa ce s  o f the  bucke t 
e d g e s .
On accoun t o f th e  re la t iv e ly  sm a ll m agn itudes o f these  m easured
s tre s s e s , i t  is  reasonab le  to  assum e th a t th e  maxJ.mum c e n tr ifu g a l s tre ss
at th e  hub bore w i l l  not be o f a re la t iv e ly  h ig h  o rde r and shou ld  be u n l ik e ly
2to  exceed 1200 lb / in  te n s i le .
*■230 -!-S4-û
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4B y  C heck on re s u lts  by  dynam ic  re co rd in g  o f  c e n tr ifu g a l s tra in s
As s ta te d  in  s e c tio n  4B i ,  c e n tr ifu g a l s tra in  m easurem ent on the  
1 6 i in .a lu m in iu m  Turgo w h e e l w as u n de rtaken  u s in g  s te a d y -s ta te ,  d ir e c t-  
re ad in g  s tra in  m e te rs . W ith  th e se  i t  was s u c c e s s fu lly  co m p le te d . 
Throughout th e  te s ts ,  l i t t l e  o r no v ib ra t io n  w as apparen t in  the  s p in n in g  
r ig ,  and , at c o n s ta n t sp e ed , s tra in  in d ic a t io n  w as v e ry  s te a d y . Th is was 
a ttr ib u te d  m a in ly  to  good d y n a m ic -b a la n c in g  o f  th e  w h e e l and to  the  
r e la t iv e ly  h ig h  dam ping c a p a c ity  o f ca s t a lu m in iu m . The la t te r  fa c to r  w as 
dem onstrab le  by s tr ik in g  th e  edge o f a b u cke t w ith  a ham m er, w hen a d u ll  
sound w as e m itte d , as i f  wood o r co n cre te  had been s tru c k . T h is  was 
in  d ire c t c o n tra s t to  th e  lo n g  sonorous m u s ic a l no te  produced by  a s im ila r  
b lo w  to  a bronze P e lton  b u c k e t.
The s te a d in e s s  o f co n s ta n t speed s tra in  re a d in g s  seemed som ew hat
(5)rem arkab le  in  th e  l ig h t  o f dynam ic  s tre ss  re co rd in g s  p resen ted  by ED EL ,
d e s p ite  the  fa c t th a t te s t  c o n d it io n s  p e rtin e n t to  th e  tw o  cases  were ve ry  
d if fe re n t .  The re co rd in g s  are th o se  o f F ig . 4 and are from  a s tra in  gauge 
on the  b ra cke t o f a P e lton  b ucke t in  a h y d ra u lic a l ly  w o rk in g  w h e e l. 
V ib ra tio n s  o f  c o n s id e ra b le  s tre ss  a m p litud e s  are e v id e n t,  as m igh t be 
e xpe c te d  from  such a w hee l ru n n in g  under je t  lo a d in g .
On c o m p le tio n  o f c e n tr ifu g a l s tra in  m easurem ent w ith  th e  s te a d y - 
s ta te  m e te rs , an o p p o rtu n ity  arose o f c h e ck in g  re s u lts  by  dynam ic  s tra in  
re co rd in g  on an u l t r a - v io le t  g a lva n o m e te r re c o rd e r, to  th e  m anufactu re  o f 
S .E . L a b o ra to rie s  L td . The fre q u e n cy  response  o f th e  ga lvanom ete rs  
a v a ila b le  w ith  th is  in s tru m e n t was such th a t s tra in  a m p litu d e s  co u ld  be 
e xpec ted  to  be recorded  a c c u ra te ly  up to  fre q u e n c ie s  o f 60 c / s .  I t  was 
th o u g h t t h a t , i f  v ib ra t io n s  were p resen t in  th e  s p in n in g  Turgo w h e e l, 
fre q u e n c ie s  som ew hat h ig h e r th a n  60 c /s  m igh t be e n co u n te re d , s o , 
to g e th e r /
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to g e th e r  w ith  th e  recorded  fre q u e n c ie s , m o d e ra te ly  accu ra te  s tra in  
a m p litu d e s  w ere a n t ic ip a te d .
F ig . 72 d e p ic ts  the  dyn a m ic  re co rd in g  c ir c u i t  a rrangem en t, w h ic h  was 
v e ry  s im ila r  to  th a t o f th e  p re v io u s  te s ts ,  F ig .5 7 . The re co rd e r requ ired  
e x te rn a l i n i t ia l  b a la n c in g  f a c i l i t ie s ,  w h ic h  w ere p ro v id e d  on th e  s ta tio n a ry
g
s id e , by a m e a su ra b le , v a r ia b le  shunt o f  10 ohms m axim um , arranged fo r  
s w itc h in g  o v e r e ith e r  ra tio -a rm  o f th e  ro ta tin g  b r id g e , as re q u ire d .
By s w itc h in g  in  o r ou t a m easured change in  i t s  re s is ta n c e , the  shunt 
co u ld  a ls o  be used  to  c a lib ra te  re c o rd in g s .
The c ir c u i t  o f  F ig . 72 is  s u ita b le  fo r  re co rd in g  th e  s ig n a l from  o n ly  
one a c t iv e  gauge pe r te s t  ru n . By co n s id e ra b le  a lte ra t io n s  to  th e  w ir in g  
on th e  ro ta t in g  s id e , a c ir c u it  c o u ld  have been a rra n g e d , capab le  o f 
re co rd in g  f iv e  a c t iv e  s ig n a ls  pe r run  w ith  th e  same s l ip  r in g  u n it .  A lte ra tio r  
on th e  ro ta t in g  s id e  w ere u n d e s ira b le  h o w e ve r, so none w ere m ade, and , as 
i t  seemed n e ce ssa ry  to  ch e ck  o n ly  a fe w  gauges to  o b ta in  the  in fo rm a tio n  
so u g h t, th e  s itu a t io n  was co n s id e re d  to le ra b le  w ith  th e  c ir c u it  in d ic a te d .
As shov/n on F ig . 72 , e ig h t a c tiv e  " C " gauges on th e  w h e e l were se le c te d  
and th e  a p p ro p ria te  co n n e c tio n s  made at the  te rm in a l boa rd . These e ig h t 
gauges in c lu d e d  th e  tw o  w h ic h  had e x h ib ite d  th e  h ig h e s t te n s ile  and 
co m p re ss ive  s tra in s  in  th e  p re v io u s  c e n tr ifu g a l s tra in  m easurem ents .
The te s t  equ ipm en t is  shown in  F ig . 5 9 (b ), w ith  th e  S. E .L a b o ra to rie s  
dynam ic  s tra in  re co rd e r in s ta l le d  and p re p a ra tio n s  co m p le te d  fo r  a re co rd in g  
te s t  ru n .
The che ck  by  re co rd in g  w a s , in  f a c t , co n fin e d  to  th e  tw o  gauges 
w h ic h  had show n h ig h e s t te n s ile  and co m press ive  s tra in s .  D u ring  p r io r  
e xa m in a tio n  o f th e  w h e e l, some taped  gauge co ve rs  had been found show ing  
s ig n s  o f w o rk in g  lo o s e . As th ese  co u ld  not c o n v e n ie n tly  be re p lace d  at 
th e  t im e , th e  te s t  was l im ite d  to  runs o f sho rt d u ra tio n  fo r  th e se  tw o  
gauges o n ly ,  at m axim um  speeds around 900 r .p .m .  These c o n d it io n s  
w e re /
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FIG. 7:2. DIAGRAM OF STRAIM GAUGE CIRCUIT USED POR CHECKING 
CENTRIFUGAL STRESSES IN i<b^ N. ALUMIKIIUM TURGO WHEEL, BY 
DYNAMIC STRAIN RECORDING.
CIRCUIT IS SUITABLE. FOR RECORDING OUTPUT OF OMUYIaCTIVE 
GAUGE PER TEST RUKl ^ % WAS USED TO CHECK OklLY THE MOST 
SlGWiFICAK.1T STRAIN, AND ONE OTHER.
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w ere s u f f ic ie n t  h o w e ve r, to  p ro v id e  u s e fu l c o n firm a to ry  d a ta .
Photographs o f  th e  c e n tr ifu g a l dynam ic  s tra in  reco rd s  from  th e  tw o  
gauges are show n in  F ig s .73 and 74 . The procedure  p e rtin e n t to  the  
reco rds  o f th e  fo rm er F ig , was th a t in i t ia l  ba lan ce  ’’o f th e  g a lva n o m e te r 
w as o b ta in e d  w ith  the  w h e e l s ta t io n a ry . The re co rd e r paper w as s ta rte d  
to  run a t i t s  lo w e s t speed o f 1 .25  m m /s e c a n d  a c a lib ra t io n  " b l ip " was 
re g is te re d  by  s w itc h in g  th e  sh u n t. The w hee l w as th e n  spun , speed 
in c re a s in g  to  about 900 r .p .m .^  a t w h ic h  i t  w as h e ld  fo r  se ve ra l se co n d s . 
The w h e e l th e n  co a s te d  to  a stop  and re co rd in g  ce a se d .
Both reco rds  o f F ig .73 are v e ry  s tea d y  in d e e d , th e re  be ing  no
- 6e v id e n ce  o f f lu c tu a t io n s .  The m aximum  s tra in s  re c o rd e d , + 130x10 
—6
and -  9 0 x1 0  co n firm  re s p e c t iv e ly  th e  co rre sp o n d in g  "m axim um  te n s ile  
g a u g e " and "m axim um  co m p re ss ive  gauge " c e n tr ifu g a l s tra in s  p re v io u s ly  
m easured , and graphed in  F ig . 60,
For th e  records  o f F ig . 74 w h ic h  re fe rs  o n ly  to  th e  "m axim um  te n s ile  
g a u g e ", th e  s tra in  zero w as recorded on the  paper a fte r  in i t ia l  b a la n c in g . 
The paper w as th e n  stopped and th e  w hee l w as s ta rte d  and run up to  about 
900 r .p .m .  , at w h ic h  the  speed w as h e ld . W ith  th e  ga lvan om e te r 
d e fle c te d  to  i t s  "900 r .p .m .  p o s it io n "  the  paper w as th e n  run fo r  a fe w  
seconds at h ig h  speed , and re co rd in g  was co m p le te d . Th is  was done 
fo r  tw o  h ig h  paper sp e e d s , 50 m m /s e c ., and 100 m m /se c ., to  in v e s t ig a te  
fo r  f lu c tu a t io n s  in  th e  s tra in  re a d in g .
L o o k in g  c lo s e ly  at F ig . 74 , o n ly  a v e ry  s m a ll re g u la r  f lu c tu a t io n  
is  o b s e rv a b le . By m easurem ents on th e  F ig . , th is  f lu c tu a t io n  is  found 
to  o c c u r at the  ra te  o f 1 c y c le  per w hee l re v o lu t io n ,  and may have i t s  
source in  th e  s l ip  r in g  u n it .
w h e e l
(a) DYNAM IC  STRAIN RECORD FROM GAUGE EXHIBITING M A X IM U M  
TENSILE (+) STRAIN IN  PREVIOUS TESTS.
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.(b) DYNAM IC  STRAIN RECORD FROM GAUGE EXHIBITING M A X IM U M  
COMPRESSIVE (-) STRAIN IN  PREVIOUS TESTS .
F IG .7 3 . CHECK ON MEASURED CENTRIFUGAL STRAINS BY DYNAM IC STRAIN 
RECORDING. PHOTOGRAPHS OF CENTRIFUGAL DYNAM IC  STRAIN 
RECORDS FROM TV/0 STRAIN GAUGES ON 16? in .A L U M IN IU M  
TURGO W HEEL. STRAINS AT M AXIM U M  WHEEL SPEEDS CONFIRM 
THE CORRESPONDING STRAINS OF F IG . 60.
(a) RECORDING AT PAPER SPEED OF 50 m .m . /s e c .
WHCtl
(b) RECORDING AT PAPER SPEED OF 100 m .m ./s e c
F IG .7 4 . C HECK ON MEASURED CENTRIFUGAL STRAINS BY DYNAM IC  STRAIN 
RECORDING. PHOTOGRAPHS OF CENTRIFUGAL DYNAM IC  STRAIN 
RECORDS FROM GAUGE EXHIBITING M A X IM U M  TENSILE (+) STR.4IN 
ON 167 in . A L U M IN IU M  TURGO W HEEL. RECORDS ARE AT H IG H PAPER 
SPEEDS TO FACILITATE INVESTIGATION FOR FLUCTUATIONS.
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4B v i  C o rre sp on d in g  c e n tr ifu g a l s tre sse s  in  1 6 i in .c a s t  s te e l Turgo w he e l
For ro to rs  o f id e n t ic a l geom etry  and s iz e  but o f  d if fe re n t l in e a r -
e la s t ic  m a te r ia ls  w ith  P o is s o n 's R atios V  o f s im ila r  o rd e r, c e n tr ifu g a l
s tre s se s  and a c tio n s  are d ir e c t ly  p ro p o rtio n a l to  m a te r ia l d e n s ity  D and to
th e  square o f a n g u la r v e lo c ity  CO.
C ast s te e l has th re e  tim e s  the  d e n s ity  o f a lu m in iu m  a cco rd in g  to
Table  1, so th e  c e n tr ifu g a l s tre sse s  and a c tio n s  in  a is i"  in ,c a s t  s te e l
Turgo w hee l in  s e rv ic e  at th e  norm al w o rk in g  speed o f 1 ,300 r .p .m .  are
g iv e n  by  the  v a lu e s  p resen ted  in  F ig s ,61 to  64 , 66 to  6 9 , 71, a l l  m u lt ip lie d
by a fa c to r  o f 3 . The co rre sp o n d in g  m aximum m easured c e n tr ifu g a l s tre ss
2 2in  th e  norm al w o rk in g  c a s t s te e l w h ee l is  th u s  9 480 lb / i n  (4 .2  T / in  ) 
t e n s i le .
From Table  1, th e  overspeed  is  23 40 r .p .m .  so th e  co rre sp o nd in g  
m aximum  m easured c e n tr ifu g a l s tre ss  in  th e  I 62 c a s t s te e l Turgo w he e l at 
o ve rsp e e d , is  g iv e n  by
-J- 9-480 X '234of 2 2,
^1300/
3 0 ,7 00  lb / in . ,  (13.7 T / ln  ) te n s ile .
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4C MEASUREMENT OF APPROXIMATE JET LOADING STRESSES IN  16& in .
p . c . d .  TURGO WHEEL
For the  s im u la te d  je t  lo a d in g  te s t ,  the  I 62 in .a lu m in iu m  Turgo w hee l 
rem ained m ounted in  th e  s p in n in g  te s t r i g . The s l ip  r in g  u n it  was rem oved 
h o w e ve r, and an e x te n s io n  w as f i t te d  to  the  sh a ft on the  in le t  s ide  so th a t 
th e  w h e e l c o u ld  be d raw n fo rw ard  s l ig h t ly  fo r  c o rre c t a lig n m e n t w ith  th e  
b ucke t lo a d in g  a sse m b ly . The a pp ro p ria te  w ire s  re le v a n t to  th e  s tra in  
gauge c i r c u i t ,  w h ic h  was le f t  u n a lte re d , w ere co nnec ted  d ir e c t ly  to  the  
s w itc h -b o x  and s te a d y -s ta te , d ire c t read ing  s tra in  m e te r, s u f f ic ie n t  le n g th  
o f ca b le  be ing  le f t  to  a llo w  fo r  at le a s t one f u l l  re v o lu t io n  o f th e  w h e e l.
An a sse m b ly  w as f i t te d  on th e  o u tle t s ide  o f th e  w h e e l, fo r  lo c k in g  
the  sh a ft to  th e  b e d p la te  o f the  r ig ,  w ith  th e  w h e e l in  any d e s ire d  p o s it io n .  
Th is  arrangem ent w as de s ig n ed  fo r  q u ick  a p p lic a t io n  and re le a se ,a n d  
c o n s is te d  o f a b o lte d  s p l i t  s le e ve  lin e d  w ith  Ferodo brake m a te r ia l,
The s le e ve  em braced the  sh a ft at i t s  g re a te s t d ia m e te r and was grooved 
e x te rn a lly  to  f i t  in to  webs on th e  b e d p la te . On o c c a s io n , th e  e ffe c t o f th is  
d e v ic e  w as re in fo rc e d  by p in n in g  the  c h a in  o f th e  sh a ft c o u p lin g  to  th e  
b e d p la te .
In  p a ra lle l w ith  the  th o u g h ts  expressed  in  s e c tio n  3C i ,  fo r  la c k  o f 
som eth ing  b e tte r  i t  w as co n s id e re d  reasonab le  to  assum e th a t the  p e rtin e n t 
w o rk in g  p ressu re  d is t r ib u t io n  on a Turgo w hee l b u cke t w o u ld  resem ble  th a t 
d e p ic te d  fo r  a s ta t io n a ry  P e lton  b u c k e t, in  F ig . 29. I t  w as o b v io u s ly  
im p ra c t ic a b le ,  by means o th e r th a n  h y d ra u lic ,  to  a tte m p t to  reproduce such 
a b u cke t lo a d in g  o r th e  co rre sp o n d in g  one o f F ig . 30 , S in ce , in  both  c a s e s , 
the  g re a te r fra c t io n  o f to ta l lo a d in g  is  co n ce n tra te d  in  th e  re g io n  o f the  
"h o llo w  " o f th e  b ucke t — a c ircu m s ta n ce  to  be e xpec ted  — i t  w as d ec ide d  to  
s im u la te  je t  a c tio n  in  th is  te s t  by a p p ly in g  lo a d in g  to  a bucke t m e c h a n ic a lly , 
th ro u g h /
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th ro u g h  a pad bea rin g  on th e  sw ep t s u r fa c e , o n ly  in  the  re g io n  o f the  
" h o l lo w " ,  th e  re s u lta n t fo rce  on the  pad to  a c t ro u g h ly  ta n g e n tia l to  th e  
p itc h  c ir c le  in  th e  p lane  o f th e  w h e e l.
The b u cke t lo a d in g  pad was made by f i r s t l y  c a s t in g  c o ld -s e t t in g  
A ra ld ite  re s in  in to  the  "h o llo w "  o f a c o r re c t ly -p o s it io n e d  bu cke t on the  
lo c k e d  w h e e l. W hen th e  re s in  pad had s e t, i t  w as rem oved and a p ie ce  
o f % in  th ic k  h a rd -ru b b e r sheet, w as cu t to  su ita b le  shape and bonded to  
th e  b u c k e t-c o n ta c t fa c e , A s u ita b ly -s h a p e d  p ie ce  o f  1 /8  in  th ic k  s te e l 
p la te  w as th e n  bonded to  th e  o th e r fa c e . I t  was co n s id e re d  th a t a p o in t 
lo a d  a p p lie d  p e rp e n d ic u la r ly  and c e n tra lly  to  the  s te e l su rface  o f the  
com p le ted  p a d , w o u ld  be tra n s m itte d  v ia  the  shaped A ra ld ite  and ru bb e r, 
as a re a so n a b ly  u n ifo rm ly  d is tr ib u te d  lo a d in g  on th e  b u cke t s u rfa c e .
The a p p ro p ria te  lo a d in g  w as a p p lie d  to  the  pad on a b u cke t o f the  
lo c k e d  w h e e l by the  l in k / le v e r  system  show n in  F ig . 75 . A b ra cke t on 
th e  te s t  r ig  fram e served  as fu lc ru m  fo r  the  10:1 le v e r ,  to  th e  free  end o f 
w h ic h  w ere hung d e a d -w e ig h ts . The head o f th e  lo a d in g  l in k .  F ig s . 75 
and 7 6 (a ) , w as o ffs e t s l ig h t ly  from  th e  p lane  o f th e  le v e r ,  and w as shaped 
to  a llo w  i t  to  pene tra te  th e  w h e e l passages w ith  am ple c le a ra n ce  o f 
b u cke ts  and r im . F in a l tra n s m is s io n  o f lo a d  from  th e  head o f th is  l in k  to  
th e  s te e l fa ce  o f th e  pad was th ro u g h  a ^  in  d ia ,  b a ll b e a rin g . The 
p o s it io n  o f th e  lo a d in g  pad on the  bu cke t is  show n in  F ig .7 6 (b ) , and is  
a ls o  in d ic a te d  on the  subsequen t F igs .78  to  83, w h ic h  p resen t some o f the  
re le v a n t m easured s tre s s e s .
W hen c o n d u c tin g  s tra in  m easurem ents , lo a d in g  and u n lo a d in g  o f a 
b ucke t were perfo rm ed in c re m e n ta lly .  The m axim um  fo rce  a p p lie d  on a 
b u cke t w as 2000 lb ,  and co rresponded  to  th e  re s u lta n t je t  fo rce  ta n g e n tia l 
to  th e  p itc h  c ir c le  in  th e  p lane  o f th e  w h e e l, on any o f the  th re e  je t  loaded  
bucke ts  o f th e  w h e e l runn in g  under norm al w o rk in g  c o n d it io n s  
(1013 B .H .P . at 1300 r .p .m .  -  Table 1). To c o ve r the  v a r io u s  c o n d itio n s  
w h ic h /
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w h ic h  re q u ire d  in v e s t ig a t io n ,  m ost o f  the  22 b u cke ts  were su b je c te d  to  
se ve ra l lo a d in g  te s t  ru n s , in  th e  fa s h io n  d e s c r ib e d , s tra in s  be ing  
m easured on each ru n . I t  was n e ce ssa ry  to  m easure the  s tra in s  on a 
bucke t d ir e c t ly  lo a d e d  and a lso  w hen a c tin g  as one o f th e  su p p o rtin g  
b u cke ts  fo r  an a d ja ce n t o r rem ote d ir e c t ly  lo ad e d  b u c k e t. Throug iiou t th e  
te s t ,  th e  v a r ia t io n  o f m easured s tra in  w ith  a p p lie d  lo a d  was found to  be 
l in e a r .
W ith  regard  to  the  d ir e c t ly  loaded  b u c k e t, th e  e xp e rim e n ta l lo a d in g  
w as p ro b a b ly  not a c lo s e  a p p ro x im a tio n  to  th e  co rre sp o n d in g  a c tu a l je t  
lo a d in g , s in ce  the  la t te r  w i l l  a lm os t c e r ta in ly  be d is tr ib u te d  o ve r a l l  the  
sw ept su rface  o f  th e  b u c k e t, som ew hat as in  F ig . 29 . I t  is  p o s s ib le  th a t ,  
on an a c tu a l w o rk in g  b u c k e t, the re  may be s ig n if ic a n t  p ressu re  d is t r ib u t io n  
nea r the  e d g e s , in c u r r in g  s ig n if ic a n t  m agn itudes o f s tre ss  lo c a l ly .  The 
m easured d ir e c t ly  lo aded  bucke t s tre sse s  w o u ld  th e re fo re  not be expec ted  
to  be v e ry  c lo s e ly  re p re s e n ta tiv e  o f the  co rre sp o n d in g  a c tu a l je t  lo a d in g  
v a lu e s . On th e  o th e r h a n d , th e  re s u lta n t o f the  e x p e rim e n ta l lo a d in g  w i l l  
resem ble  the  a c tu a l je t  lo a d in g  re s u lta n t re a s o n a b ly  a c c u ra te ly , so th a t the  
s tre sse s  m easured on a bu cke t due to  i t s  a c tin g  in  a su p p o rtin g  c a p a c ity ,  
w o u ld  be expec ted  to  be re a so n a b ly  c lo se  to  th e ir  a c tu a l w o rk in g  c o u n te r­
p a rts . One o f the  e a r ly  f i i id in g s  o f th is  te s t w as th a t co rre spo n d ing  
d ir e c t ly  loaded  bu cke t s tre s s e s , and su p p o rtin g  b u cke t s tre s s e s , were 
com m only o f com parab le  o rders  and shou ld  e v id e n t ly  be rega rded , in  g e n e ra l, 
as o f equa l s ig n if ic a n c e .
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4C i  Approxim ate  je t  lo a d in g  s tre sse s  on th e  b u cke ts
D u ring  a re v o lu t io n  o f a w o rk in g  Turgo w h e e l, a b u cke t w i l l  be one 
o f th e  3 a d ja ce n t je t  loaded  b u c k e ts , and th e n  one o f th e  19 bucke ts  
a c tin g  o n ly  in  support o f th e  loaded  3 , v ia  th e  l im . A b u cke t th e re fo re , 
w i l l  a lw a ys  be su b je c te d  to  e ith e r  o f the  fo llo w in g  je t  a c tio n  lo a d in g  
c o n d it io n s :-
(1) D ire c t je t  lo a d in g , to g e th e r w ith  lo a d in g  v ia  th e  r im , d e r iv in g  
from  th e  a c tio n  o f th e  bucke t in  support o f th e  2 a d ja ce n t Jet 
lo a d e d  b u c k e ts .
(2) Loa d ing  v ia  the  r im , d e r iv in g  from  th e  a c tio n  o f the  bucke t in  
support o f th e  3 je t  lo a de d  b u c k e ts .
The su p p o rtin g  ro le  o f th e  bucke t is  th u s  a co n tin u o u s  o n e , but c le a r ly
o f v a ry in g  in te n s ity .  An in d ic a t io n  o f i t s  re la t iv e  im po rtance  is  p rov ide d
by F ig .77 w h ic h  show s th e  v a r ia t io n  o f s tre ss e s  m easured at f iv e  edge
lo c a tio n s  on a g iv e n  b u c k e t, N o . l ,  fo r  a 2000 lb .  s im u la te d  je t  lo a d
a p p lie d  in  tu rn  to  each bucke t in c lu d in g  N o . l .  The b u cke ts  are num bered
c lo c k w is e  from  N o . l  lo o k in g  on in le t ,  as per F ig .5 5 (a ) fo r  exam p le .
The f iv e  graphs o f F ig . 77 are re p re s e n ta tive  o f the  v a r ia t io n s  in d ic a te d  at
m ost o f the  m any lo c a tio n s  where s tra in s  w ere m easured on a b u c k e t.
G raph a re la te s  both  to  th e  m aximum m easured s tre ss  due o n ly  to
2000 lb .  d ire c t s im u la te d  je t  lo a d in g , and to  the  g re a te s t maidmum
m easured to ta l s tre ss  w h ic h  is  due to  d ire c t lo a d in g  and su p p o rtin g . The
v a lu e  o f th e  fo rm er is  seen to  be + 2910 lb / in .  , vÆ ile  the  v a lu e  o f the  la t te r
2
e v id e n t ly  co m prise s  + 2910 lb / i n .  due to  the  d ire c t lo a d in g , to g e th e r w ith
2 2 + 1390 lb / i n  . and + 970 lb / in  . due re s p e c t iv e ly  to  the  e ffe c ts  o f
2
2000 lb .  lo a d in g s  on b u cke ts  2 and 3 , a to ta l o f + 5270 lb / in .  by super­
p o s it io n .  45% o f t h is ,  the  g re a te s t maximum to ta l s tre ss  m easured on 
the  whe 
g ra p h /
h e e l, d e riv e s  from  the  sup p o rtin g  ro le  o f th e  b u c k e t. For the  lo c a t io n
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graph b , th e  m aximum  to ta l s tre ss  is  e v id e n t ly  due to  d ire c t lo a d in g , 
to g e th e r w ith  the  e ffe c ts  o f lo a d in g  on b ucke ts  22 and 2 , w h ile  fo r  th e  
lo c a t io n s ,  g raphs c. and d , th e  maximum to ta l s tre sse s  o ccu r w hen no 
d ire c t lo a d in g  a c ts  on b u cke t N o . l , but w hen th e  b u cke t a c ts  s o le ly  in  
i t s  su p p o rtin g  c a p a c ity ,  fo r  2000 lb  lo a d in g s  a p p lie d  on each o f th e  
n e ig h b o u rin g  b u cke ts  2 , 3 and 4.
The a p p re c ia b le  m agn itudes o f s u p p o itin g  b ucke t s tre sse s  are c le a r  
e v id e n ce  o f th e  re la t iv e ly  high f le x ib i l i t y  o f th e  b u cke ts  in  the  p lane  o f 
the  w h e e l. At lo c a t io n ,  graph c ,  on bucke t N o . l  fo r  e xa m p le , lo a d in g  o f 
th e  d ia m e tr ic a lly -o p p o s ite  bucke t N o .12 p roduces a s tre ss  o f the  same 
o rde r as th a t produced by co rre sp o n d in g  d ire c t lo a d in g  on b u cke t N o . l .
For a b ucke t su b je c te d  to  2000 lb  d ire c t s im u la te d  je t  lo a d in g  o n ly ,
th e  m easured edge s tre ss  d is tr ib u t io n s  are d e p ic te d  in  F ig s .78 and 79 ,
and the  s tre sse s  m easured at p o in ts  on the  su rfaces  rem ote from  the  edges
are p resen ted  in  F ig s . 82 and 83. On the  w h o le , th e  s tre sse s  on the  sw ept
su rface s  o f the  e d g e s , F ig . 78 , are h ig h e r th a n  th e  co rre sp o n d in g  ones on
th e  un sw ep t s u rfa c e s , F ig . 79 , th u s  de m o n s tra tin g  bend ing  and membrane
a c tio n s  a long  th e  e d g e s . The m axim um  m easured s tre ss  on th e  d ir e c t ly
2
loaded  b u c k e t, 2910 lb / in  t e n s i le , occu rs  on the u n sw e p t su rface  o f the  
o u tle t edge w here i t  jo in s  the  h u b — a s tre ss  c o n c e n tra tio n  re g io n , as may 
be seen in  F ig .79 . I t  is  c le a r  from  F ig s .78  and 7 9 , th a t ,  o ve r com parab le  
re g io n s , th e  gene ra l s tre ss  b e h a v io u r o f one edge resem b les  th a t o f the  
o th e r.
D u rin g  the  te s t a cu rs o ry  in v e s t ig a t io n  was made o f the  e ffe c ts  o f 
v a r ia t io n s  in  the  p o s it io n  o f the  a p p lie d  lo a d in g  on th e  b u c k e t. I t  was 
found fo r  exam ple  th a t ,  as w as to  be e x p e c te d , a m ovem ent o f the  lo a d  pad 
nea re r the  in le t  edge re s u lte d  in  g e n e ra lly  in c re a se d  s tre sse s  on th a t edge 
and g e n e ra lly  reduced s tre sse s  on the  o u tle t edge .
On the  m e rid io n a l s e c tio n s  © = 9 2 ^ , l l l ^ o f  F ig s .82 and 83 , i t  is  
e v id e n t th a t th e  p r in c ip a l s tre sse s  are a p p ro d m a te ly  c irc u m fe re n tia l and 
m e r id io n a l. /
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m e rid io n a l,  The na tu res  o f th e se  s tre sse s  in d ic a te  bend ing  in  th e  p lane  
o f the  w h e e l, re du c in g  th e  c irc u m fe re n tia l cu rva tu re  and accom pan ied  by- 
m e rid io n a l bend ing  w ith  in c re a s in g  c u rv a tu re . T h is  lo c a l b e h a v io u r 
resem b les  the  in d ic a t io n s  o f the  s in g le  bucke t te s ts  (s e c tio n  4A i)
F ig s , 46 and 48. The m agn itudes o f some o f th e  p r in c ip a l s tre sse s  on 
s e c tio n s  G = 5 7 ^ , 7 4 ^ , F ig s , 82 and 83, re f le c t  th e  p ro x im ity  o f the  
a p p lie d  lo a d in g , and th e ir  d ire c tio n s  re f le c t th e  in f lu e n c e  o f th e  r im .
W o rth y  o f no te  are th e  a p p re c ia b le  bend ing s tre s s e s , te n s ile  on  sw ept 
s u rfa c e , co m p re ss ive  on u nsw ep t su rface  o f th e  b u c k e t, and p e rp e n d ic u la r 
to  the  r im , where i t  jo in s  the  b u c k e t.
The re s u lts  p resen ted  in  F ig  s . 78 , 79 , 82 , 83 e s ta b lis h  th a t the  
s tre sse s  on th e  bucke t edges are the  m ost s ig n i f ic a n t , a f in d in g  m atched 
by  th a t o f th e  in v e s t ig a t io n s  o f the  bucke t s tre sse s  fo r  th e  su p p o rtin g  ro le . 
The m axim um  to ta l s tre sse s  th e re fo re  at a l l  the  edge lo c a t io n s ,  are 
p resen ted  as edge s tre ss  d is tr ib u t io n s  in  F ig s , 80 and 81. A ll th e  v a lu e s  
have been o b ta in ed  from  graphs l ik e  th o se  o f F ig , 7 7 , so th a t th e y  re la te  
to  a v a r ie ty  o f c o n d it io n s . At some lo c a tio n s  on th is  b u cke t N o . l  o f 
F ig s . 80, 81, th e  m axim um  to ta l is  due to  2000 lb  d ire c t lo a d in g , p lu s  
su p p o rtin g  o f s im ila r ly  loa d ed  a d ja ce n t bucke ts  2 and 3 , sa y . At o the rs  
the  m aximum  o ccu rs  fo r  d ire c t lo a d in g  p lu s  su p p o rtin g  o f lo a d e d  a d ja ce n t 
b ucke ts  22 and 2 , sa y . Yet a g a in , the re  are one o r tw o  lo c a t io n s  where 
the  m axim um  to ta l s tre ss  a r is e s  due to  the  su p p o rtin g  c o n d it io n  o n ly ,  say 
fo r  2000 lb  lo a d in g s  on bucke ts  20, 21 and 22. The m axim um  to ta l edge 
s tre sse s  are th e re fo re  g re a te r everyw here  th a n  th e ir  com ponents o r c o u n te r­
p a rts  due o n ly  to  d ire c t lo a d in g , show n in  F ig s .78 and 79 . R espective  
com parison  o f th e se  F ig s . w ith  F ig s . 80 and 81 i l lu s t r a te s  th a t d ire c t lo a d in g  
and the  su p p o rtin g  ro le  are o f ro u g h ly  equa l im po rta nce  w ith  regard to  the  
m aximum to ta l s tre s s e s .
In  F ig s . 80 and 81, the  maximum to ta l s tre sse s  on a ve ra ge , are 
h ig h e r /
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SWEPT SURFACES . FULL SIZE.
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DIRECTLY LOADED BUCKETS,AS A P P R O P R IA T E . T H E  LO ADING  ON| EACH OF
THE 3  A d j a c e n t  b u c k e t s  i s  2 0 0 0  lb ., c o r r e s p o n p i n g  t o  t h e  n o r m a l
WORKING CONDITION.
Fig. 81. SHOWS str e s s e s  at  CORRESPONDING p o in t s  on t h e  u n s w e p t
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MEASURED APPROX. JET LOADIMG MAXIMUM TOTAL STRESSES ON UNSWEPT 
SURFACES OF INLET AND OUTLET EDGES OF A BUCKET OF THE tb ''i lN .A L . 
TURGO WHEEL. THE STRESSES PERTAIN MAINLY TO A BUCKET CARRYING 
DIRECTLY APPLIED SIMULATED JET LOADING, AND ACTING AS A 
SUPPORTING BUCKET FOR ONE OF THREE PAIRS OF ADJACENT 
DIRECTLY LOADED BUCKETS, AS APPROPRIATE. THE LOADING ON EACH 
OF THE THREE ADJACENT BUCKETS IS 2000 lb ., CORRESPONDING TO THE 
NORMAL WORKING CONDITION.
FIG. 80. SHOWS STRESSES AT CORRESPONDING POINTS ON THE SWEPT
Su r f a c e s .
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MEASURED APPROXIMATE JET LOADIMG COMPONENT PRINCIPAL STRESSES ON UNSWEPT 
SURFACE OF BUCKET OF lb^2 IN. ALUMINIUM TURGO WHEEL. THE STRESSES ARE 
MAINLY AT POINTS ON MER1PIÙNAL SECTIONS. AND AT RIM AND HUB JUNCTIONS. 
AND PERTAIN TO A BUCKET CARRYING ONLY DIRECT SIMULATED JET LOADING OF 
2 000  ib .. THE LOAD VALUE APPROPRIATE TO THE NORMAL WORKING CONDITION.
F IG . 82. SHOWS PRINCIPAL STRESSES MAINLY AT CORRESPONDING POINTS ON SWEPT SURFACE.
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h ig h e r on th e  in le t  edge , th a n  on the  o u tle t edge . N e v e rth e le s s , the
2g re a te s t m axim um  to ta l s tre s s , 5270 lb / in  te n s i le ,  w h ic h  is  th e  h ig h e s t 
m easured app rox im a te  je t  lo a d in g  s tre ss  on th e  w h e e l, occu rs  on the  
u nsw ep t su rfa ce  o f th e  o u tle t edge at i t s  ju n c t io n  w ith  th e  h ub . The lo c a l 
m axim um  in  th is  s tre ss  c o n c e n tra tio n  area w o u ld  be expe c ted  to  be 
som ew hat h ig h e r th a n  th is  m easured v a lu e . H o w e ve r, w ith  in e v ita b le  
re s e rv a tio n s  on a ccou n t o f th e  approx im a te  na tu re  o f th e  lo a d in g  in  th is  
te s t ,  i t  seems no t u n re a son a b le  to  assume th a t th e  h ig h e s t m easured to ta l 
s tre ss  o f 5 270 lb / i n  te n s ile  p ro v id e s  an in d ic a t io n  o f th e  o rde r o f  the  
a c tu a l m axim um  je t  lo a d in g  s tre ss  on the  w h e e l.
No m axim um  to ta l s tre ss  re s u lts  are p resen ted  fo r  any o f  the  non­
edge s tra in  gauge lo c a t io n s  on th e  b u cke t. C o m p u ta tio n s  were u n d e rta ke n  
fo r  th e se  v a lu e s  but at m any ro se tte  lo c a t io n s  i t  w as found th a t th e  gauges 
o f the  ro s e tte  showed m axim um  to ta ls  fo r  d if fe r in g  lo a d in g  c o n d it io n s .
F u rth e r a n a ly s is  o f such cases  was no t c a rr ie d  o u t. T t w as p a te n tly
o b v io u s  from  a l l  the  in d ic a te d  m agn itudes th a t now here rem ote from  an
2
e dg e , w o u ld  a m axim um  to ta l s tre ss  approach th e  o rde r o f 5000 lb / i n  ,
The d is t r ib u t io n s  w ith  ang le  0  ( F ig .65) o f th e  m easured edge 
s tre s s e s , are p resen ted  in  F ig s . 84 and 85. The fo rm e r F ig . shows th e  
com ponent edge s tre sse s  fo r  th e  bucke t su b je c te d  o n ly  to  20001b d ire c t 
s im u la te d  je t  lo a d in g , i . e .  fo r  th e  s tre sse s  o f F ig  s . 7 8 and 79 . The la t te r  
F ig . p resen ts  th e  m aximum  to ta l edge s tre sse s  p r io r iy  in d ic a te d  on 
F ig s . 80 and 81.
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CONDITION
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4C i l  A pprox im ate  je t  lo a d in g  s tre sse s  on the  rim
The s tre sse s  m easured on the  in le t  s id e  o f th e  rim  were found
g e n e ra lly  to  be o f a lo w  o rd e r. Th is  was th e  case  fo r  lo c a tio n s  nea r a
b ucke t c a rry in g  o n ly  2000 lb  d ire c t s im u la te d  je t  lo a d in g . I t  w as a lso
found th a t a p p lic a t io n  o f s im ila r  lo a d in g s  to  a d ja ce n t b u cke ts  ; produced
l i t t l e  a d d it io n a l s tre ss  e ffe c t a t th e se  lo c a t io n s ,  so th a t m aximum  to ta l
s tre sse s  on th e  in le t  s id e  were a ls o  lo w . The h ig h e s t m aximum  to ta l s tre ss
2
found th e re  w as + 250 lb / in  . A s im ila r  s itu a t io n  was re vea le d  on th e  rim
2o u te r face  where a h ig h e s t m aximum  to ta l s tre s s  o f + 450 lb / in  w as 
m easured at a lo c a t io n  in  w ay  o f the  ju n c t io n  w ith  th e  o u tle t edge o f one 
o f th e  b ucke ts  c a rry in g  2000 lb  s im u la te d  je t  lo a d in g ,  and a d ja ce n t to  
2 b u cke ts  s im ila r ly  lo a d e d .
S tresses o f a much h ig h e r o rde r were m easured on th e  o u tle t s id e .
Th is  w as perhaps to  be e xpec ted  s in ce  by fa r  th e  g re a te r p o rtio n  o f the  
lo n g  b u c k e t-to -r lm  c o n n e c tio n  (see e .g .  F ig . 67) is  on th e  rim  o u tle t s id e , 
where th e  m a in  tra n s m is s io n  o f lo a d in g  from  b u cke t to  rim  w i l l  ta k e  p la c e . 
The s tre sse s  here w ere a ls o  found to  v a ry  c o n s id e ra b ly  a cco rd in g  to  th e ir  
lo c a tio n s  re la t iv e  to  the  b u cke t c a rry in g  the  lo a d , and v a r ia tio n s  no t u n lik e  
some o f th o se  in  F ig .7 7  were re co rd e d . An in d ic a t io n  o f  th is  may be seen 
in  F ig . 86, w h ic h  shows th e  m easured p r in c ip a l s tre sse s  on th e  o u tle t s ide  
o f the  rim  be tw een  tw o  b u c k e ts , each o f w h ic h  w as su b je c te d  in  i t s  tu rn  
to  2000 lb  lo a d in g . A lte rn a t iv e ly ,  th is  F ig . m ay be ta k e n  as in d ic a t iv e  o f 
the  p r in c ip a l s tre sse s  on each  s ide  o f one lo a d e d  b u c k e t.
On the  s ide  a n t i- c lo c k w is e  from  the  loa d e d  b u cke t ( lo o k in g  at in le t)  
the  m a jo r p r in c ip a l s tre sse s  are a l l  te n s ile  and p ra c t ic a l ly  c irc u m fe re n t ia l,  
th e  m axim um  be in g  + 890 lb / i n  fo r  2000 lb  on th e  b u cke t o n ly .  In  
c o n tra s t,  on the  s ide  c lo c k w is e  o f the  loaded  b u c k e t, co m p re ss io n , a lso  
m a in ly /
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m a in ly  c irc u m fe re n t ia l and o f  a le s s e r  o rd e r, is  the  fe a tu re . These
in d ic a t io n s  are c o n s is te n t w ith  the  na tu res o f the  s tre sse s  on the  loaded
bucke t a t i t s  ju n c t io n  w ith  th e  r im , as show n on F ig s . 82 and 83.
Of th e  m axim um  to ta l s tre sse s  com puted fo r  o u t le t s id e  lo c a t io n s ,
2a fte r  th e  m anner o f F ig , 77 , th e  h ig h e s t v a lu e  w as 1950 lb / i n  te n s io n .
T h is  h ig h e s t m axim um  to ta l s tre ss  occu rred  on th e  o u t le t  s ide  at the
2
lo c a t io n  show ing  + 890 lb / i n  s tre ss  in  F ig , 86 , and w a s , o f c o u rs e , due 
to  2000 lb  s im u la te d  je t  lo a d in g  a c tin g  on each o f the  3 a d ja ce n t b u c k e ts , 
say  Nos . 2 , 3  and 4 .
—16S"
4C i l l  A pprox im ate  je t  lo a d in g  s tre sse s  on th e  hub
S tresses were m easured on the  h u b , o n ly  at lo c a t io n s  at i t s
ju n c tio n s  w ith  a d ir e c t ly  loaded  bucke t and w ith  a d ja ce n t b u c k e ts . The
v a lu e s  found  w ere s m a ll,  th e  h ig h e s t m aximum  to ta l s tre ss  m easured
2
be ing  + 670 lb / i n  . Th is occu rred  in  the  c irc u m fe re n t ia l d ire c t io n  
( re la tiv e  to  th e  w he e l a x is ) at a lo c a t io n  be tw een  th e  bucke t o u tle t e d g e / 
hub ju n c tio n s  o f 2 a d ja c e n t b u c k e ts , these  be ing  2 o f a group o f 3 b u c k e ts , 
each c a rry in g  2000 lb  s im u la te d  je t  lo a d in g . Th is  hub lo c a t io n ,  se ve ra l 
o f  w h ich  are e v id e n t in  F ig .5 6 (b ) , a d jo in s  th e  lo c a t io n  on the  unsw ep t 
su rface  o f th e  b u cke t o u tle t e dg e , where the  h ig h e s t m aximum  to ta l 
s tre ss  in  th e  w h e e l was m easured , F ig . 81.
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4C iv  C o rrespond ing  approx im a te  le t lo a d in g  s tre sse s  in  16& in .c a s t  
s te e l Turgo w hee l
In  members o f id e n t ic a l geom etry  and s iz e ,  but o f d if fe re n t l in e a r -  
e la s t ic  m a te r ia ls  w ith  P o is s o n 's Ratio V  o f s im ila r  o rd e r, id e n t ic a l 
s tre sse s  are in d u ce d  by the  same e x te rn a lly  a p p lie d  lo a d in g s . In  such 
a p a ir  o f  Turgo w h e e ls , th e re fo re , th e  same e x te rn a lly  a p p lie d  bucke t 
lo a d in g s , w h e th e r due to  w a te r je t  a c tio n  on both  w h e e ls , o r to  
m e cha n ica l a c tio n  on both  w h e e ls , w i l l  p roduce id e n t ic a l s tre sse s  in  the  
w h e e ls ,
Thus th e  app rox im a te  je t  lo a d in g  s tre sse s  in  a 1 6 i in .c a s t  s te e l 
Turgo w h ee l are id e n t ic a l to  th e ir  co u n te rp a rts  in  th e  1 6 i in ,a lu m in iu m  
w h e e l, as p resen ted  in  F ig s .77 to  86 and in  s e c tio n s  4G i  to  4 0  i i i .
The c o rre sp o n d in g  g re a te s t m easured maximum to ta l app rox im a te  je t  
lo a d in g  s tre ss  in  the  norm al w o rk in g  c a s t s te e l w he e l is  th e n  5270 lb / in  
(2 ,4  T / in ^ )  te n s i le .
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4D COMPARISON' AND COMBINATION OF CENTRIFUGAL AND APPROXIMATE
TET LOADING STRESSES IN  16? I n .p .c .d .  TURGO WHEEL
The s tre ss  m easurem ents show  th a t the  b u cke t edges are th e  c r i t ic a l  
lo c a t io n s  o f h ig h  s tre s s , e x h ib it in g  the  s tre ss  m a x im a .. At co rre sp on d in g  
p o in ts  on the  tw o  su rfa ce s  at an edge , h o w e ve r, th e  s tre sse s  fo r  a g iv e n  
lo a d in g  are w id e ly  d if fe re n t ,  due to  edge bend ing moments superim posed on 
membrane fo rc e s . The m axim um  c e n tr ifu g a l s tre ss  occu rs  on th e  sw ept 
su rface  o f the  o u tle t edge n e a r the  p i t c h - c i r c le , w h ile  the  maximum 
approx im a te  je t  lo a d in g  s tre ss  o ccu rs  on th e  un sw ep t su rfa ce  o f th e  same 
edge , where i t  jo in s  th e  hu b . For the  ca s t s te e l w h e e l, from  F ig s .66 and 
85 , the  m easured m axim a are as fo l lo w s : -
N orm al Aviaxim um  c e n tr ifu g a l s tre ss  = + 3160 x  3 = + 9 480 I b / in ^
w o rk in g  J G re a te s t m aximum  to ta l approx im a te  je t  lo a d in g  s tre ss  = + 5270 I b / i r
c o n d it io n s / , . ra tio ^  _______ M a x . c e n tr ifu g a l s tre s s __________  = 1 .80
G re a te s t m ax. to ta l ap p ro x . je t  lo a d in g  s tre ss
2
Overspeed c o n d it io n :-  M axim um  c e n tr ifu g a l s tre ss  = + 30 ,700  lb / in
C e n tr ifu g a l s tre ss  is  p a te n tly  dom inant at norm al w o rk in g  c o n d itio n s  
and is  c r i t ic a l ly  im p o rta n t at ove rspe e d .
U nder norm al w o rk in g  c o n d it io n s ,  the  m ain a c tio n  in  re sp e c t o f bo th  
c e n tr ifu g a l and je t  lo a d in g  s tre ss  m ax im a , is  in -p la n e  bend ing  o f the  
b u c k e ts . Both c e n tr ifu g a l and approx im ate  je t  lo a d in g  m easurem ents 
dem onstra te  th e  co n s id e ra b le  f le x ib i l i t y  o f the  bucke t under th is  a c t io n , 
an im p o rta n t fa c to r  in  re la t io n  to  the  su p p o rtin g  ro le  p la yed  by the  bucke t 
in  th e  je t- lo a d e d  w h e e l. The s ig n if ic a n c e  o f th is  rô le  is  one o f the  m ain 
re v e la tio n s  o f th e  app rox im a te  je t  lo a d in g  te s t .
T h e /
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The com bined c e n tr ifu g a l and app rox im a te  je t  lo a d in g  m aximum  to ta l
s tre sse s  on th e  b u cke t edges o f th e  c a s t s te e l w hee l are in d ic a te d  in
F ig . 87. The va lu e s  have been superim posed a p p ro p r ia te ly  from  F ig s .66
and 85 and re la te  to  the  norm al w o rk in g  c o n d it io n .  From F ig . 87 , the
maximum com bined m easured s tre ss  at norm al w o rk in g , is  seen to  be about
13,100 lb / in  t e n s i le , o c cu rr in g  on the  u nsw ep t su rface  o f  the  o u tle t edge
where i t  jo in s  the  h ub , fo r  Q  -  about 146~^. The h ig h e s t sw ept su rface
o u tle t edge v a lu e  is  + 11 ,400 I b / in ^  a t 0  = about 9 2 ° ,  and th e  h ig h e s t
sw ept su rface  in le t  edge v a lu e  is  + 10 ,600  l b / i n  at about the  same ang le  Q
2The co rre sp o n d in g  m axim um  com bined  s tre ss  in  the  rim  is  + 7 ,6 5 0  lb / in  ,
2 2 co m p ris in g  + 6 ,4 5 0  lb / in  c e n tr ifu g a l s tre ss  (F ig . 68) and + 1 ,200 lb / in
app rox im a te  je t  lo a d in g  m axim um  to ta l s tre s s . Th is  m axim um  occu rs
c irc u m fe re n t ia lly  on the  o u tle t s ide  o f the  r im , at a bu cke t o u tle t edge
ju n c t io n .
These m easured com bined s tre sse s  are o f r e la t iv e ly  sm a ll o rd e r.
Such w ou ld  be expec ted  in  Turgo w he e ls  in  v ie w  o f th e ir  o p e ra tin g  
c o n d it io n s , and o f th e ir  lo n g  tro u b le - fre e  s e rv ic e  re c o rd .
M in d fu l o f the  re s e rv a tio n s  w h ic h  m ust be m a in ta in e d  in  re sp e c t o f 
the  app rox im a te  na tu re  o f the  je t  lo a d in g  te s t ,  th e  m a in  c o n c lu s io n s  from  
th is  ch a p te r are sum m arised as fo l lo w s : -
For th e  i s l  in .c a s t  s te e l Turgo w h e e l:-
(1) U nder norm al w o rk in g  c o n d it io n s  c e n tr ifu g a l s tre ss  is  p red o m in a n t.
2The m aximum  m easured c e n tr ifu g a l s tre ss  is  + 9 ,480 l b / i n  . The
g re a te s t m easured m axim um  to ta l app rox im a te  je t  lo a d in g  s tre ss  is  
2
+ 5 ,2 7 0  lb / in  . At o ve rsp e e d , the  m axim um  m easured c e n tr ifu g a l
2
s tre s s  is  + 3 0 ,7 0 0  lb / i n  . These m axim a o c c u r on the  o u tle t edge 
o f the  b u c k e t,
(2) For bo th  c e n tr ifu g a l and approx im ate  je t  lo a d in g ,  the  m ost 
s ig n if ic a n t  s tre sse s  o c c u r on the  sw ept and un sw ept su rfaces  o f 
t h e /
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th e  b u cke t e d g e s , a long  w h ic h  the  s tre ss  d is t r ib u t io n s  are q u ite  
d is t in c t iv e .  The su rface  s tre sse s  a t the  edges are the  re s u lta n ts  
o f s h e ll bend ing  moment and membrane fo rce  a c tio n s  a long  th e  e dges .
(3) For bo th  lo a d in g s , th e  m ost s ig n if ic a n t a c tio n  on the  b ucke t is  
bend ing  in  the  p lane  o f the w h e e l. The g e n e ra l s h e ll b e h a v io u r 
o f th e  b u cke t in  a w o rk in g  w h e e l, is  s im ila r  to  th a t o f a to ro id a l 
s h e ll su b je c te d  to  in -p la n e  bend in g .
(4) U nder je t  a c t io n ,  the  ro le  p laye d  by a b u cke t in  su p p o rtin g  a d ja ce n t 
d ir e c t ly  lo aded  b u c k e ts , is  an im p o rta n t one . S tresses in  the  
b u c k e t p e rtin e n t to  th is  r o le , may be o f consequence  equa l to  th a t o f 
s tre s s e s  due to  d ire c t lo a d in g .
•373“
CHAPTER 5.
THEORETICAL ANALYSIS OF THE STRESSES AND DEFORMATIONS IN  AN 
OPEN TOROIDAL SHELL SUBTEGTED TO IN -P L .ANE
BENDING.
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THEORETICAL ANALYSIS OF THE STRESSES AND DEFORMATIONS IN  AN 
OPEN TOROIDAL SHELL SUBTEGTED TO IN -PLAN E BENDING
From th e  p rev io u s  ch a p te rs  i t  is  c le a r  th a t the  geom etry  o f a Turgo 
w hee l b ucke t resem b les  th a t o f a p o rtio n  o f an open to ro id a l s h e l l ,  and 
th a t th e  w o rk in g  s tre ss  b e h a v io u r o f the  b u cke t is  ro u g h ly  com parab le  to  
th a t o f a to ro id a l s h e ll s e c to r  su b je c te d  to  bend ing  in  th e  p lane  o f th e  
s h e ll.  A s h e ll th e o ry  tre a tm e n t does not appear to  have been g iv e n  fo r  
th e  s p e c if ic  case o f th e  open to ro id a l s h e ll un de r in -p la n e  b e n d in g . Th is 
c o n tra s ts  w ith  th e  w e ll-d o c u m e n te d  co rre sp on d ing  case  o f the  c lo se d  
to ro id a l s h e ll o r p ip e -b e n d , a case w h ich  f i r s t  su s ta in e d  th e o re t ic a l 
o n s la u g h t in  1911.
I t  is  ra t io n a l to  s tu d y  the  s o lu tio n s  re le v a n t to  th e  c lo se d  s h e ll 
p ro b le m , as p o s s ib le  sources o f a s o lu tio n  to  th e  co rre sp o n d in g  open s h e ll 
c a se , M o s t o f th e  s ig n if ic a n t  th e o re t ic a l papers on p ip e -b e n d s  under in ­
p lane  bend ing  are sum m arised and exam ined c r i t ic a l ly  by TURNER AND FORI^^^ 
who th e m se lve s  p resen t a th e o re t ic a l s o lu tio n  s u p e rio r  in  some re spe c ts  to  
p re v io u s  o n e s . I t  seem s, h o w e ve r, th a t the  b a s is  o f th is  s o lu tio n  w ou ld  
support a co rre sp o n d in g  open s h e ll s o lu tio n  le s s  re a d ily  and w ith  le s s
(49)
g e n e ra lity  th a n  w ou ld  th a t o f th e  e a r l ie r  c lo s e d  s h e ll a n a lyse s  o f REISSNER 
and G LARK AND REISSNER^"^^^. These e a r l ie r  au tho rs  advance a s o lu t io n  o f 
th e  p ip e -b e n d  prob lem  by means o f  th e  th e o ry  o f th in  e la s t ic  s h e lls  o f 
re v o lu t io n ,  and GLARK^^^ in  a la te r  p u b lic a t io n ,  g e n e ra lis e s  and ex tends the  
s o lu t io n  fo r  c lo s e d  s h e lls  o f any reasonab le  c u rv il in e a r  c ross  s e c tio n  and 
v a ry in g  th ic k n e s s .  The s h e ll o f re v o lu tio n  a p p ro a ch , fo rm u la te d  in  these  
papers o f REISSNER and GLARK is  re a d ily  a p p lic a b le  to  th e  a n a ly s is  o f the
open to ro id a l s h e ll unde r in -p la n e  bend ing as a ge ne ra l c a s e . In d e e d , 
CLARK'S^ 
g e n e ra l/
G ^^ s o lu t io n  is  e m in e n tly  a p p lic a b le  as pa rt o f th e  open s h e ll
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gen e ra l s o lu t io n  fo r  the  to ro id a l s h e lls  o f r e la t iv e ly  la rg e  cu rva tu re s  
com parab le  w ith  th e  geom etry  o f Turgo w hee l b u cke ts  and w ith  the  
geom etry  o f P e lton  b u c k e ts . As w i l l  be show n s u b s e q u e n tly , a P e lton  
bucke t som ew hat resem b les  tw o  id e n t ic a l open to ro id a l s h e ll sec to rs  
r ig id ly  connec ted  on c irc u m fe re n tia l b o u n d a rie s . Furtherm ore th e n , th e  
s h e ll o f re v o lu t io n  approach  prom otes the  e x te n s io n  o f  th e  a n a ly s is  to  
in c lu d e  the  case  o f a c irc u m fe re n tia lly -c o n n e c te d  p a ir  o f id e n t ic a l open 
to ro id a l s h e l ls ,  su b je c te d  to  in -p la n e  b e n d in g .
The in -p la n e  bend ing  o f  an open to ro id a l s h e ll co n s id e re d  as a 
s e c to r o f a s h e ll o f r e v o lu t io n , obeys th e o re t ic a l ly  th e  o rd in a ry  second 
o rde r co m p le x  non-hom ogeneous d if fe re n t ia l e q u a tio n  c h a ra c te r is t ic  o f 
s h e lls  o f re v o lu t io n  under a x ia l ly  sym m etric  lo a d in g . Th is  e q u a tio n  is  
adopted by  CLARK^^^. An a sym p to tic  p a r t ic u la r  in te g ra l g iv e n  by CLARK^® 
a ls o  a p p lie s  to  th e  gen e ra l s o lu t io n  o f the  open s h e ll ca s e . Th is  p a r t ic u la r  
in te g ra l app ro x im a te s  to  the  membrane s o lu t io n  o v e r th e  g re a te r p o rtio n  o f 
th e  s h e ll .  The com p lem en ta ry  fu n c tio n  is  d e rive d  by  an a s y m p to tic  m ethod 
due to  LANGER^^°^. NAGHDI AND DE SILVA^^^^ in d ic a te  th e  a p p l ic a b i l i ty  
o f th is  a s y m p to tic  m ethod fo r  s o lu tio n  o f a hom ogeneous e q u a tio n  o f genera l 
s h e ll o f re v o lu t io n  p ro b le m s . The s o lu tio n  o f th e  hom ogeneous e q u a tio n  
d e s c rib e s  the  c o n d it io n s  and e ffe c ts  p e rtin e n t to  th e  edges o r boundaries  o f 
the  s h e l l .  For th e  open to ro id a l s h e ll th e n , the  gene ra l s o lu tio n  is ^ fo r  
the  m ost part^a s y n th e s is  o f membrane and edge e ffe c t s o lu t io n s , and so 
p a r t ia l ly  con fo rm s to  th e  p a tte rn  common in  th e  app rox im a te  a n a ly s is  o f 
s h e lls  o f re v o lu t io n .
The m a in  in te re s t l ie s  in  open to ro id a l s h e lls  o f la rg e  cu rva tu re  and 
fo r  th e s e , a s y m p to tic  s o lu tio n s  o f  th e  d if fe re n t ia l e q u a tio n  are p a r t ic u la r ly  
advan tageous and are o f s u p e rio r a c c u ra c y . Power se rie s  s o lu tio n s  on the  
o th e r hand , w ou ld  in c u r  d i f f ic u l t ie s  o f convergence  fo r  the  geom etries  o f 
in te re s t .  Such s o lu tio n s  m ay not be p ra c t ic a l at a l l , o r may o n ly  be so , 
th ro u g h /
(62)t  h rough th e  use o f a co m pu te r. The e a r ly  p u b lic a t io n s  by  TUEDA 
p resen t a s o lu t io n  by pow er se rie s  fo r  th e  c lo s e d  to ro id a l s h e ll bend ing  
c a s e . The form  o f th e  s o lu t io n  is  more d ir e c t ly  a p p lic a b le  to  th e  open 
s h e ll th a n  to  the  c lo s e d . I t  is  ho w e ve r, re s tr ic te d  to  u n ifo rm  th ic k n e s s ,  
p a r t - c ir c u la r  s e c tio n  to ro id a l s h e lls .  The open s h e ll v e rs io n  o f th e  
TUEDA s o lu t io n  is  p ra c t ic a l o n ly  fo r  r e la t iv e ly  lo n g  ra d iu s  to ro id a l s h e lls ,  
not com parab le  in  cu rva tu re s  w ith  those  o f im p u ls e  w a te r tu rb in e  b u c k e ts . 
For such s h e lls ,  h o w e ve r, th e  w r ite r  has found i t  to  in d ic a te  s tre ss  
b e h a v io u r s im ila r  to  th a t de te rm ined  fo r  the  la rg e  cu rva tu re  s h e lls  by 
a s y m p to tic  s o lu t io n s , and s im ila r  in  k in d  to  th a t m easured on Turgo w hee l 
b u c k e ts .
A re s u lt  from  th e  open to ro id a l s h e ll s o lu t io n  conce rns  the  in -p la n e  
bend ing  r ig id i t y  o f the  s h e l l ,  in  com parison  w ith  the  r ig id i t y  w h ic h  w ou ld  
be g iv e n  by  tre a tm e n t w ith  s im p le  beam th e o ry . Th is  com parison  has an 
e xa c t p a ra lle l in  th e  c lo s e d  s h e ll c a s e , w here the  co m pa ra tive  r ig id it ie s  
are exp ressed  as a r a t io ,  nam e ly  th e  r ig id i t y  o r f le x ib i l i t y  fa c to r .  W ith  
regard to  th e o re t ic a l a n a ly s is  o f the  w o rk in g  a c tio n s  on a Turgo w hee l 
b u c k e t, the  co rre sp o n d in g  approx im ate  open to ro id a l s h e ll r ig id i t y  fa c to r  
may be a p p lie d  to  pa rts  o f the  beam theory/ c a lc u la t io n s  o f C h a p te r 3, 
in  a m o d if ic a t io n  to  co n ve rt the  c a lc u la t io n s  to  th e  more r e a l is t ic  and 
accu ra te  s h e ll b a s is .
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5A GENERAL SOLUTION FOR OPEN TOROIDAL SHELL OF VARYING TFIICKNESS
I t  is  assum ed th ro u g h o u t th a t the  s h e ll has a p lane  o f sym m etry
p e rp e n d ic u la r to  th e  a x is  o f re v o lu t io n  and th a t th e  m e rid io n a l c ro s s -
s e c tio n  is  c u rv i l in e a r ,  o f th e  g ene ra l shape show n in  F ig . 88(a) o r (b ) .
I n i t ia l l y  h o w e ve r, th e  c ro s s -s e c t io n  is  u n s p e c if ie d  as to  form  and th ic k n e s s .
*
A dopting  th e  fo rm u la tio n  and e s s e n t ia l ly  th e  n o ta tio n  o f  REISSNER 
AND CLARK^^' , a s e c to r o f such an open to ro id a l s h e l l ,  su b je c te d
to  pure in -p la n e  bend ing  is  c o n s id e re d . F ig . 8 8 (c ), The s h e ll c a rr ie s  no 
su rface  lo a d in g  a n d , unde r in -p la n e  b e n d in g , has c y l in d r ic a l n e u tra l 
su rfa ce  in d ic a te d  by tra c e  NS in  th e  F ig . C o n s id e re d  as a prob lem  o f the  
th e o ry  o f th in  s h e lls  o f re v o lu t io n ,  excep t fo r  th e  c irc u m fe re n tia l com ponent 
o f  d is p la c e m e n t, th e  d isp la ce m e n ts  and th e  s tre ss  d is tr ib u t io n s  are 
a x i s y m m e tr ic .
I f  is  th e  ra d iu s  o f the  undeform ed n e u tra l s u rfa c e , and ©  i t s  
ang le  subtended at th e  a x is .  F ig . 88 (d ), and i f  and 0 - ^ A 0
are the  co rre sp o n d in g  q u a n tit ie s  fo r  th e  deform ed n e u tra l s u rfa c e , th e n  the  
change in  cu rva tu re  due to  a p p lie d  moment , VYl is  g iv e n  b y :-
A K  =  — !_________ L  _  ,
n e g le c tin g  p roduc ts  o f sm a ll q u a n t it ie s .
S ince the  n e u tra l su rface  rem ains unchanged in  le n g th :-
( r ^  -  A r J ( e + A e )  =  r ^ .  0
T h e re fo re , n e g le c tin g  p rod uc ts  o f sm a ll q u a n t it ie s ,
A ©
© • T n
(SA .l)
*  See N om encla tu re .
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A lthough  a l l  o th e r q u a n tit ie s  are assum ed to  be inde pe n den t o f  ©  , 
the  c irc u m fe re n tia l com ponent o f d isp la ce m e n t i T  , is  a llo w e d  to  have 
th e  form : -
• \ r =  k r  6
(5A. 2)
a t a l l  p o in ts  { T , ©  ) in  th e  s h e l l ,  K  be ing  a d ira e n s io n le ss  c o n s ta n t.
At ang le  ©  th e re fo re , F ig . 88(d) , due to  d e fo rm a tio n , p o in t B on 
th e  n e u tra l su rface  is  d is p la c e d  c irc u m fe re n t ia lly  to  B . The c irc u m ­
fe re n t ia l d isp la ce m e n t o f  B  is  th u s  g ive n  b y : -
'V 'b = 3 ' b " =  k r ^ ©
= (;n ,-A rJ .A e
= T ^ - A 6  j n e g le c tin g  p ro d u c ts  o f  sm a ll 
q u a n tit ie s .
••• k  =
(5A.3)
H e n c e , from  e q u a tio n  (S A . l) , change in  cu rva tu re  A K  is  g iv e n  b y : -
AK =
(5 A. 4),
where is  th e  ra d iu s  o f the  c y l in d r ic a l n e u tra l s u r fa c e , i . e .  is  th e
ra d iu s  at w h ic h  th e  s h e ll m id -s u r fa c e  c irc u m fe re n tia l s tra in  0 ^
o r w h e re :-
Nq -  V Ng “  o
(5A.5),
in  te rm s o f th e  co rre sp o n d in g  s tre ss  re s u lta n ts  in  th e  s h e l l ,  F ig , 88(e). 
Subsequent to  s o lu t io n  o f th e  d if fe re n t ia l e q u a tio n  re le va n t to  th e  s h e ll 
th e o ry  tre a tm e n t o f th is  p ro b le m , s tre ss  re s u lta n ts   ^ may be
fo u n d , and so may be de te rm ined  from  e q u a tio n  (5A. 5) in  any p a r t ic u la r  
c a s e .
C o n s id e r in g /
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C o n s id e r in g  th e  s h e ll as pa rt o f a th in  s h e ll o f re v o lu t io n , 
a m e rid ia n  o f th e  m id -s u r fa c e , F ig . 88(a) and (b) , m ay be represen ted  
in  te rm s o f th e  pa ram ete r ^  , by e q u a tio ns  o f th e  form : -
, Z =
(5A. 6)
The m e rid ia n  geom etry  is  assum ed to  be such th a t i “  and "Z. have 
co n tin u o u s  d e r iv a t iv e s  w ith  re sp e c t to  ^  up to  at le a s t th ird  o rd e r, 
and a ls o  such th a t the  q u a n t ity : -  ^
(5A.7)
Prim es denote  d if fe re n t ia t io n  w ith  re spe c t to  ^ , w h ic h  is  the
in d e p e n d e n t v a r ia b le  th o u g h o u t.
From the  gen e ra l s o lu t io n  o f th e  d if fe re n t ia l e q u a tio n , in  any 
p a r t ic u la r  case s tre ss  re s u lta n t and s tre ss  co u p le  , F ig . 88(e),
m ay be found in  te rm s o f E k  . A re la t io n  be tw een  a p p lie d  bend ing 
moment Vn and d im e n s io n le s s  co n s ta n t k  may th e n  be o b ta ine d  from  
th e  fo llo w in g  e q u a tio n  w h ic h  d e fin e s  Vy\ : -
(5A .8),
w h ic h  reduces t o : -
m= c,Ek (5A .9) ,
where is  a c o n s ta n t fo r  a p a r t ic u la r  s h e ll.
From e q u a tio n  (5A. 4) then : -
m -  N
N ow  a p p ly in g  s im p le  beam th e o ry  to  th e  bend ing  o f th e  s h e ll 
s e c to r :-
(5A. 10)
M  ■= E .% . A K
where X  is  the  second moment o f area o f th e  m e rid io n a l c ro s s -s e c t io n  
a b o u t /
* Th is  is  v i r tu a l ly  th e  same e q u a tio n  as (4A .3)
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about an a x is  th ro u g h  th e  c e n tro id . A lte rn a t iv e ly  th e n , th e  s h e ll th e o ry  
e q u a tio n  (5A. 10) may be w r it te n : -
vn =  f  E I.A K
(5A .11 ),
where T is  a s h e ll r ig id i t y  fa c to r  w h ich  has v a lu e  u n ity  fo r  tre a tm e n t 
by s im p le  beam th e o ry . In  a p p ly in g  s im p le  beam th e o ry ,  th e  s h e ll is  
tre a te d  as i f  i t  w as a s tra ig h t m em ber. E quating  (5A. 10) and (5A. 11) 
g iv e s : -
X
(5A. 12)
I f  is  th e  m axim um  s tre ss  d e rive d  by  s h e ll th e o ry , and
th e  co rre sp o n d in g  m axim um  s tre ss  g iv e n  by  s im p le  beam th e o ry , 
th e n  from  th e  s h e ll s o lu t io n  : -
(5A.13),
w here is  a co n s ta n t fo r  a p a r t ic u la r  s h e ll.
N o w , c r  m  J
(5A.14)
where d  is  the  d is ta n c e  o f the  extrem e f ib re  from  th e  s im p le  bend ing  
n e u tra l a x is .  E xp ress ing  th e  maximum s tre sse s  as a r a t io ,  from  e q ua tio ns  
(5A. 1 1 ),(5 A .1 2 ), (5A. 4) : -
(Ig. MAX ^  ^7. X
«Te-Mftx C, d  (SA.IS)
W ith  re fe ren ce  to  any p a r t ic u la r  s h e ll,  e q ua tio ns  (5A.12) and (5A.15) 
conce rn  q u a n tit ie s  o f p ra c t ic a l in te re s t .  In  re sp e c t o f the se  th e n , the
s o lu t io n  o f the  s h e ll d if fe re n t ia l e q u a tio n  p ro v id e s  the  v a lu e s   ^ s.ncl C^>
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5A i  S o lu tio n  o f th e  s h e ll d if fe re n t ia l e q u a tio n
The app rox im a te  non-hom ogeneous co m p lex  d if fe re n t ia l e q u a tio n  
g iv e n  by  CLARK^^^ , governs the  sm a ll d e fo rm a tio n a l b e h a v io u r o f a th in  
open to ro id a l s h e ll o f sm o o th ly  v a ry in g  m e rid io n a l s e c tio n  w h ic h  has 
cu rva tu re s  com parab le  to  the  in -p la n e  c u rv a tu re . The e q u a tio n  a p p lie s  
w hen the  s h e ll boundary  is  at % "  ^  • F ig . 88(a) o r at ^  *
F ig . 8 8 (b ), and is  w r i t te n : -
Z "  -  I / a J  Z  -  F (3 A ..6 ,.
For th e  s h e ll under pure in -p la n e  b e n d in g , th e  lo a d in g  te rm  \ is  g iv e n  b y :-
w here Z. X  4" uY.
F
In  th e  c o e f f i c i e n t y a la rg e  param eter d e fin e d  by:
[l2 (l-vb ] ■—
(5A.17)
(SA.18)
w here th e  zero s u b s c r ip t deno tes  the  va lu e  o f a q u a n tity  at ^ — O  ^
and fu n c tio n  ^  is  g iv e n  b y : -
r T  -  Æ z t .  T ) ko
 ^ (5A.19)
I t  Is  c h a ra c te r is t ic  th a t ^  v a n is h e s  at th e  is o la te d  p o in t where %  =  0,
o r where a ta n g en t to  a m e rid ia n  is  p e rp e n d ic u la r to  th e  a x is  o f 
re v o lu t io n ,  F ig . 88(a) and (b ) . Param eter Ç is  d e fin e d  so th a t ^ ^ 0
co rresponds to  ^  ~  O , ÿ  be ing  bounded from  zero aw ay from  ^ = 0 .
For a c u rv il in e a r  m e rid ia n  th e  fu n c tio n  ^  th e n  has a f i r s t - o r d e r  ze ro , to  
w h ic h  case th e  s o lu t io n  is  c o n fin e d . By M c L a u r ln 's  E xp a n s io n :-
III I I
0 0
2  A  (^A .20 ),
4 8 2 -
w h ic h  form  p e rm its  d e te rm in a tio n  in  the  s o lu t io n ,  o f fu n c tio n s  o f ^  
o th e rw is e  in d e te rm in a te  at ^ = 0 .
The s tre ss  re s u lta n ts ,  s tre ss  c o u p ie s ,F ig . 8 8 (e ), and d isp la ce m e n t 
o f in te re s t .  F ig , 88(a) and (b) , are de te rm ined  in  te rm s o f th e  s o lu t io n  
Z  — X  4" uY =  F u n c tio n  o f ^   ^ su b je c t to  a p p ro p ria te  boundary
c o n d it io n s ,  by  th e  fo llo w in g  re la t io n s : -
•f C t Q =  - z
vi. r.
CT
T Y - 4 Y
{ - r / k  c ) '
 ^ [r/c£C) ' J ^
It
V X
P  _  V  (-t D A )
T z (rû A )
r o t Y,
X :
(5A .21)
?  =
Àt>L
f  D X
w here C “  E V\ D — E V i‘
For th e  gen e ra l s o lu t io n  o f th e  b a s ic  d if fe re n t ia l e q u a tio n  (5A.16)
a re le v a n t app rox im a te  a s y m p to tic  p a r t ic u la r  in te g ra l is  g ive n  by  CLARK (8)
as:
Z(|) = /. f fâ.T(Ys)
(SA. 22)
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This p a r t ic u la r  in te g ra l is  a good a p p ro x im a tio n  fo r  la rg e  y ju ,  
is  v a l id  a t a l l  ^  in c lu d in g  \  =  0 ,  and reduces to  th e  membrane s o lu tio n  
aw ay from  Q ,  is  a fu n c tio n  o f argum ent
re la te d  to  a Lomm el fu n c t io n . I t  is  ta b u la te d , to g e th e r  w ith  i t s  d e r iv a t iv ^ . '
Now  ta k in g  th e  p lane  % =-0% us the  p lane  o f sym m etry . F ig . 88(a) and 
(b) , o n ly  th e  lo w e r  h a lf  o f th e  s h e ll need be c o n s id e re d . The boundary 
c o n d it io n s  re le v a n t to  in -p la n e  bend ing  o f th e  s h e ll a re :-
at th e  free  edge ^  0  oT ^  =- 0  and "  Û  ,
g iv in g  from  e q u a tio n s  (5A. 21),
f '  _L k  D X c)v ’ '
■ (5A .23 )
=  0  and +
a t th e  p lane  o f sym m etry —  Q  -  O  and >
g iv in g  from  e q u a tio n s  (5A. 21),
0  and O
or Z ( y  =  O  .
(5A .24 )
Assum ing th a t m e rid ia ns  o f th e  s h e ll have c o n tin u o u s ly  tu rn in g  
ta n g e n ts  th e n  T  v a n is h e s  at Load ing  te rm  F =  F (^ )  co n ta in s
T  as a fa c to r ,  e q u a tio n  (5A.17) , so th a t p a r t ic u la r  in te g ra l Z ( | )  
e q u a tio n  (5A. 2 2 ), s a t is f ie s  the  boundary c o n d it io n s  a t ^  ^  * In
genera l h o w e ve r, i t  canno t s a t is fy  the  boundary c o n d it io n s  at th e  free  
edge ^  =  O ,  ^ so th a t th e  genera l s o lu tio n  o f d if fe re n t ia l e q u a tio n  
(5A.16) re q u ire s  the  com p lem en ta ry  fu n c t io n , i . e .  th e  s o lu tio n  o f the 
co rre sp o n d in g  hom ogeneous e q u a tio n :-
Z " -  0
2  '  (5 A .2 5 ),
w h ic h /
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w h ic h  p e rta in s  to  e ffe c ts  at the  s h e ll edges . I t  is  in  th is  re s p e c t, 
d e r iv in g  from  a d iffe re n c e  o f  c o n d it io n s  at one bo u n d a ry , th a t th e  open 
and c lo s e d  s h e ll a n a lyse s  d if fe r .
An a s y m p to tic  s o lu t io n  o f hom ogeneous e q u a tio n  (5A, 25) m ay be 
found by a m ethod deve lop e d  by LANGER Th is  m ethod a p p lie s
s p e c if ic a l ly  to  o rd in a ry  d if fe re n t ia l e q u a tio n s  o f such fo rm , c h a ra c te r is e d  
by the  v a n is h in g  o f ^  a t some is o la te d  p o in t 0 ,  to  th e  degree 
where ^  is  zero o r a re a l p o s it iv e  c o n s ta n t. LANGER^^^^ shows th a t 
th e re  m ay be a s s o c ia te d  w ith  any such g iv e n  e q u a tio n , a re la te d  e q ua tio n  
o f th e  same ty p e , w h ic h  in  th is  c a s e , may be w r it te n : -
The fu n c t io n  is  bounded . Had th e re  been a co rre sp o n d in g
fu n c tio n  in  th e  c o e f f ic ie n t  o f Z  in  the  g iv e n  e q u a tio n  (5A. 25 ), th a t fu n c tio n  
w ou ld  have been bounded a ls o ,
■ The re la te d  e q u a tio n  (5A. 26) , in  re sp e c t o f fu n c t io n  , is  such
th a t i t s  a s y m p to tic  s o lu t io n  is  g iv e n  e x p l ic i t ly  in  te rm s  o f B esse l fu n c tio n s  
o f th e  f i r s t  k in d .  The s o lu t io n  o f the  g iv e n  e q u a tio n  fo ry L . la rg e , is  th e n  
show n to  be rep resen ted  a s y m p to t ic a lly  by the  know n  s o lu t io n  o f the  
re la te d  e q u a tio n . For ^  v a n is h in g  to  the  degree 1 at 0 ,  th is  is
e x p re s s ib le  by  th e  fo llo w in g  e q u a lity : -
S o lu tio n  
o f
g iv e n  equation.
S o lu tio n  o f re la te d  
e q u a tio n  in  te rm s 
o f Besse l fu n c tio n s  
_^of the  f i r s t  k ind .
o o
-f-
n=  I (5A.27),j
where is  bounded in  the range under c o n s id e ra t io n .
The in f in i te  se rie s  in  in v e rs e  pow ers o f conve rges u n ifo rm ly
fo r  la r g e y x .  Thus an app rox im a te  s o lu tio n  to  e q u a tio n  (5A. 25) may be
o b ta in e d , a s y m p to tic  i n y x  to  an exac t s o lu t io n .
For a hom ogeneous e q u a tio n  genera l to  the  sm a ll d e fo rm a tio n  th e o ry
o f /
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o f s h e lls  o f re v o lu t io n ,  and o f w h ic h  e q u a tio n  (5A, 25) is  a fo rm , NAGHDI
AND DE SILVA^^ ^^ in d ic a te  th e  LANGER a s y m p to tic  s o lu t io n  u s in g
Besse l fu n c tio n s  o f the  f i r s t  k in d . Th is is  v i r t u a l ly  th e  a s y m p to tic  s o lu t io n
o f (5A. 25) and fo r  ^  v a n is h in g  to  the  degree 1 a t 0 ,  may be w r it te n  in
14: th e  a lte rn a t iv e  fo rm ^^^^ :-
Z ( i )
-i r
^ "  (SA .28),
w here  A , B, are c o n s ta n ts . H i  (a.|) and (.-y)  are H a n ke l
fu n c tio n s  o f o rd e r i  o f th e  f i r s t  and second k in d  re s p e c t iv e ly ,  o f th e  co m p lex  
argum ent 4/] g iv e n  b y : -  I
4j «
(5A, 29)
Th is  co m p lem e n ta ry  fu n c t io n  is  a good a p p ro x im a tio n  fo r  la rg e  y x  
and is  v a l id  a t a l l  |  in c lu d in g  % ^  ' The fo l lo w in g  re la tio n s
e x is t  be tw een  th e  H a n k e l fu n c t io n s  and th e  fu n c tio n s  ^
w h ic h , w ith  th e ir  d e r iv a t iv e s  , are ta b u la te d  fo r  co m p le x  argum ents
(0 / 3.'
(65)
(5A.30)
The a s y m p to tic  gen e ra l s o lu t io n  o f g o ve rn in g  d if fe re n t ia l e q ua tio n  
(5A.16) is  th e re fo re  g iv e n  by the  sum o f e q u a tio n s  (5A. 28) and (5 A .2 2 ).
The re le va n t boundary  c o n d it io n s  are fo rm u la ted  in  e q u a tio n s  (5A, 23) and 
(5 A .2 4 ) . Thus , fo r  th e  in -p la n e  bend ing  o f an open to ro id a l s h e ll o f any 
reasonab le  c o n tin u o u s ly  v a ry in g  cu rva tu re  and th ic k n e s s  d e fin e d  b y :-
(5A.31) ,
- 1 8 6 -
app rox im a te  e xp re ss io n s  fo r  th e  v a r io u s  s tre sse s  and d isp la c e m e n ts  can
be o b ta in e d  from  th e  re a l and im a g in a ry  pa rts  o f  Z ( ^ )  , to g e th e r w ith
e q u a tio n s  (5A. 21) , (5A. 8 ), (5A.12) and (5A ,15). To exp ress  s tre sse s  and
d isp la c e m e n ts  as fu n c tio n s  o f ^  the  fu n c tio n  W e q u a tio n  (5A. 19),
2.
w o u ld  re qu ire  to  be ta b u la te d  and the  in te g ra l J  ^  ('Ç).dÇ w ou ld
‘O
re q u ire  to  be e va lu a te d  and ta b u la te d . In  m ost c a s e s , th e  in te g ra l co u ld  
re a d ily  be e va lu a te d  n u m e r ic a lly  and ta b u la te d  u s in g  a com pu te r.
The fu n c t io n  ^  and th e  a sso c ia te d  in te g ra l depend on the  e xa c t 
shape o f a m e rid ia n  o f the  m id d le  su rface  o f th e  s h e ll and on any v a r ia t io n  
in  th ic k n e s s . N e v e rth e le s s , i t  may be p o s s ib le  to  d e riv e  gene ra l 
e x p re ss io n s  fo r  m axim um  s tre sse s  and o th e r q u a n tit ie s  o f in te re s t w ith o u t 
assum ing  any s p e c if ic  shape fo r  th e  open s h e ll c ro s s -s e c t io n .  Th is m ay be 
a c h ie v a b le  b y  e xa m in ing  the  dependence o f the  q u a n tit ie s  o f in te re s t on th e  
re a l and im a g in a ry  pa rts  o f the  ta b u la te d  fu n c tio n s  ^
and th e ir  d e r iv a t iv e s ,  and by c o n s id e r in g  the  na tu res  o f the  
v a r ia t io n s  ^ ^ \ n  th e se  re a l and im a g in a ry  com po n en ts . Such a tre a tm e n t
has been a p p lie d  by CLARK^® to  th e  co rre sp o n d in g  g e n e ra l c lo s e d  s h e ll 
p ro b le m .
To i l lu s t r a te  th e  a p p lic a t io n  o f th e  s o lu t io n  to  a p a r t ic u la r  s h e ll fo rm , 
an open to ro id a l s h e ll o f c ir c u la r  c ro s s -s e c t io n  is  s e le c te d . Th is  is  th e  
m ost s im p le  case and is  th e  o n ly  one fo r  w h ich  ta b u la te d  da ta  re le v a n t to  
fu n c t io n  ^  and i t s  d e p e n d e n ts , have been p u b lis h e d . The p a ra b o lic  
c ro s s -s e c t io n  adopted in  C hap te r 3 to  approx im a te  a Turgo w hee l bucke t 
m e rid io n a l s e c t io n , is  no t tre a te d . H o w e ve r, as may be seen from  F ig .91, 
a s e c tio n  w ith  a c ir c u la r  m id -s u r fa c e  m e rid ia n  m ay be arranged to  p rov ide  
an a p p ro x im a tio n  a lm ost as good . The b e h a v io u r in d ic a te d  fo r  the  in -p la n e  
bend ing  o f  the  c ir c u la r  s e c tio n  s h e l l , w ou ld  no t be expec ted  to  d if fe r  v e ry  
w id e ly  from  th a t w h ich  m igh t be de te rm ined  in  th e  c lo s e ly  co rre spo n d ing  
p a ra b o lic  s e c tio n  c a s e . M o re o v e r, as i l lu s t r a te d  in  F ig .107, C h ap te r 7 , 
t h e /
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th e  c ir c u la r  s e c tio n  m ay g iv e  a re a so n a b ly  c lo s e  a p p ro x im a tio n  to  the  
shape o f th e  m e rid io n a l s e c tio n  o f  a h a lf  P e lton  b u c k e t.
The param ete r and ind ependen t v a r ia b le  ^  in  e q u a tio n s  (5A. 6) and 
(5A. 31) is  ta k e n  as th e  c e n tra l ang le  o f the  c ir c u la r  c ro s s -s e c t io n ,  F ig , 89 , 
th is  ang le  be ing  th e  same as th e  tan g en t ang le  0  , F ig . 88(a) and (b ) .
The p a ra m e tric  e q u a tio n s  o f th e  m id -s u rfa c e  o f  th e  s h e ll are th e re fo re :-
(5A.32)
A ssum ing th a t c o n tin u o u s ly  v a ry in g  s h e ll th ic k n e s s  k  is  d e fin e d  b y :-
V\ =  V\(!s) =
(5A.33)
where IHq is  th e  th ic k n e s s  o r the  p ro je c te d  th ic k n e s s  at ^  =  O , F ig . 89 , 
th e n  from  e q u a tio n s  (5A. 3 2 ), (5A. 7) , (5A. 33 ), (5A.18) and (5A.19) : -
yU. =  | j Z ( l - V ) k  — ,----
(5A.34)
and
t (t  '"x ;h V I +  A s m ^  /  (SA. 35)
w here .OL
In  s h e lls  o f s e c tio n s  com parab le  w ith  those  o f im p u lse  w a te r tu rb in e
b u c k e ts , L  and a  are o f s im ila r  o rd e r, so t h a t y u  is  la rg e  and X  may
have v a lu e s  in  the  re g ion  o f 1.
In  e q u a tio n  (5 A .2 8 ), th e  in te g ra l a sso c ia te d  w ith  ^  i s : -  
?
(5A.36)
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By e qu a tin g  co m p le x  argum ent 'U o f the  H a n ke l fu n c t io n s ,  e q u a tio n  
(5A. 29) , to  1^ *3* Z , I and s u b s titu t in g  fo r  th e  H a n ke l fu n c tio n s  in  
(5A .28) u s in g  re la tio n s  (5A. 30 ), th e  com p lem en ta ry  fu n c t io n  m ay be 
w r it te n  in  a more co n ve n ie n t fo rm . Th is  is  g iv e n  b e lo w  in  th e  gene ra l 
s o lu t io n ,  w ith  th e  p a r t ic u la r  in te g ra l fo r  th is  case  from  e q u a tio ns  (5A.22) , 
(5À.17) , (5A. 3 2 ), (5A. 33) and (5A. 7 ), The g e n e ra l s o lu t io n  o f the  
d if fe re n t ia l e q u a tio n  (5A. 16) i s : -
Q +  yu fb k (A E K (,T i').co s i( l+ X sm |).
^  (5A .37)
w here 2 ., == ~  I 'X -
(5A .38)
i . e .  argum ent Z:, o f th e  m o d ifie d  fu n c tio n s  is  p u re ly  Im a g in a ry ,
W )
Q  =  , ,
(5A. 39)
and are a rb itra ry  co n s ta n ts  o b ta in a b le  from  th e  boundary
c o n d it io n s . The fu n c t io n s  and are ta b u la te d  fo r  p u re ly
.  1 (64)im a g in a ry  argum ents a ls o
The form  o f th e  com p lem en ta ry  fu n c tio n  in  s o lu t io n  (5A. 37) is  s im ila r
(9)to  th a t adopted by  CLARK in  th e  a n a ly s is  o f an e d g e -lo a d e d  c ir c u la r
s e c tio n  to ro id a l s h e ll o f  u n ifo rm  th ic k n e s s . The m anner in  w h ic h  th e  v a ry in g
th ic k n e s s  te rm  V\ occu rs  in  the  gove rn ing  d if fe re n t ia l e q u a tio n  and in  the
com p lem en ta ry  fu n c t io n  has an e xa c t p a ra lle l in  a tre a tm e n t by LECKIE
o f a s y m m e tr ic a lly  lo aded  s p h e ric a l s h e ll o f v a ry in g  th ic k n e s s .
I t  is  e v id e n t from  e q u a tio n s  (5A, 36 ), (5A .38) and (5A, 39) , th a t fo r
^ — 0 ,  CO a n d  % are z e ro , and fu n c tio n  Q  is  in d e te rm in a te .
The la t te r  m ay be d e fin e d  th e re  h o w e ve r, as llm Q (Ç jX ) — 1 •
0
F ro m /
-189
to  be;
From th e  s o lu t io n  (5A. 37 ), X   ^ Y  and th e ir  d e r iv a t iv e s  are found
- y ?  t k  (AE kX T cos^ ( 14- Asin?) "  1 :  )
Y  -  Q [A ^ k , 'L % ) +
- ^ % k ( A e V iX k )  cos? ( l  + A s m ? T "
r
- y -^ i b k (,A E k J ) d l coS^, ( IatAsw^
 ^f f
-y>XbkCAtViX"^ cos? (\ 4- A sm*?} . ^  . Tj^ )
. . i
Y  -  -  Bj^k,X*->o) -*■ Qk.^fli-'X-) -
+ Q(^l[Ack,X^'^)+ ■'■
+ y r b k ( A E k „ f  . i ; .  ( y
+ /jX b k  (AE ligk] CoS? (l4-Xsi«f) , ^
(5A .40)
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where prime means firs t derivative w ith  respect to E , except for the 
fu n c tio n s   ^ and X  w here i t  means f i r s t
d e r iv a t iv e  w ith  re sp e c t to  th e  argum ent o f th e  fu n c t io n .
From e q u a tio n s  (5A. 23) and (5A. 24 ), to g e th e r  w ith  (5A, 32),
(5 A .3 3 ), (5A. 7) and (5A. 21), th e  boundary c o n d it io n s  a re :-
=» 0, E, Y = O , ^
vAcos^ „ _L
a t - 't
and X
l+Asm| Z. (j +-Xstw?)
and at •“  X  =  0  and Y =  0
(5A.41) 
(SA. 42)
S u b s titu tin g  from  e q u a tio n s  (5A. 40) in to  the se  boundary  c o n d it io n  
e q u a tio n s , a rb itra ry  co n s ta n ts   ^  ^ m ay be fo u n d . Know ing
th e s e , s tre s s  re s u lta n ts ,  s tre ss  cou p le s  and d is p la c e m e n t may th e n  be 
d e te rm ined  u s in g  e q u a tio n s  (5A. 21) , (5A. 40 ), (5A. 3 2 ), (5A. 33) and (5A. 7 ).
I t  is  e v id e n t from  th e se  e q u a tio n s  th a t in  a num en.cal e xa m p le , w ith  $  
and CO g iv e n , s tre ss  re s u lta n ts  and s tre ss  co u p le s  w i l l  be found in  te rm s 
o f E  k  .
The e xp re ss io n s  fo r  s tre sse s  and d is p la c e m e n t, fo r  X, Y and th e ir  
d e r iv a t iv e s  and fo r  o th e r im p o rta n t te rm s are u lt im a te ly  dependent on ^  
e q u a tio n  (5A. 35) and on th e  e v a lu a tio n  o f O) e q u a tio n  (5A. 36 ), and so 
can be com puted o n ly  w hen the  e xp re ss io n  fo r  the  v a ry in g  th ic k n e s s  te rm  
\f\ =  V li? ) is  kn o w n . For exam ple  \\ m ay be ta k e n  a s :-
k  =: I V J i
(5A.43)
v a lid  fo r  O  ^  ^  ^  , w h e re V / is  a c o n s ta n t.
Th is  te rm  can  d e s c rib e  a v a r ie ty  o f th ic k n e s s  v a r ia t io n s .  T h e n :-
(5A.44)
^ “191“
and W =
(5A. 45)
Xs:
-
7
in  th e  re g io n  o f ^  — 0 ,  by  M c L a u r in 's  E xpans ion  
and th e  B inom ia l Theorem .
N u m e rica l in te g ra t io n  o f CO co u ld  be execu ted  re a d ily  fo r  a 
p a r t ic u la r  W, A , o r fo r  v a r io u s  X  ^ c o m p u ta tio n s  and ta b u la t io n s  
co u ld  be u n d e rta ke n . The se rie s  form  o f CO  ^ e q u a tio n  (5À. 45) , is  
n e c e ssa ry  fo r  th e  d e te rm in a tio n  o f te rm s o th e rw ise  in d e te rm in a te  a t ~  O* 
From e q u a tio n  (5A. 39) , the  te rm  in  e q u a tio n s  (5A. 40) is  g iv e n  b y :-
_  JL  i i j !  (5A .46)
Q 6 CO 2  CO'
=  s' w )  + f e  + TtT
„  terms in  ?  ^ Ç , e tc. , 
in  the region of O.
In  th e  fo re g o in g , th e  genera l s o lu tio n  Is  p resen ted  fo r  the  a n a ly s is  
o f an open to ro id a l s h e ll o f u n s p e c if ie d  m e rid io n a l shape and th ic k n e s s  
v a r ia t io n ,  and the  method o f a n a ly s is  is  d e ta ile d  fo r  an open to ro id a l s h e ll 
o f c ir c u la r  m e rid ia n  and v a iy in g  th ic k n e s s . N u m e rica l s o lu tio n s  fo r  such 
cases are s u b je c t to  the  a v a i la b i l i t y  o f the p a r t ic u la r  fu n c tio n s  ^  and CO 
in  ta b u la r  fo rm . No ta b le s  are a v a ila b le  fo r  any such fu n c t io n s . A lthough  
in  c e r ta in  c a s e s , ta b le s  may be com puted fa ir ly  re a d ily ,  th is  w i l l  n o t be 
p u rs u e d /
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pursued h e re , H o w e ve r, p u b lis h e d  ta b le s  re le v a n t to  ^  and W  
fo r  th e  c ir c u la r  s e c t io n , u n ifo rm ly  th ic k  to ro id a l s h e ll are a v a ila b le ,  
and fo r  th is  reason  and fo r  s im p l ic i ty ,  a tte n tio n  w i l l  now  be tu rned  to  
th is  c a s e .
A lthough  th e  case p ro v id e s  a som ewhat rem ote re p re s e n ta tio n  o f 
a Turgo w h e e l b u cke t m e rid io n a l s e c tio n , no e s s e n t ia l d if fe re n c e  w ou ld  
be expec ted  in  the  in -p la n e  bend ing  b e hav iou rs  o f a v a ry in g  th ic k n e s s  
s h e ll and a s im ila r  u n ifo rm  th ic k n e s s  s h e ll.  Tak ing  the  u n ifo rm  
th ic k n e s s  as about the  average v a lu e  in  th e  v a ry in g  th ic k n e s s  s h e ll,  
th e  la t te r  may be s im u la te d  by a u n ifo rm ly  th ic k  s h e ll o f s im ila r  
cu rva tu re s  and edge p o s it io n s .  The u n ifo rm ly  th ic k  s e c tio n  is  more 
d ir e c t ly  com parab le  w ith  a m e rid io n a l s e c tio n  o f a h a lf  P e lton  b u c k e t.
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5B APPLICATION OF THE SOLUTION TO THE OPEN TOROIDAL SHELL 
OF CIRCULAR CROSS-SECTION AND UNIFORM THICKNESS
The s o lu t io n  fo r  a c ir c u la r  s e c t io n , u n ifo rm  th ic k n e s s  s h e ll is
g iv e n  by  s e tt in g  h  =  1 in  e q u a tio n  (5A. 33 ), and by  s e ttin g
o r k  -  1 where a p p ro p r ia te , in  p rev iou s  and subsequen t e q u a tio n s  ,
now  be in g  ta k e n  as the  u n ifo rm  th ic k n e s s  o f th e  s h e ll .
For th is  case , the  com p lem en ta ry  fu n c t io n  o f ge ne ra l s o lu t io n
(9)(5A. 37) is  id e n t ic a l to  th a t g iv e n  by CLARK , who p rese n ts  a re le v a n t 
ta b u la t io n  o f U) fo r  O ^  and 0  ^  A  ^  0*5 . I t  is
re a d ily  show n th a t th e  com p lem en ta ry  fu n c tio n  is  a ls o  e s s e n t ia lly  
id e n t ic a l to  th a t o f OSIPOVA AND TUMARKIN , w ho g iv e  a more 
a ccu ra te  re le v a n t ta b u la t io n  o f 'ALq, j  , and o f o th e r
re le v a n t fu n c tio n s  fo r  “  ^  ^  and O ^  A  ^  1 . A lthough  no
ta b u la t io n  is  a v a ila b le  fo r  A ^  I  ^ i t  is  e v id e n t th a t th e  s o lu t io n .
/ n ry\
e q u a tio n  (5 A .3 7 ), co u ld  a p p ly  to  such c a s e s , w ith in , l im i t s . JENSSEN 
a p p lie s  CLARK'S com p lem en ta ry  fu n c tio n  d ir e c t ly  to  a case in  w h ic h  A “  1
As in d ic a te d  la te r ,  th e  ta b le s  o f OSIPOVA AND TUMARKIN can  be
used fo r  th e  a ccu ra te  d e te rm in a tio n  o f a l l  the  m a in  fu n c tio n s  n e ce ssa ry  
in  n u m e rica l a p p lic a t io n s  o f the  u n ifo rm ly  th ic k  s h e ll s o lu t io n . The ta b le s  
c o n ta in  an e x te n s iv e  b ib lio g ra p h y  w h ich  fe a tu re s  th e  p u b lic a t io n s  o f  many 
R ussian  in v e s t ig a to rs  in  th e  f ie ld  o f to ro id a l s h e ll th e o ry .
For u n ifo rm  th ic k n e s s  , the  re le v a n t e q u a tio n s  o f the  p re v io u s
s e c tio n  b e c o m e : - /
S u ffix  O .T . deno tes OSIPOVA AND TUMARKIN'S n o ta t io n .
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be co m e :- (vil___
Asm*?
to s m f 
1 + Asm? .cl? ,
(5 B .1 )
%
H
in  the  re g io n  o f 
Q  =; CO
I w ' )
from  th e  gen e ra l s o lu t io n : -
b k ( A E k o T - » S ? ( l4 A s m ? /  T . C / $ )
(5B .2)
y a *  k k ( A E U o )  co$?C l 4-A s m ^ Ÿ
L -195
D ^ k /c i .< ) ]
t Q ^ - ^ ' j k a l i n . k ' x O -  6^b ,;^ü -x ) 4-
+  /G ? b k ( A E k J '— %  ~*~
-4 () 4-
- A  ^ k ( . A E K f ^ ^ ÿ ^ . T :  ( / - $ ) .
(SB. 2)
*3
Y  ^  "  B j,k ,(_ (.tx ) -V- C jk ^ ^ C i-x ) -  Ù g k ^ .l^ X ^
- bk(AE U j  + Xs-m^ g + i  cos" g _ (/i? $ )
(^ l + Asi\A Ç )
where prime means firs t derivative w ith respect to % , except for the 
functions k j( l'X )  ^ k^ll^c) and T  ^  ) where i t  means firs t 
derivative w ith respect to the argument of the function j
for the boundary cond itions:-
at 1= o, L Y= o
and X  + K - ^ ] - A p # z - X  = 0  ,
I + A s m i  (58 .3 )
^  X  -• O and Y  = O
(SB. 4)
fo r /
fo r  s tre ss  re s u lta n ts ,  s tre ss  co u p le s  and d is p la c e m e n t:-
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|\) E c o s i Y
^  (l +  X s m ? y '^
Q _ (a Vi ^ E sm
^  -V Asivi Y
i  A
-
W E "
0 Y
-L
2
Acos?
\ As\v\ Ç Y
M , =
A lT e (SB. 5)
lA k l f  e'M ® k (l + A
vx'+(l-^)—Y£2i L_X
\*^ AsmÇ
p
E'^ 0 + A s m ? I
X
In  th e  ta b le s  o f OSIPOVA AND TUMARKIN^®'^^ th e  m o d ified  H a n ke l 
fu n c tio n s  k i i . 'x )  are term ed A iry  fu n c t io n s  a nd , w ith  t h e i r
d e r iv a t iv e s ,  are ta b u la te d  fo r  O  6  "% 6  b , The d e r iv a t iv e s  are 
w ith  re sp e c t to  %■ . The fu n c t io n  T  is  a ls o  g iv e n  and is
c a l le d /
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c a lle d  a g e n e ra lis e d  A iry  fu n c t io n .  The n e g a tive  o f th is  fu n c t io n  and 
i t s  d e r iv a t iv e  are ta b u la te d  fo r  O 6  ^  ^  . The n o m in a tio n  o f
th e se  fu n c t io n s ,  th e ir  o r ig in  and th e ir  re la tio n  to  S to ke s ' e q u a tio n  are 
d is c u s s e d  in  re f.  (65).
o th e r fu n c tio n s  ta b u la te d  by  OSIPOVA AND TUMARKIN^®'*^ are 
re la te d  to  a l l  th e  o th e r m ain fu n c t io n s ,  e q u a tio n  (5B.1) , o f th e  s o lu t io n .
For a n u m e ric a l a p p lic a t io n ,  th e  com ple te  c a lc u la t io n  is  c o n v e n ie n tly  
exe cu te d  by th e  use o f th e se  ta b le s .  The fo llo w in g  l i s t  g iv e s  a l l  the  m ain  
fu n c tio n s  p e rtin e n t to  th is  a n a ly s is  and th e ir  e q u iv a le n ts  in  te rm s o f the  
fu n c tio n s  ta b u la te d  in  re f.  (64 ). S u ffix  O .T . d eno tes  OSIPOVA AND 
TUMARKIN'S n o ta tio n  and , e xce p t fo r  th e  e q u iv a le n ts  o f fu n c tio n s  
1\.2_C.Ù9c') and p re v io u s ly  m e n tio n e d , in d ic a te s  a fu n c t io n
ta b u la te d  fo r  ^  Ç ^  ^  and Q — X  ^  | : —
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TABLE 5
M a in  fu n c tio n s  p e rtin e n t to  th is  a n a ly s is  and th e ir  
e q u iv a le n ts  in  th e  ta b le s  o f OSIPOVA AND TUMARKINA^'^^
M a in  fu n c tio n s E q u iva le n t fu n c t io n s  in  te rm s o f
p e rtin e n t to  e q u a tio ns tho se  ta b u la te d  by  OSIPOVA AND 
TU M A R K IN r'^)(5B.1) and (5B.2)
%
•X*
Q
o f -\r;,T. X  cos  ?
J
1 A$v'v\ ^ <Pc.r.
R l k . L x .
x C K 'L x ,
k ' .  C^x) “  R  I k j  )e.T,
R (.k-ila.T.
Z  i k l L . , .
( .U ) -  R l k L L , .
~  R C ^ o L .x
t ; cY ^ ) - R le h o . T .
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For a p a r t ic u la r  s h e l l ,  a fte r  s o lv in g  fo r  c o n s ta n ts  ^-z-7 ^-z-
by s u b s t itu t io n  from  e q u a tio ns  (5B.2) in to  th e  boundary  c o n d it io n
\ I %
e q u a tio n s  (5B .3) and (5 B .4 ), X  X   ^ Y  are found in  te rm s o f E k  
fo r  a l l  ^  in  th e  p e rtin e n t ra n g e , g iv in g  the  s tre ss  re s u lta n ts  and s tress  
c o u p le s , e q u a tio n s  (SB. 5) in  te rm s o f E k . Then to  re la te  the  s o lu tio n  
to  th e  n e u tra l su rface  p o s it io n  and to  a p p lie d  bend ing  moment m   ^
e q u a tio n s  (5A. 5) and (5A. 8) are a p p lie d . In  g e n e ra l th e  in te g ra t io n s  in  
(5A. 8) re qu ire  to  be e va lu a te d  n u m e r ic a lly  by S im pson 's  Rule o r com parab le  
m ethod. S tresses and d isp la c e m e n t th roughou t th e  s h e ll may th u s  be 
found in  te rm s o f a p p lie d  bend ing  moment y y \  . The s h e ll r ig id i t y  fa c to r  
and m aximum  s tre ss  ra t io  are o b ta in a b le  by e q u a tio n s  (5A. 12) , (5A.13) 
and (SA .15). C on ce rn ing  the  s h e ll m e rid io n a l s e c tio n  in  re la t io n  to  the  
com parab le  beam tre a tm e n t, th e  n e u tra l a x is  p o s it io n  and second moment 
o f area X a re  in d ic a te d  on F ig .90 .
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5C NUMERICAL APPLICATION OF THE ANALYSIS TO PARTICULAR CIRCULAR 
SECTION, UNIFORM THICKNESS OPEN TOROIDAL SHELLS ASSOCIATED 
W ITH THE GEOMETRY OF IMPULSE WATER TURBINE BUCKETS
The e q u a tio n s  p e rtin e n t to  th e  c ir c u la r  s e c t io n , u n ifo rm  th ic k n e s s  
s h e ll have been a p p lie d  m a in ly  to  th e  fo llo w in g  tw o  p a r t ic u la r  c a s e s :-
C ase I  a  = 2 . 7 " ,  b  = 2 .7 " ,  0 .2 7 " ,  edge a t % = 13°,
X =  1 , V  =  0 . 3 1  , 3 2 . 9  .
C a s e  I I  Cl =  3 . 5 " ,  b =  2 . 1  ",  \ \=  0 . 2 ,  e d g e  a t ? =  5 ° ,
/ \ =  0 . 6 ,  V  =  0 . 3  y j .  =  20 . 8  .
In  th e  fo rm e r case th e  geom etry  and m a te r ia l p ro p e rtie s  are 
a sso c ia te d  w ith  th o se  o f a b u cke t o f a 16^ in , p . c . d .  a lu m in iu m  o r ca s t 
s te e l Turgo w h e e l. In  the  la t te r ,  th e  geom etry  and m a te r ia l p ro p e rtie s  are 
a ss o c ia te d  w ith  th o se  o f a h ig h  te n s ile  bronze h a lf -b u c k e t o f a 21 in . p . c . d ,  
P e lton  w h e e l, as d is c u s s e d  in  C hap te r 7. N u m e rica l re s u lts  o f th e  in ­
p lane  bend ing  a n a lyse s  o f th e  tw o  cases are p resen ted  he re .
In  s e le c t in g  a u n ifo rm ly  th ic k ,  c ir c u la r  m e rid ia n  s h e ll to  rep resen t 
a b u cke t o f th e  1 6 i in .T u rg o  w hee l, tw o  m ain  c r i te r ia  have to  be re c o n c ile d . 
The un ifo rm  c ir c u la r  s h e ll has to  be as c lo s e  a g e o m e tr ic a l re p re s e n ta tio n  as 
p o s s ib le ,  but re q u ire s  to  con fo rm  to  p ro p o rtio n s  s u ita b le  fo r  s o lu t io n  u s in g  
e x is t in g  ta b le s ,  re f .  (64 ). C om paring  m e rid io n a l and c irc u m fe re n tia l 
cu rva tu re s  o f the  b u cke t s e c t io n s . F ig .9 , and from  F ig s .11 and 12, i t  is  
c le a r  th a t X  1 is  in a p p ro p r ia te . Taking  A “  1 th e n , and lo c a t in g  
by F ig .12, th e  p o s it io n  o f the  a x is  o f re v o lu t io n  re la t iv e  to  the  m e rid io n a l 
s e c tio n s  o f F ig , 11, the  re p re s e n ta tiv e  c ir c u la r  m e rid ia n  may be draw n as 
show n on F ig .91. Th is  g iv e s  o, -  b  = 2 .7  i n , The th ic k n e s s  = 0 . 2 7  in .
is  se le c te d  such th a t = 10 , be ing  an ackn ow led g ed  l im i t  o f  the
accu ra te  a p p l ic a b i l i ty  o f th in  s h e ll th e o ry . Th is  g iv e s  the  " th ic k e s t"  
a s s o c ia te d /
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a s s o c ia te d  th in  s h e ll .  F in a lly  the  edge ang le  Ç = 13° is  ta k e n  as the  
ne a res t in te g e r  ang le  such th a t th e  second moment o f area X o f  the  
u n ifo rm  c ir c u la r  s e c tio n  ap p rox im a tes  the  co rre sp o n d in g  q u a n tity  fo r  the  
"e q u iv a le n t"  p a ra b o lic  s e c tio n . A lthough th e  a s s o c ia te d  u n ifo rm  c ir c u la r  
open to ro id a l s h e ll ,  as show n in  F ig .91, is  a som ew hat rem ote re p re se n t­
a tio n  o f a Turgo w he e l b u cke t and o f an "e q u iv a le n t " p a ra b o lic  s e c tio n  
b u c k e t, i t  is  no t an u n re a so n a b ly  rem ote one .
The a n a ly s is  p rocedure  w h ic h  has been o u tlin e d  p re v io u s ly ,  
is  fa c i l i ta te d  in  n u m e rica l a p p lic a t io n s ,  by  a d o p tin g  a ta b u la r  scheme 
under head in gs  co rre sp o n d in g  to  each fu n c tio n  g iv e n  in  th e  le f t -h a n d  
co lum n o f Tab le  5 , to g e th e r w ith  head ings X   ^ Y  ^ X   ^ Y ,
T a b u la tio n  is  th e n  unde rta ken  fo r  v a r io u s  Ç at sho rt re g u la r  in te rv a ls
ÎC  
Z*in  th e  range ^  ^  ^
For C ase I ,  the  m a in  re s u lts  in  the  form  o f  s tre ss  re s u lta n t ,
s tre ss  co u p le s  m e rid ia n  ro ta t io n  ^ / { c  are
p resen ted  g ra p h ic a lly  in  F ig .92 , on a base o f ^   ^ fo r  13° 6  ^  6. 9 0 ° .
S tress re s u lta n ts   ^ sm a ll and are not show n , a lthough
the  la t te r  has been de te rm ine d  o ve r the  ^  ra ng e . From 
and e q u a tio n  (5A. 5) , th e  c y l in d r ic a l n e u tra l su rface  o ccu rs  a t : -
^  -  3 9 .7 ° ,  g iv in g  = 4 .4 2  in .  (5 0 .1 ),
A p p ly in g  e q u a tio n s  (5A. 32) and (5A.7) in  e q u a tio n  (5A. 8) , the  
in te g ra ls  in  th e  la s t  e q u a tio n  are e va lu a te d  b y  S im pson 's  Rule on the  b a s is  
o f th e  graphs o f and ^ 0 / k E  "^^rsus %  ^F ig .9 2 . I t  is  then
found from  e q u a tio n s  (5 A .9 ), (5A.12) and F ig .9 0 , th a t r ig id i t y  fa c to r  P is
g iv e n  b y : -
f  = 0 .3 2  (S C .2).
E xam in a tio n  o f F ig s .92 and 88(e) re vea ls  th a t th e  m axim um  s tre ss  occurs  
i n /
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in  th e  c irc u m fe re n tia l o r Q  d ire c t io n  ( i . e .  p a ra lle l to  th e  edge) at the  
edge ^  ~ 13^ on th e  concave  s u rfa c e , co rre sp o n d in g  to  th e  sw ept
su rface  o f th e  b u c k e t. F ig .91. The m aximum  s tre ss  is  due t o : -
.. rn — 3 ’ I \ X 10 in. and — 0  * 11 x \0  in. o\
UE k £  (5C .3 )
From th e  e q u iv a le n t o f e q u a tio n s  (4A.1) and from  (5A. 15) and re la te d  
e q u a tio n s , i t  is  found th a t the  m aximum s tre ss  ra t io  i s : -
= 1 .2 7
(5 0 .4 )
The m a in  re s u lts  fo r  Case I I  are s im ila r ly  show n in  F ig .9 3 , fo r  
5 *^^  ^  ^  9 0 ° . Again  by n u m e rica l in te g ra t io n  in  e q u a tio n  (5A. 8 ), i t  is  
found fo r  th is  c a s e , th a t : -
k =  Ê>É>* 5 8 ■
(5 0 . 5)
Thus fo r  subsequen t use in  C hap te r 7 , the  s tre ss  re s u lta n ts  and s tre ss  
co u p le s  are d e te rm in a b le  in  te rm s o f a p p lie d  moment V^ A , and in  
p a r t ic u la r ,  th e  m e rid ia n  ro ta t io n  P  at the  edge % = 5 ° ,  F ig .9 3 , is  
g iv e n  b y : -
r  = - 1 . 3 l k =  -  8 7 .6 4  ra d ia n s  (5 0 .6 )
Ç=s° ^
From th e  e v a lu a tio n  o f e q u a tio n  (5A. 8) in  bo th  ca ses  i t  is  found 
th a t a lm o s t a l l  o f the  re s is ta n c e  o f th e  s h e lls  to  a p p lie d  in -p la n e  bend ing  
moments Vv\ , is  p rov ide d  b y  membrane a c t io n , b end ing  a c tio n  a cco u n tin g  
fo r  le s s  th a n  2%. Such p ro p o rtio n s  are not u n e x p e c te d , bea ring  in  m ind 
th e  form  o f th e  g ene ra l s o lu t io n . In d ire c t co m pa riso n  may be made w ith  
the  p ro p o rtio n s  o f about 80% membrane a c t io n , 20% bend ing  a c t io n , 
de te rm ined  e x p e r im e n ta lly  fo r  Turgo w hee l b u cke ts  (Table 4 , C h ap te r 4 and 
Table A6 . 2 , A ppend ix  6 ).
The n u m e rica l a ccu ra cy  o f the  a n a lyses  fo r  both  c a s e s . F ig s ,92 
and 9 3 , is  p a r t ly  c o n firm e d , s in ce
~  O  fo r  b o th .
T h e re /
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There are e v id e n t d iffe re n c e s  in  the  na tu re s  o f co rre sp o n d in g  
g raphs fo r  th e  tw o  c a s e s , th is  be ing  due in  th e  m a in , to  th e  d iffe re n c e  
in  the  v a lu e s  o f  th e  edge a n g le s . Th is has been re ve a le d  as th e  m ain  
c a u s e , by le s s  re fin e d  re w o rk in g s  o f Case I  w ith  edge ang les  o f ^  = 0 
and ^  = 5 ^ . From both  re w o rk in g s  , graphs fa i r ly  s im ila r  in  na tu res 
to  th o se  o f Case I I , F ig .9 3 , w ere o b ta in e d . I t  is  p la in  th a t ,  p a r t ic u la r ly  
in  re sp e c t o f v a r ia t io n s  and , th e re  is  a d iffe re n c e  in  the
re la t iv e  in te n s it ie s  o f th e  edge e ffe c ts  in  the  tw o  c a s e s . N ear th e  e d g e s ,
is  -  ve  fo r  Case I  bu t -f ve  fo r  Case I I .  In  bo th  c a s e s , h o w e ve r, 
is  + ve in  the  re g ion s  o f th e  p lanes  o f sym m etry ^  = 9 0 ^ ,  in d ic a t in g  
m e rid io n a l bend ing  in  th e se  re g io n s , te n d in g  to  reduce  the  m e rid io n a l 
c u rv a tu re s , fo r  a p p lie d  m om ents N  w h ich  te n d  to  in c re a s e  th e  in -p la n e  
cu rva tu re s  o f th e  s h e lls .  F ig . 88 (e ), ( c ) .
The c h a ra c te r is t ic s  o f the  re s u lts  o f bo th  cases  are o f in te re s t ,  
in  re sp e c t o f s tre ss  b e h a v io u r o f th e  s h e lls  in  th e  c irc u m fe re n tia l o r ©  
d ire c t io n .  The v a r ia t io n s  o f th e  membrane s tre ss  re s u lta n ts  N@ show 
a fa i r  re se m b la n ce , th a t o f Case I I  h a v in g  th e  more p ronounced edge 
e f fe c t .  The na tu res  o f the  c irc u m fe re n tia l edge co u p le s  in  both
case s  (at ^  = 13^ and ^  = 5*^  re s p e c tiv e ly )  are such as to  g ive  bend ing  
and membrane s tre s se s  p a ra lle l to  the  e d g e s , o f s im ila r  s ig n s  on the  
concave  (or swept) s u r fa c e s , and o f d is s im ila r  s ig n s  on th e  co n ve x  
(or unsw ept) s u r fa c e s , (see F ig .91). These s tre ss  re s u lta n t and s tre ss  
co u p le  .c h a ra c te r is t ic s  in  the  9  d ire c tio n  are p a r t ia l ly  i l lu s t ra te d  in  
F ig .9 4 , w h ic h  ite ra te s  th e  sense o f the  a p p lic a t io n  o f in -p la n e  bend ing  
moment M  , b a s ic  to  the  d e r iv a t io n  o f the  th e o ry . S ig n if ic a n t w o rk in g  
s tre sse s  in  a Turgo w hee l b u cke t (and in  a P e lton  b u c k e t, as is  shown in  
C hap te r 7) are a s s o c ia te d  m a in ly  w ith  in -p la n e  bend ing  moments a c tin g  in  
the  sense o p p o s ite  to  th a t o f W\. A lthough d ire c t q u a n tita t iv e  com parison  
canno t be made be tw een  m easured Turgo w hee l b u cke t s tre sse s  and the se  
s t r e s s /
APPLIED IN-PLANE  
BENDING MOMENT,
CIRCULAR MERIDIAN, 
UNIFORM THICKNESS, 
OPEN TOROIDAL SHELlMg
FIG. 94. PARTIAL ILLUSTRATION OF BEHAVIOUR OP CIRCUMFERENTIAL STRESS 
RESULTANTS Nq^ AND STRESS COUPLES Mp AS INDICATED BY THE OPFn 
TOROIDAL SHELL BENDING ANALYSES,CASES I  AND ][, FIGS. 92 AND 93.
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s tress re su lts  o f assoc ia ted  Case I ,  i t  is  now h e lp fu l to  cons id e r the 
the o ry  in  re la tio n  to  Vvi app lied  in  the sense oppos ite  to  tha t shown 
in  F ig .9 4 . A cco rd ing ly  a l l the q u a n titie s  in  the  re s u lts , F ig s .92 and 93 
w i l l  be regarded as hav ing  a l l the s igns changed.
As may be seen in  F ig .91, the po rtion  o f the Turgo wheel bucket 
m erid iona l sec tio n  tow ards the o u tle t edge, is  th a t w h ich  resem bles most 
c lo s e ly  the assoc ia ted  to ro id a l sh e ll se c tio n . I t  is  in te re s tin g  to  compare 
q u a lita t iv e ly ,  the measured N g  curves o f F ig s . A6.3(c) and 51(b) over 
these po rtions  o f the bucket sec tio n  ( = 4 in .o r  5 in.toSr/)Mf\J w ith  the
th e o re tic a l curve (inverted fo r opposite  W\ ) fo r Case I ,  F ig .9 2 , and, 
fo r  a d d itio n a l in te re s t,  w ith  the corresponding curve (inverted) fo r  Case I I ,  
F ig .93. Taking in to  account th a t : -
(a) the bucket se c tio n  pe rtinen t to  F ig .A 6 . 3 (c ) , a lthough id e n tic a l to  
the  "average" m erid iona l sec tio n  o f F ig .91, is  sub jected  to  
cons ide rab le  d ire c t te n s ile  force as w e ll as to  in -p la n e  bending 
m om ent,
(b) the bucket se c tio n  pe rtinen t to  F ig . 51(b), a lthough sub jected on ly  
to  pure in -p la n e  bending moment, is  la rg e r than  the "average" 
m erid iona l sec tio n  o f F ig .91, but is  g e o m e trica lly  s im ila r  to  i t ,
q u a lita tiv e  com parison is  good between measured and th e o re tic a l
N g p a r t ic u la r ly  fo r Case I I  w ith  the le s s e r edge an g le . I t  may be seen 
in  F ig . 91 th a t,  fo r  the o u tle t edge reg io n , an edge angle sm a lle r than 13*^  
m ight be more appropria te  g e o m e trica lly .
From F ig s .9 2 and 93 w ith  a l l s igns changed, c ircu m fe re n tia l and 
m erid iona l to ta l surface s tresses have been determ ined at ^  — ^edtqe >
Ç = 9 0  and at in te rm ed ia te  va lues  o f s . These are dep ic ted  in  
F ig .95 as p r in c ip a l s tresses on the surfaces o f m erid iona l sections o f 
the tw o  sh e lls  and are there presented in  a form fa c il i ta t in g  q u a lita tiv e  
com parison w ith  measured p rin c ip a l s tresses on m erid iona l sec tions  o f 
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Turgo w heel bu cke ts . In  p a rt ic u la r , the experim en ta l data o f F ig . 46 
and perhaps to  a le s s e r e x te n t, th a t o f F ig s .63 , 64 and 82, 83 are 
re le v a n t. Com paring these experim enta l data w ith  the th e o re tic a l 
p r in c ip a l s tresses o f F ig .95 , i t  is  ev iden t th a t q u a lita t iv e  agreement is  
good.
A lthough quan tita tive  com parison cannot ra t io n a lly  be made, i t  is  
w orth  no ting  th a t the  proportions o f bending s tresses to  membrane stresses 
at the  edges, are much lo w e r fo r the th e o re tic a l s h e ll cases , than  in  the 
experim en ta l bucket re s u lts . For the edges in  Cases I  and I I ,  the ra tio s  
bending stress/m em brane stress^are 0 ,0 8  and 0.58 re s p e c tiv e ly , w h ile  
experim en ta l ra tio s  o f 1.27 and 1.00 are found fo r the  tw o  edges o f the 
Turgo wheel b u c k e t, Fig . 4 6 . H igh e r th e o re tic a l ra tio s  o f 1 . 47 and 0 . 71 
were found at the edges fo r  the rew ork ings o f Case I  w ith  edge angles o f 
^  = 0 and Ç -  5*^  re s p e c tiv e ly . The ra tio s  a l l ,  o f co u rse , re fe r to  
bending and membrane stresses o f the same s ign  on the  concave or swept 
s u rfa c e s ,
The membrane stress resu ltan ts  fo r both ca se s , are
presented in  F ig . 96 , re p lo tte d  on the c irc u la r  m erid ian  s e c tio n s . This is  
to  i l lu s t ra te  more c le a r ly  how these c ircu m fe re n tia l membrane s tress 
d is tr ib u tio n s  compare w ith  a lin e a r  stress v a r ia t io n  pe rtine n t to  the 
a p p lic a tio n  o f s im ple beam th e o ry .
The bas is  o f the d e riva tio n  o f the s h e ll theory developed in  th is  
chap te r, is  the con s id e ra tio n  o f a secto r elem ent o f the s h e ll,  sub jected 
to  pure in -p la n e  bending moment. The th e o ry , how ever, is  assumed to  
be a p p lica b le  to  cases o f co n tin u o u s ly  va ry ing  in -p la n e  bending moment.
t  3 -ü
X 10.
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CASE ï ï . '  FROM FIS. 9 3  , ( SIGNS CHANGED')
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CHAPTER 6.
THE TURGO IMPULSE WHEEL.
APPROXIMATE METHOD OF MODIFYING THEORETICAL ANALYSIS TO 
TAKE ACCOUNT OF THE SHELL BEHAWOUR OF THE BUCKET. 
COMPARISON OF THEORETICAL AND EXPERIMENTAI. RESULTS.
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6A APPROXIMATE METHOD OF MODIFYING THEORETICAL ANALYSIS TO 
TAKE ACCOUNT OF THE SHELL BEHAVIOUR OF THE BUCKET
The u n ifo rm ly  th ic k ,  c irc u la r  sec tio n  open to ro id a l s h e ll,  F ig .91, 
assoc ia ted  w ith  the bucket o f the 162 in ,  p . c . d .  Turgo wheel and w ith  
the  "e q u iv a le n t" pa rabo lic  sec tio n  bucke t, has a r ig id ity  fa c to r f  = 0 ,3 2 ,  
g iven  by equa tion  (SC. 2) o f the previous chap te r. As w ould be expec ted , 
the  sh e ll is  the re fo re  app re c iab ly  le ss  r ig id  o r s t i f f  under a g iven  in -p la n e  
bending moment, than would be in d ica te d  by the a p p lic a tio n  o f s im ple 
beam th e o ry . This f in d in g  c a lls  to  mind the re la t iv e ly  h igh in -p la n e  
f le x ib i l i t y  o f the Turgo w hee l b u c k e ts , in d ica te d  by the experim enta l 
re su lts  o f chap te r 4.
Assuming now th a t r ig id ity  fa c to r f  = 0 ,3 2  a p p lie s  a lso  to  the 
"e q u iv a le n t"  pa rabo lic  sec tio n  bu cke t, an approxim ate method is  prompted 
whereby the beam theo ry  trea tm ent o f chap te r 3 may be m od ified  to  take  
in to  account the sh e ll behaviour o f the bu cke ts . The bas ic  approach o f 
chap te r 3 fo r  de te rm ina tion  o f the w ork ing ac tio ns  on a bu cke t, remains 
un a lte re d . In  the c a lc u la tio n s  fo r the ac tions  how ever, the m o d ifica tio n  
e n ta ils .th e  replacem ent o f the "beam" f le x u ra l r ig id ity  by the
correspond ing "s h e ll"  f le x u ra l r ig id ity  \ E X ^ ^  throughout a l l the 
bucket in -p la n e  bending te rm s. This type o f m o d ific a tio n  is  analogous 
to  th a t app lied  in  problems in v o lv in g  c losed to ro id a l sh e lls  or p ip e -b e n d s ,
A
and p la y in g  a prom inent ro le  in  p ipew ork f le x ib i l i t y  a n a ly s is ,
A lthough in -p la n e  bending is  the most s ig n if ic a n t ac tion  on the 
b u cke t, the  in te n s ity  o f th is  a c tio n  is  dependent on the th re e -d im e n s io n a l 
re s tra in ts  exerted on the bucket by the o ffse t r im . The m o d ifica tio n  o f the 
beam theo ry  trea tm ent should there fore  be ca rried  a stage fu rth e r, and the 
r ig id ity  o f the bucket as a she ll should be considered fo r actions 
pe rpe nd icu la r to  the plane o f the wheel and o f the open to ro id a l she ll 
a s s o c ia te d /
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assoc ia ted  w ith  the b u cke t, as w e ll as fo r  in -p la n e  a c tio n s .
In  p a r t ic u la r ,  the r ig id ity  should a lso  be considered fo r  bending and 
to rs io n  in  transverse  p lanes . No so lu tio n  appears to  have been g iven  
fo r  the open to ro id a l s h e ll sub jected  to  moment a c tio n  in  a transverse  
p la n e .
VIGNESS^^^^ has analysed the case o f the p ipe -bend  or c losed 
to ro id a l sh e ll under moment in  p lanes pe rpend icu la r to  the plane o f the 
bend, and h is  f in d in g s  may be used to  deduce rough ly  what the co rres­
ponding open sh e ll th e o re tic a l so lu tio n  m ight in d ic a te . H is  fin d in g s  
are th a t w ith  regard to  the bending moment in  a transve rse  p lan e , the 
r ig id ity  fa c to r is  e x a c tly  the same as fo r the in -p la n e  bending ca se , and 
w ith  regard to  the tw is t in g  moment on the s e c tio n s , the r ig id ity  fa c to r is  
u n ity ,  i . e .  the to rs io n a l s tif fn e s s  is  the same fo r both beam theory  and 
s h e ll th e o ry .
The c rux  o f the sh e ll theo ry  in  both open and c losed  cases is  the 
de form ation  o f the c ro s s -s e c tio n  as a resu lt o f the c ircu m fe re n tia l or 
lo n g itu d in a l s tresses due to  bend ing. For transverse  bending moment on 
the c losed  s h e ll,  accord ing  to  VIGNESS^^^^ , the c irc u la r  sec tio n  deforms 
in to  an e llip s e  w ith  p rin c ip a l axes at 45*  ^ to  the p lane o f the s h e ll.
By reason ing along lin e s  s im ila r  to  those o f VIGNESS^^^^ in  the co rre s ­
ponding open s h e ll ca se , the m e ild io n a l sec tio n  would probably a lso  deform 
in to  a shape l ik e  part o f such an e l l ip s e , one edge o f the sec tion  m oving 
nearer the ax is  o f re vo lu tio n  o f the s h e ll,  and the o the r edge receding 
from i t .  As a re su lt o f th is  de fo rm ation , the " s h e ll"  would be more 
f le x ib le  than the corresponding "beam ". The second moment o f area o f 
the  sec tio n  re levan t to  the transverse  bending moment is  much greate r than 
tha t re levan t to  the in -p la n e  m om ent, whereas in  the c losed s h e ll case the 
second moments o f area are equa l. From th is  v ie w p o in t the open sh e ll 
re la tio n s h ip  m ight be expected to  d iffe r  from tha t o f the  c losed sh e ll c a s e , 
a n d /
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and ye t in  both i t  is  c le a r th a t the "s h e ll"  w i l l  be more f le x ib le  than 
the  correspond ing "beam ". In  any even t, in  v ie w  o f the fa c t th a t,  fo r 
an "e qu iva len t " pa rabo lic  sec tio n  bucket w ith  w h ich  an open to ro id a l 
sh e ll is  a sso c ia te d , the s tra in  energy due to  bending in  a transverse  plane 
is  in v a r ia b ly  a ve ry  sm all p roportion  o f the to ta l s tra in  energy (Table 2,
’ sec tio n  3B iv ,  chap te r 3) no s ig n ific a n t erro r is  incu rred  here by assum ing 
th a t the re la tio n s h ip  e s ta b lishe d  fo r  the c losed  s h e ll case app lies  to  the 
open s h e ll ca se , i . e .  fo r  bending in  a transverse  p lane the r ig id ity  fa c to r 
is  the same as th a t fo r  in -p la n e  bending.
The to rs io n a l s tif fn e s s  o f the c losed  s h e ll is  in d ica te d  by VIGNESS^^^^ 
to  be the same as tha t g iven  by beam or sim ple to rs io n  th e o ry . This is  
reasonable s ince the to rs io n a l s tif fn e s s  in  the c losed  s h e ll case is  qu ite  
d is s o c ia te d  from the lo n g itu d in a l s tresses w h ich  induce deform ation o f 
the c ro s s -s e c tio n , and is  re la ted o n ly  to  the shear s tresses on the se c tio n . 
The open s h e ll ca se , how ever, d iffe rs  in  th a t the "beam " to rs io n a l s t i f f ­
ness com prises tw o com ponents, one due to  St. Venant to rs io n  there fore  
assoc ia ted  o n ly  w ith  shear stress on the m erid iona l s e c tio n , the o ther 
due to  w arp ing re s tra in t and there fore  assoc ia ted  w ith  c ircu m fe re n tia l or 
lo n g itu d in a l d ire c t s tress as w e ll as w ith  shear s tre ss . I t  is  o n ly  in  
respect o f th is  la t te r  com ponent, being re la ted  to  lo n g itu d in a l d ire c t 
s tre s s , th a t the "s h e ll"  to rs io n a l s tiffn e s s  m ight be expected to  d if fe r  
from the "beam " to rs io n a l s tif fn e s s  in  the open s h e ll case .
I t  is  in te re s tin g  to  note from Table 2, fo r  an assoc ia ted  "e q u iv a le n t"  
pa rab o lic  se c tio n  b u c k e t, t h a t , in  the s tra in  energy due to  to rs io n  w ith  
w arp ing re s tra in t, the S t.Venant to rs io n  component is  in v a r ia b ly  pre­
dom inan t, the s tra in  energy due to  tha t component be ing never le s s  than 
7 tim es tha t due to  the corresponding w arping re s tra in t com ponent.
Lacking* know ledge o f the extent to  w hich the w arp ing re s tra in t component 
o f s tra in  energy w i l l  be a ffected  by the "s h e ll"  sec tion  de fo rm ation , s ince 
t h i s /
“ 210"
th is  component is  e v id e n tly  re la t iv e ly  sm all he re , i t  w ould seem th a t no 
apprec iab le  erro r is  incu rred  by ne g lec tin g  th is  e ffe c t e n tire ly  and 
assum ing th a t the "s h e ll"  to rs io n a l s tiffn e s s  o f the open s h e ll is  the 
same as tha t g iven  by "beam " th e o ry .
In  summary th e n , the re la tio n sh ip s  e s ta b lishe d  by VIGNESS^^^^ 
fo r  the c losed  sh e ll p rob lem ,are  assumed to  app ly  to  the corresponding 
open sh e ll ca se , tha t is  to  an open to ro id a l sh e ll sub jected  to  moment 
a c tio n  in  a transverse  p lane . These re la tio n sh ip s  a re , tha t fo r bending 
moment in  a transve rse  plane the r ig id ity  fa c to r is  f , the same as fo r in ­
plane bending moment, and fo r tw is t in g  moment on the m erid iona l sections 
the r ig id ity  fa c to r is  u n ity . Assuming tha t these re la tio n s h ip s  a lso app ly  
to  the assoc ia ted  "e q u iv a le n t"  pa rabo lic  se c tio n  b u cke t, the approxim ate 
method o f m od ify ing  the beam theory  c a lc u la tio n s  o f chap te r 3 to  take 
account o f bucket sh e ll behaviour c o n s is ts , in  i t s  f in a l fo rm , in  rep lac ing  
"beam " fle x u ra l r ig id it ie s  E E by the corresponding "s h e ll"
f le x u ra l r ig id it ie s  f  E ly y a n d  P re s p e c tiv e ly , throughout a ll
bucket in -p la n e  and transverse  plane bending te rm s . A ll o ther term s in  
the  c a lc u la tio n s  rem ain u n a lte re d .
In  the  c e n tr ifu g a l s tress c a lc u la tio n s  fo r exam ple , a ll the free 
ro ta tin g  bucket d isp lacem ent express ions o f se c tio n  3B i i  and a ll the 
assem bly a c tio n  d isp lacem ent express ions of sec tio n  3B iv  w i l l  be sub ject 
to  these m o d ifica tio n s  in  respect o f bending f le x u ra l r ig id it ie s .  Applied 
fo r  the  16& in ,c a s t s tee l Turgo w heel under normal w ork ing  c o n d itio n s , and 
ta k in g  r ig id ity  fa c to r f  = 0 . 3 2  fo r the b u cke t, th is  w i l l  re su lt in  fou r 
s im u ltaneous equations s im ila r  t o , but d iffe r in g  n u m e rica lly  from , equations 
(3B.81) to  (3B.84) in c lu s iv e . Solving these m od ified  equations toge the r 
w ith  (3B. 85) to  (3B. 88) in c lu s iv e , w i l l  then g ive  the assem bly ac tions  
re levan t to  the approxim ate sh e ll bas is  trea tm en t.
This m o d ifica tio n  procedure has been ca rried  out fo r  the num erica l 
c e n tr ifu g a l/
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ce n tr ifu g a l c a lc u la tio n s  o f part 3B, and the fo llo w in g  approxim ate she ll 
ba s is  assem bly a c tio ns  on the bucket have been fo u n d :-
-1 0 4 2 .5 7  Ib.^ H rz  = + 101 - 83 lb . , . ' .M p ^ (  = + 1 3 6 1 .121b in
+ 241 .64  lb  in., -  3 8 8 . 02 lb  in .
(6A.1)
The correspond ing sh e ll bas is  assem bly a c tio n s , s u ff ix  1, on the 
r im , have the  same va lue s  as these but have oppos ite  s ig n s .
These a c tio n s , equations (6A.1) , may be compared w ith  the 
correspond ing  beam bas is  ac tions  g iven  subsequent to  num erica l equations 
(SB. 81) to  (SB. 88) in c lu s iv e .
The re s u ltin g  sh e ll b a s is , to ta l ce n tr ifu g a l in -p la n e  bending moment 
^  ^ and to ta l c e n tr ifu g a l d ire c t force PL ^  ^  have been determ inedV »  ^T OT V » \ 0 ~
fo r  va riou s  ©  , and th e ir  d is tr ib u tio n s  w ith  ©  throughout the bucket 
are shown in  F ig .97 . The corresponding beam bas is  q u a n titie s  are shown 
fo r  com parison . In  g ene ra l, s h e ll bas is  va lues are seen to  be le ss  than 
correspond ing beam bas is  v a lu e s .
W h ile  the r ig id ity  fa c to r o f the "equ iva len t " pa rabo lic  sec tion  
bucket may fa ir ly  reasonab ly  be taken  as th a t o f the assoc ia ted  u n ifo rm ly  
th ic k  open to ro id a l s h e ll,  F ig .91, i t  would h a rd ly  be v a lid  o r m eaningfu l 
to  proceed to  the de te rm ina tion  o f th e o re tic a l s tresses on the same 
assoc ia ted  open to ro id a l sh e ll b a s is . Such cou ld  o n ly  be considered fo r 
an assoc ia ted  open to ro id a l sh e ll o f va ry ing  th ic k n e s s , s im u la tin g  the 
bucket th ickn e sse s  fa ir ly  c lo s e ly .
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6B COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS
Although the  th e o re tic a l approach o f chapte r 3 is  fa ir ly  approxim ate 
and o f an o rd e r-o f-m a gn itud e  cha rac te r, the e s s e n tia l fea tures o f the 
Turgo w heel geom etry and w ork ing  load ings are con ta ined  th e re in .
In i ts  m od ified  fo rm , the approach a lso  cons iders  in  essence , the sh e ll 
behaviour o f the bu cke t. Com parison o f th e o re tic a l re su lts  w ith  re su lts  
obta ined from the experim enta l s tress analyses and presented in  
chapte r 4, is  the re fo re  o f much in te re s t. This is  now presented fo r 
the 16^ in .c a s t s tee l Turgo w h ee l. I t  is  ca lle d  to  m ind th a t the 
re levan t experim enta l re su lts  fo r  ce n tr ifu g a l ac tio n s  and s tre sse s , are 
3 tim es the correspond ing re su lts  g iven  fo r  the a lum in ium  wheel in  
chapte r 4. Relevant experim en ta l stresses fo r approxim ate je t  lo ad in g  
are the same as those g iven  fo r the alum inium  w hee l.
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6B i  Com parison o f th e o re tic a l and experim enta l c e n tr ifu g a l ac tions 
and stresses
W ith  regard to  to ta l in -p la n e  bending moment and d ire c t force 
ac tions  on bucket m erid iona l se c tio n s , the experim en ta l re su lts  M y  
and P  ^ F ig .67, have been transfe rred  to  F ig .97 fo r  d ire c t com parison 
w ith  appropria te th e o re tic a l re s u lts . The accuracy o f these experim enta l 
re su lts  from the w h e e l, may not be qu ite  as good as th a t o f the co rre s ­
ponding experim en ta l re su lts  from the te s ts  on s in g le  b u cke ts , reference 
Table 3, sec tio n  4 A i i ,  chap te r 4. H ow ever, even a llo w in g  a maximum 
erro r o f an order somewhat h ighe r than  the errors assoc ia ted  w ith  the 
correspond ing re su lts  in  Table 3 , agreement between the experim enta l 
re su lts  and the correspond ing th e o re tic a l s h e ll bas is  re su lts  on F ig .97 , 
is  rem arkab ly  good. I f  the  experim enta l errors show the same trend  as 
those o f Table 3, then the p lo tte d  experim enta l p o in ts  may be -somewhat 
on the h igh  s id e , thus fu rth e r favouring  the sh e ll bas is  theo ry  ra ther 
than  the beam bas is  th e o ry . I t  appears tha t the la t te r  fa ith fu l ly  p re d ic ts  
the  natures o f the v a r ia tio n s  o f ac tions ^  tot G  ,
b u t, when u n m od ifie d , tends to  overestim ate  these a c tio n s .
The th e o re tic a l free ro ta tin g  in -p la n e  bending moment curve  ^
F ig s ,16 and 23, is  repeated in  F ig .97 fo r the fo llo w in g  rea son s :-
(1) is  derived s im p ly  from co -p la n a r s ta t ic s ,  and is  dependent 
o n ly  on the in i t ia l ly  assumed bucket geom etry. I t  is  there fore  
ve ry  l ik e ly  to  correspond accu ra te ly  to  i t s  counterpart on an actua l 
b u c k e t.
(2) The in flu e n ce  o f the v a r ia tio n  M g dom inates a l l  d is tr ib u tio n s  
w ith  0  , o f s ig n ific a n t th e o re tic a l and experim en ta l c e n tr ifu g a l 
s tresses on the bucke t.
Im pressive  evidence of the re s tra in t exerted on the bucket by the r im , 
i s /
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is  prov ided by the ord ina tes o f the experim enta l p o in ts  M ly  f  F i g . 9 7  , 
in  re la tio n  to  the curve
C h a ra c te r is t ic  o f the sh e ll behaviour o f the b u c k e t , as recorded 
by expe rim en t, are the moments along the edges, re s u ltin g  in  m arkedly 
d iffe re n t edge s tress va lues  at corresponding p o in ts  on swept and 
unsw ept su rfa ce s . In  consequence o f th is  ,com parison o f the experim enta l 
edge stresses w ith  the correspond ing th e o re tic a l beam bas is  stresses o f 
chap te r 3, is  ra ther d i f f ic u lt  o f in te rp re ta tio n  in  some re sp e c ts . F ig .98 
g ives  a com parison o f the th e o re tic a l and experim en ta l edge s tre sse s .
The most s ig n if ic a n t experim enta l v a lu e s , (F ig . 66) , are p lo tte d , being 
those on the swept su rfa ce , and the membrane experim enta l va lues are a lso  
p lo t te d .
The experim en ta l re su lts  subs tan tia te  severa l im portan t aspects o f 
the beam the o ry  trea tm e n t. I t  is  ev iden t from F ig .98 th a t,  in  respect o f 
bucket edge s tre sse s , the the o ry  c o rre c tly  p re d ic ts  the fo llo w in g
(1) The lo c a tio n  o f the maximum s tre ss , at about ©  = 9 4^ on the 
o u tle t e d ge .
(2) D iffe re n t d is tr ib u tio n s  on the tw o edges, the  o u tle t edge va lues 
being g rea te r fo r  the most p a r t , than correspond ing in le t  edge v a lu e s .
(3) The genera l natures o f both swept surface and membrane d is tr ib u tio n .
The fa c t th a t beam theo ry  treatm ent a lso  c lo s e ly  p re d ic ts  the
2
m agnitude o f the maximum stress in  the wheel (+ 8750 lb / in  , th e o re t ic a l,
2
+ 9 480 lb / in  , measured) seems s lig h t ly  fo r tu ito u s , a lthough i t  may 
re fle c t the tendency o f the th e o iy  to  overestim ate  the m agnitudes o f 
s ig n if ic a n t ac tio ns  t o t  Pg-tot on the bu cke t. From the she ll
th e o ry  o f chap te r 5, the sh e ll/b e a m  maximum stress ra t io ,  equation 
(5A, 15) w ould a lw ays be expected to  exceed u n ity .  I t  would there fore  be 
expected in  ge ne ra l, th a t,  fo r  a g iven  in -p la n e  bending moment, a swept 
surface experim en ta l edge stress va lue  w ould exceed the  corresponding 
v a lu e /
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va lue  g iven  by a p p lic a tio n  o f beam th e o ry . On th is  b a s is , a d iffe rence  
greate r than  th a t fo u n d , m ight have been a n tic ip a te d  between the 
experim en ta l and th e o re tic a l maximum s tre sse s .
In  the  beam the o ry  trea tm e n t, to rs io n  w arp ing re s tra in t d ire c t 
s tress  is  a component in  the d iffe re n tia t io n  o f the  tw o  edge stress 
d is tr ib u tio n s . F igs . 24(c) and 26. From the experim ents on s ing le  
bu cke ts , sec tio n  4 A i i i ,  chap te r 4 and Figs .52 to  54, i t  is  reasonable to  
presume th a t experim enta l re su lts  F ig .98 are in flu e n ce d  by to rs io n  
w arp ing re s tra in t in  some m inor m easure, a lthough no such in flu e n ce  is  
d e te c ta b le .
P rio r to  com paring th e o re tic a l and experim en ta l s tresses on the rim , 
i t  should be noted from equations (6A.1) o f the p rev ious se c tio n , th a t the 
th e o re tic a l rim  s tresses re levan t to  bucket beam the o ry  trea tm e n t, are 
sub jec t to  m o d ific a tio n  as a re s u lt o f a lte r in g  the bucket f le x u ra l 
r ig id it ie s  to  take  sh e ll behaviour in to  accoun t. Taking the m od ified  
a c t io n s , equations (6A.1), w ith  s igns changed, the  "bucket sh e ll b a s is "  
to ta l th e o re tic a l rim  stresses have been c a lc u la te d . These are shown in  
Fig .9 9 , tog e the r w ith  the corresponding "bucket beam b a s is "  th e o re tic a l 
va lues  from F ig , 27, and the corresponding c ircu m fe re n tia l experim enta l 
va lues  from F ig . 69. I t  is  seen from Fig .99 th a t,  on average, the 
experim en ta l re su lts  ra ther favo u r the "bucket sh e ll bas is  " th e o re tic a l 
re s u lts , b u t, in  the lig h t  o f the th e o re tic a l assum ptions pe rtinen t to  the 
rim  and i ts  connection  w ith  the bucke ts , agreement between the 
experim en ta l s tresses and e ith e r set o f th e o re tic a l s tresses cannot but 
be regarded as rem arkab ly good, both in  respect o f s tress m agnitudes and 
the natures o f d is tr ib u tio n s .
C oncerning stresses in  the hub, the sm all order o f the experim enta l 
va lues in  F ig . 71 is  in  accord w ith  the th e o re tic a l p re d ic tio n s  made in  
sec tio n  3B v ,  chap te r 3.
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6B i i  Com parison o f th e o re tic a l and experim en ta l approxim ate je t 
lo ad in g  stresses
There are tw o  main fea tures o f the beam th e o ry  approxim ate je t 
lo a d in g  s tress a n a lys is  o f chap te r 3, ra the r at va riance  w ith  assoc ia ted  
co n d itio n s  pe rtinen t to  the appropria te experim en ta l re su lts  o f chap te r 4. 
These c ircum stances m ight be expected , in  some m easure, to  in flu e n ce  
adve rse ly  the correspondence o f theo ry  w ith  experim en t. The fea tu res a re :-
(1) The assumed th e o re tic a l approxim ate je t  lo ad in g  F ig .30.
As m entioned in  chap te r 4, th is  d iffe rs  in  d is tr ib u tio n  from the 
s im u la ted je t  lo ad in g  app lied  in  the exp e rim en ts , F ig s .76, 78 , e tc .
(2) The replacem ent in  th e o ry , o f the ac tu a l re s tra in t on the je t -  
loaded bucket at the r im , by the re s tra in t o f a 180^ fu l ly - f ix e d  
a rch , se c tio n  3C i i i ,  F ig s . 32 and 33.
D esp ite  these po in ts  o f d iffe re n c e , and desp ite  the experim enta l 
re ve la tio n  o f the nature o f the supporting ro le  p layed by the bucket 
a fa c to r  qu ite  fo re ig n  to  the pos tu la tes  o f sec tio n  30  i i i ,  —  
there  is  a cons ide rab le  degree o f experim enta l support fo r  severa l aspects 
o f the th e o ry . W ith  regard to  edge s tre sse s , com paring app ro p ria te ly  the 
th e o re tic a l curves o f F ig . 37 w ith  the experim en ta l re su lts  F ig s . 84, 85, 
i t  is  ev iden t th a t the the o ry  c o rre c tly  p red ic ts  d iffe re n t d is tr ib u tio n s  on the 
tw o  edges, and the general natures o f swept surface d is tr ib u tio n s .
I t  c o rre c tly  p re d ic ts  the lo c a tio n  o f the maximum s tre s s , on the o u tle t edge
at i ts  ju n c tio n  w ith  the hub , and a lso  c lo s e ly  p re d ic ts  the m agnitude o f th is
2 2 maximum stress in  the w h e e l, (+ 4800 lb / in  . , th e o re tic a l,  + 5270 L b /in . ,
m easured). The accuracy o f th is  la s t p re d ic tio n  is  ra ther a d ve n titio u s  ,
but con firm s th a t th is  th e o re tic a l approach is  not e n t ire ly  devo id  o f m e rit.
I t  is  w orth  c a llin g  a tte n tio n  to  the re la t iv e ly  h igh membrane stress
in d ica te d  by experim en ta l re su lts  F ig . 84, in  the maximum stress reg io n ,
i . e . /
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i . e .  on the o u tle t edge at ©  == 144^, near the edge /hub  ju n c tio n .
This apprec iab le  membrane stress may re fle c t the in flu e n c e  o f to rs io n  
w arp ing re s tra in t in  the maximum stress area.
Com parison o f the  co n d itio n s  re levan t to  th e o re tic a l re su lts  
F ig . 37 and experim en ta l re su lts  F ig . 84 is  o f in te re s t.  Both sets re fe r 
to  a bucket sub jected  o n ly  to  approxim ate je t  lo ad in g  o f 2000 lb  
re s u lta n t. The th e o re tic a l rim  re s tra in t co n d itio n  F ig . 37 , is  due to  the 
180^ fu l ly - f ix e d  a rch , w h ile  the  corresponding experim en ta l co n d itio n  
F ig , 84, is  o f cou rse , the ac tua l one o f re s tra in t exerted by the rim  
supported by 21 unloaded b u cke ts . The fa c t th a t in  gene ra l, experim enta l 
s tresses F ig . 84, are co n s id e ra b ly  sm a lle r than  th e ir  th e o re tic a l coun te r­
parts F ig . 37, tends to  con firm  the exp ec ta tion  expressed in  sec tio n  30 i i i , 
th a t the th e o re tic a l fu l ly - f ix e d  arch would o ffe r  le s s  re s tra in t than  the 
ac tu a l system . The m agnitudes o f the th e o re tic a l s tresses are more in  
accord w ith  those o f the corresponding experim enta l maximum to ta l swept 
surface s tre sse s . F ig . 85.
A main d isadvantage o f the th e o re tic a l approach o f chap te r 3, 
how ever, is  i t s  la c k  o f re a lis m , e s p e c ia lly  in  respect o f i ts  in a b i l i ty  to  
p re d ic t bucket supporting s tre sse s . A more re a lis t ic  approxim ate 
th e o re tic a l trea tm ent w h ich  overcomes th is  d i f f ic u lty  is  d e ta ile d  in  
Appendix 7, This is  based on the ideas unde rly ing  the "u n re a l!s t ic a lly  
f le x ib le  re s tra in t"  case (sec tio n  3C v .  F ig , 39) w here in  re s tra in t o f the  
loaded bucket at the r im , is  assumed to  be provided by tw o  o ther c o - lin e a r  
b u cke ts . In  b r ie f ,  th is  more re a lis t ic  approach assumes th a t a loaded 
bucket is  res tra ined  at the rim  by a ll the o ther 21 b u cke ts , regarded as 
c o - lin e a r  w ith  the loaded one, and each exe rting  equal re s tra in t.
As in  se c tio n  3C v ,  the  pe rtinen t res tra in ing  a c tio n s , and so th e ir  e f fe c ts , 
are determ ined from re su lts  o f the fu l ly - r ig id  re s tra in t case (F ig . 39). 
Actions equal and oppos ite  to  the re s tra in ts  on the loaded bu cke t, are 
c a r r ie d /
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ca rried  by the 21 supporting buckets in  equal m easure, so ac tions  on 
a bucket a c tin g  in  a supporting ca p a c ity  may be assessed .
In  p resen ting  the  more re a lis t ic  th e o re tic a l tre a tm e n t, Appendix 7 , 
i t s  a p p lic a tio n  to  the w heel sub jected to  the o r ig in a lly  assumed 
approxim ate je t  lo a d in g . F ig . 30, has been dem onstra ted . For com parison 
w ith  experim en ta l re su lts  how ever, the trea tm ent has been app lied  fo r 
the  w hee l ca rry in g  the approxim ate je t  lo ad in g  as shown on F ig . 100 — 
a lo a d in g  assumed u n ifo rm ly  d is tr ib u te d  over the h o llo w  o f the equ iva len t 
bucket and so correspond ing more c lo s e ly  to  the  s im u la ted  je t  load ing  o f 
the expe rim en ts . In  accordance w ith  the e xp la na tion  in  Appendix 7 , 
the  ord ina tes o f graph F ig .101, are tim es the o rd ina tes o f the
correspond ing  " fu l ly - f ix e d  support " g raph , F ig .100. Graph Mgy.TOT 
F ig , 101, is  then  the summation o f M g  and o f the same F ig .
F in a lly  graph M © y .tot g iven  b y :-
N^eX.ToT = F lev.ToT + ( é  ^  s igns changed j ,
a l l  on F ig . 101.
Thus approxim ate th e o re tic a l in -p la n e  bending moment d is tr ib u tio n s
^ e v T ô T  TcT ob ta in ed , re s p e c tiv e ly  fo r a bucket carry ing
d ire c t je t  lo a d in g  o n ly , and fo r  a bucket ca rry ing  d ire c t je t  lo a d in g  and
a c tin g  in  support o f 2 o ther d ire c t ly  loaded bu cke ts . The corresponding
trea tm ent in  respect o f d ire c t fo rce ac tions  on the  bucket is  e xa c tly
s im ila r  to  th a t fo r  in -p la n e  bending moments and is  in d ica te d  in  F ig . 102.
Fig .103 then presents d is tr ib u tio n s  o f the corresponding d ire c t stresses
on the  edges o f the bucket.Curve (T  ^ fo r d ire c t je t lo a d in g  o n ly , is
t o '
obta ined s tra ig h tfo rw a rd ly  from curves i^ey-roT ^^id 'e .To-r / F ig s . 101, 
10 2(b) , and curve 0 /^.^ fo r d ire c t load ing  and sup po rting , is  found 
s im ila r ly  from and o f the same F ig s . F ig . 103 thus
embodies the most s ig n if ic a n t re su lts  from th is  a p p lic a tio n  o f the more 
re a lis t ic  approxim ate th e o re tic a l a n a lys is  fo r  je t  lo a d in g  s tresse s .
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The a n a lys is  g ives  id e n tic a l s tress d is tr ib u tio n s  on both edges o f the 
b u c k e t.
Agreement w ith  re su lts  o f experim ent is  apparent fo r th w ith , in  
respect o f the s ig n ific a n c e  o f bucket "su p p o rtin g " s tresses in  re la tio n  
to  s tresses due to  d ire c t lo a d in g . In  s ig n if ic a n t s tress  areas o f the 
edges the th e o re tic a l re s u lts , F ig .103, show th a t about 40% o f 
is  due to  the  supporting ro le , a p roportion  w e ll confirm ed by corresponding 
experim en ta l re s u lts . F ig s . 84, 85.
T heore tica l edge stress curves (T> , F ig .103, may be
compared d ire c t ly  w ith  corresponding experim enta l re s u lts . F ig s . 84, 85 
re s p e c tiv e ly . For a bucket sub jected o n ly  to  d ire c t je t lo a d in g , F ig .104 
compares th e o re tic a l (J* , F ig .103, w ith  the  appropria te  swept surface
and membrane experim enta l s tresses from F ig . 84. In  Fig .105 , th e o re tic a l 
J F ig .103, is  compared w ith  the correspond ing swept and unswept 
surface experim en ta l maximum to ta l s tre sse s , F ig . 85, fo r  a bucket m a in ly  
ca rry ing  je t  lo ad in g  and supporting o ther 2 je t  loaded bu cke ts .
From F ig s .104, 105 , i t  is  seen th a t the more re a lis t ic  theory
c o rre c tly  p re d ic ts  the approxim ate general natures o f swept surface and
membrane edge s tress d is tr ib u tio n s , and the lo c a tio n  o f maximum s tre ss ,
an o u tle t edge /hub  ju n c tio n . H ow ever, i t  w ro ng ly  p re d ic ts  an equal
maximum stress at in le t  edge /hub  ju n c tio n . On the  w h o le , agreement
between th e o iy  and experim ent (swept surface va lues) is  qu ite  good in
respect o f s ig n if ic a n t m agnitudes o f edge s tre ss . Since the th e o iy
cons iders  o n ly  in -p la n e  ac tio ns  on the b u c k e t, i t  m ight be expected to
underestim ate  maximum stress and other s ig n if ic a n t s tre sse s , but there Is
l i t t le  general evidence to  in d ic a te  tha t i t  does so. The th e o ry , how ever,
2
g ives  a maximum to ta l s tress o f -t- 3280 lb / in  , F ig .105, as aga inst a
2
measured maximum to ta l s tress o f + 5270 lb / in  . The la tte r  va lue  is  
pe rtinen t to  a stress concen tra tion  region o f cou rse , and would reasonably 
be expected to  exceed the maximum va lue  w h ich  an e s s e n tia lly  s im ple 
a p p ro x im a te /
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approxim ate the o ry  is  capable o f p ro v id in g . I t  may be observed tha t 
in  both F ig s .104 and 105, th e o re tic a l s tress curves l ie  in  re la tio n  to  
correspond ing experim en ta l curves much as do th e ir  counte rparts  fo r  
c e n tr ifu g a l lo a d in g , F ig .9 8 .
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6B i i i  Comparas on o f th e o re tic a l and experim en ta l maximum stress ra tio s
I t  is  u se fu l to  assess the approxim ate th e o re tic a l trea tm ents in
respect o f th e ir  a b il i ty  to  p re d ic t the maximum s tress ra t io :-
______________ maximum ce n tr ifu g a l s tress____________
greatest maximum to ta l approxim ate je t  lo a d in g  s tress
pe rtine n t to  normal w ork ing  con d ition s  o f the w h e e l.
The th e o re tic a l a n a lyse s , chapte r 3, g iv e r-
maximum stress ra tio  = 4Q00 ~ 1 '82
The th e o re tic a l a n a lys is  fo r  c e n tr ifu g a l s tre sse s , chapte r 3, and 
the more re a lis t ic  th e o re tic a l a n a lys is  fo r approxim ate je t  lo a d in g  
s tre sse s , p revious sec tio n  and Appendix 7 , g iv e r -
maximum stress ra tio  = y  = 2. 66
"T o J oU
The experim en ta l re s u lts , chapte r 4 , g iv e r-
+ 9480maximum stress ra tio  = y — —  -  1.80+ o2/U
Both sets o f approxim ate th e o re tic a l ana lyses thus c o rre c tly  
p re d ic t the dom inance o f c e n tr ifu g a l s tre ss . As m ight be expected , the 
use o f the more re a lis t ic  approxim ate je t  lo ad in g  s tress the o ry  leads to  
an overestim ate  in  th is  resp ec t.
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CHAPTER 7.
THE FELTON WHEEL.
APPLICATION OF SHELL THEORY TO DETERMINATION OF 
THE APPROXIMATE JET LOADING STRESSES AND DEFORMATIONS IN  THE BUCKET.
COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS.
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D e s ig n s  o f P e lto n  b u cke ts  v a ry  som ew hat in  d e ta i l .  The e s s e n tia l 
g e o m e tr ic a l fe a tu re s  h o w e ve r, are a l l  e x h ib ite d  by F ig s . 2 , 3 , 5 and 114. 
The b a s ic  form  is  s ym m e trica l about th e  s p l i t te r  o r in le t  edge w h ic h  is  th e  
ju n c t io n  o f th e  tw o  s h e ll p o rtio n s  c o n s t itu t in g  the  b u c k e t. In v a r ia b ly  
th e  in le t  and o u t le t  e d g e s , F ig s .107, 114, 115, l ie  p ra c t ic a l ly  in  the  same 
p lane  th ro u g h o u t. M o s t ly ,  a re in fo rc in g  r ib  is  c a rr ie d  on the  unsw ep t 
su rfa ce  o f each h a lf - b u c k e t , F ig s . 2 , 3 , 5 ,  107, and runs in  a d ire c t io n  
p a ra lle l to  th e  in le t  edge . F ig . 23(a) shows a s e c tio n  o f the  je t  in  re la tio n  
to  a b u cke t in  a g iv e n  p o s it io n .  Buckets are s tru c k  s in g ly  by th e  je t  
w h ic h , as is  e v id e n t,  a c ts  in  the  p lane  o f th e  w h e e l.
Large P e lto n  b u c k e ts , such as tho se  o f F ig . 2 , are fre q u e n tly  o f 
v a ry in g  s h e ll th ic k n e s s .  M e d iu m -s iz e d  b u c k e ts , h o w e ve r, are com m only 
o f u n ifo rm  s h e ll th ic k n e s s ,  as in  F ig s .5 , 107, 114, 115. Only bu cke ts  o f 
u n ifo rm  s h e ll th ic k n e s s  in  unrim m ed P e lton  w h e e ls  are co n s id e re d  h e re .
For th e  s h e ll p o rtio n s  o f a bucke t o f a P e lto n  w h e e l, a rough 
in d ic a t io n  o f th e  p ro p o rtio n s  o f maximum c e n tr ifu g a l s tre ss  to  m aximum  
je t  lo a d in g  s tre ss  m ay be o b ta in ed  by co m parison  w ith  c o n d it io n s  p e rtin e n t 
to  a bu cke t o f th e  e q u iv a le n t Turgo w h e e l, bo th  w h e e ls  be ing  regarded as 
d r iv e n  by  the  same je t ,  unde r norm al w o rk in g  c o n d it io n s .  The fo llo w in g  
p o in ts  o f co m pa rison  are re le v a n t:-
(1) The P e lton  w he e l is  tw ic e  the  p . c . d .  o f the  e q u iv a le n t Turgo w hee l 
and ro ta te s  at h a lf  th e  speed o f th e  Turgo w h e e l.
(2) The P e lton  w h e e l has no rim  and f u l l  je t  fo rce  is  exe rted  on a s in g le  
b u c k e t.
(3) The ge o m e trie s  o f the  b u cke ts  are c o n s id e ra b ly  d if fe re n t .  The 
P e lton  bu cke t is  the  la rg e r ,  and com m only c a rr ie s  a re in fo rc in g  r ib .  
C o n s id e rin g  th e  e xp e rim e n ta l re s u lts  o f ch a p te r 4 re la tin g  to  the
Turgo w he e l b u c k e t, i t  w o u ld  seem on ba lance  th a t in  the  s h e ll p o rtio n  
o f /
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o f th e  P e lto n  b u cke t under norm a l w o rk in g  c o n d it io n s ,  c e n tr ifu g a l s tre ss  
m ay no t p redom ina te  and je t  lo a d in g  s tre ss  m ay be o f  equa l o r g re a te r 
co n se q u e n ce .
The a tt itu d e  o f th e  P e lto n  bucke t in  re la t io n  to  th e  w h ee l ra d ius  
is  a ls o  a fa c to r .  F ig . 2 is  ty p ic a l and in d ic a te s  th a t ,  w ith  regard to  
bend ing  o f th e  bu cke t in  th e  p lane  o f th e  w h e e l, c e n tr ifu g a l a c tio n  w o u ld  
p ro b a b ly  be o f  le s s  im p o rta nce  th a n  the  a c tio n  o f je t  fo rc e , w h ic h  is  
ta n g e n t ia l to  th e  p itc h  c ir c le .  The ra d ia l a tt itu d e  o f  the  P e lton  bucke ts  
o f F ig , 2 m ay be co n tra s te d  w ith  the  co rre sp o n d in g  a tt itu d e  o f th e  Turgo 
w h e e l b u cke ts  o f F ig . 5 5 (a ) , (b) , e lu c id a te d  by F ig , 65.
I t  seems l i k e ly  th e n  th a t ,  w ith  regard to  th e  m axim um  norm al w o rk in g  
s tre s s  in  th e  s h e ll o f a P e lto n  b u c k e t, je t  a c tio n  w i l l  p redom ina te  and g ive  
r is e  to  th is  and o th e r s ig n if ic a n t  s tre sse s  m a in ly  due to  bend ing  in  th e  
p lane  o f th e  w h e e l. In  re sp e c t o f th e  bu cke ts  o f a p a r t ic u la r  P e lton  w h e e l,
(4)
w ith o u t g iv in g  re a s o n s , PERRIG co n s id e rs  th a t th e  m axim um  je t  lo a d in g  
s tre ss  w i l l  be a lm ost tw ic e  the  maximum c e n tr ifu g a l s tre s s , fo r  norm al 
w o rk in g .
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7A APPLICATION OF SHELL THEORY TO THE ANALYSIS OF THE APPROXIMATE
TET LOADING STRESSES IN  A PELTON BUCKET
The fo llo w in g  m a in  assu m p tion s  are m a de :-
(1) The bu cke t c o n s is ts  o f tw o  id e n t ic a l open to ro id a l s h e lls  o f c ir c u la r  
s e c tio n  and u n ifo rm  th ic k n e s s , r ig id ly  co n n e c ted  to  each o th e r on 
c irc u m fe re n tia l b o u n d a rie s , F ig .1 0 6 (b ). The ju n c t io n  o f the  to ro id a l 
s h e lls  re p re se n ts  th e  in le t  ed g e , and the  th e o re t ic a l b u cke t is  
a s s o c ia te d  w ith  the  a c tu a l b u cke t geom etry  as in d ic a te d  in  the  
exam ple  w h ich  fo l lo w s .  F ig s .107, 108.
(2) The o n ly  a c tio n  exe rted  on th e  th e o re t ic a l b u cke t is  bend ing  in  the  
p lane  o f th e  w h e e l. Each o f th e  open to ro id a l s h e lls  is  su b je c te d  to  
th e  same v a lu e  o f bend ing  moment in  the  p lane  o f th e  s h e l l .
F ig .106 i l lu s t r a te s  the  b a s is  o f th e  s h e ll a n a ly s is .  Each open
to ro id a l s h e ll is  su b je c te d  to  pure in -p la n e  bend ing  moment n l  . In  a l l
re s p e c ts , save th a t o f c irc u m fe re n tia l d is p la c e m e n t, th e  s h e l l- p a ir  system
is  ro ta t io n a lly  sym m e tr ica l about the  common a x is  o f re v o lu t io n . N o w , i f
the  s h e lls  were separa ted  at th e  r ig id  jo in t  and each was th e n  lo a de d  by
bend ing moment vn F ig . 106 (d ), th e  m e iid ia n  ro ta tio n s  \ , at the' edge
a d ja ce n t edges w ou ld  f re e ly  o c c u r. In  the  assem b led  and loaded
c o n d it io n  th e n , i t  is  c le a r  th a t ,  on accoun t o f the  r ig id i t y  o f the  jo in t ,  the
e ffe c t o f one s h e ll on the  o th e r is  f u l ly  to  p reven t th is  ro ta tio n
ta k in g  p la c e . A lte rn a t iv e ly  e xp re sse d , the  o n ly  d e fo rm a tio n a i d is c o n t in u ity
be tw een  the  se p a ra te d , loaded  s h e lls .  F ig .1 0 6 (d ), is  one o f m e rid io n a l
ro ta t io n  \ ,* edge
From sym m etry , both ro ta t io n a l and in  re sp e c t o f th e  m e rid io n a l 
c ro s s -s e c t io n  F ig . 106 (c ) , i t  is  apparent th a t ,  in  th e  assem b led  c o n d it io n ,  
t h i s /
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th is  d is c o n t in u ity  is  e lim in a te d  by m e rid io n a l edge co u p le s  ,
F ig .1 0 6 (e ), exe rted  by one s h e ll on the  o th e r. On any one s h e ll these  
edge co u p le s  a re , o f c o u rs e , a s e lf - e q u i l ib r a t in g , ro ta t io n a lly
sym m e tr ica l sys te m . Thus each open to ro id a l s h e ll o f th e  b u c k e t,
F ig .1 0 6 (f) )s u s ta in s  e x te rn a lly  a p p lie d  in -p la n e  bend ing  moment , 
to g e th e r w ith  co u p le s  u n ifo rm ly  d is tr ib u te d  a lo ng  th e  in le t  edge and
such as c o m p le te ly  to  p reven t ro ta t io n  o f a m e rid ia n  a t th a t e d g e .
From th e  fo re g o in g , the  a n a ly s is  p la in ly  fa l ls  in to  th re e  p a r ts :-
(1) The open to ro id a l s h e lls  are co n s id e re d  as fre e  and se p a ra te d , each 
ta k in g  in -p la n e  bend ing  moment yn . The m ethod o f c h a p te r 5 , 
s e c tio n  5B, is  a p p lie d , c u lm in a tin g  in  th e  d e te rm in a tio n  o f s tre sse s  
in  te rm s o f , a nd , e s p e c ia lly ^ in  the  d e te rm in a tio n  o f d e fo rm a tio n  
^e d g e  te rm s o f • I t  may be no ted  th a t s o lu tio n s  fo r  sm a ll 
edge a ng les  are ap p ro p ria te  s in c e , fo r  m axim um  e f f ic ie n c y  in  a 
P e lton  w h e e l, in le t  and o u tle t ang les  o f the  bucke t edges are 
arranged so th a t the  je t  is  d e fle c te d  th ro ug h  ISO^as n e a r ly  as p o s s ib le .
(2) The s h e lls  are co n s id e re d  as assem bled  at th e  in le t  edge r ig id  jo in t ,
by a p p lic a t io n  o f u n ifo rm ly  d is tr ib u te d  edge co u p le s  , such as
to  e lim in a te  c o m p le te ly  the  m e rid ia n  ro ta t io n  . Th is  in v o lv e s
a p p lic a t io n  o f the  a n a ly t ic a l tre a tm en t fo r  a to ro id a l s h e ll su b jec te d
to  a u n ifo rm ly  d is tr ib u te d  edge c o u p le , a case  w h ic h  is  w e l l -
(9)docum en ted . The tre a tm e n t by CLARK is  a p p ro p r ia te , s in ce  h is  
d e rive d  s o lu t io n  is  in  te rm s o f the  same in de p en d en t v a r ia b le  y  , 
as th a t o f gene ra l s o lu t io n ,  e q ua tio n  (5 A .3 7 ) , and is  id e n t ic a l in  
form  to  the  com p lem en ta ry  fu n c tio n  o f e q u a tio n  (5A. 37) a p p lie d  fo r  
u n ifo rm  th ic k n e s s .  Thus h is  s o lu tio n  shares c e r ta in  fu n c tio n s  w ith  
part (1) ab ove . U s in g  th is  tre a tm e n t, is  found in  te rm s o f
and so from  (1) , is  re la te d  to  a p p lie d  bend ing
moment m  . Thus the  a sse m b ly  s tre sse s  are found in  te rm s o f  YA ,
(3) /
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(3) The to ta l s tre s se s  due to  pure bend ing  moment W\ on one h a lf  o f 
th e  th e o re t ic a l b u c k e t , are th e n  found by su p e rim p o s in g  the  
s tre sse s  from  (1) and (2 ). The to ta l s tre sse s  are in  te rm s  o f m  .
The a n a ly s is  is  deve lo p ed  assum ing  ro ta t io n a l sym m etry and pure
in -p la n e  b e n d in g . As m entioned  s u b s e q u e n tly , i t  is  assum ed fu r th e r  th a t ,
in  i t s  co m p le ted  fo rm  as o u t lin e d , the  a n a ly s is  a p p lie s  to  ca ses  o f
c o n tin u o u s ly  v a ry in g  in -p la n e  bend ing  m om ent.
For p a r t ic u la r  a p p lic a t io n  o f th e  a n a ly s is , and fo r  re la te d  s tre ss
m easurem en ts , tw o  h ig h  te n s ile  bronze b u c k e ts . F ig . 114, o f a 21 in . p . c . d .
P e lton  w h e e l, w ere  a v a ila b le .  The geom e tries  o f th e se  b u cke ts  w ere
c a re fu l ly  exam ined  u s in g  th ic k n e s s  gauges and te m p le ts .  Except in  w a y
o f th e  in le t  edges and o f th e  re in fo rc in g  r ib s  on the  un  sw ep t s u rfa c e s ,
th e  b u c k e ts , w h ic h  w ere v i r t u a l ly  id e n t ic a l ,  o f c o u rs e , w ere  found to  be
+
o f u n ifo rm  th ic k n e s s  0.17 in . -  5% , th ro u g h o u t the  s h e ll p o r t io n s . T y p ic a l 
"m e rid io n a l " and "c irc u m fe re n tia l " s e c tio n s  from  th e  m a in  s h e ll p o rtio n  o f 
a h a lf -b u c k e t are show n on F ig s .107, 108 re s p e c t iv e ly .
The sw ep t su rfa ce  p ro f ile  o f "c irc u m fe re n t ia l"  s e c t io n .  F ig . 108, 
is  s y m m e tr ica l about l in e  PA in  w a y  o f w h ic h  th e  p ro f ile  is  p ra c t ic a l ly  
c ir c u la r .  The e x te n t o f th is  a lm o s t c ir c u la r  p ro f ile  fo rm in g  th e  "h o llo w "  
o f th e  h a lf -b u c k e t ,  d e fin e s  th e  m a in  b o d y , o ve r w h ic h  th e  e d g e s , F ig .115, 
are s e n s ib ly  p a ra lle l and th e  "m e r id io n a l"  s e c t io n . F ig .107, is  n e a rly  
c o n s ta n t. I t  is  th is  m a in  body  o f the  h a lf-b u c k e t w h ic h  app ro x im a te s  to  
th e  a s s o c ia te d  open to ro id a l s h e l l , and w ith in  w h ic h  the  h ig h e s t m easured 
s tre ss  due to  s im u la te d  je t  lo a d in g , has been fo u n d .
The geom etry  o f th e  open to ro id a l s h e ll a s s o c ia te d  w ith  th e  m ain  
body o f the  h a lf -b u c k e t is  found  by f i r s t l y  p ro d u c in g  th e  c ir c u la r  p ro f ile  
o f the  " h o l lo w " ,  F ig . 108, to  g ive  arc FF, the  cen tre  P o f w h ic h  is  th e n  
lo c a te d . T h is  is  th e  ce n tre  o f re v o lu t io n  o f th e  to ro id a l s h e l l ,  th us  
e n a b lin g  the  a x is  o f re v o lu t io n  to  be lo c a te d  re la t iv e  to  th e  "m e r id io n a l"  
s e c t io n /
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s e c tio n  o f the  h a lf -b u c k e t on F ig ,107, The "p lane  o f sym m e try " o f the  
"m e r id io n a l"  s e c tio n  is  e s ta b lis h e d  as show n . I t  is  c le a r  th a t the  
"m e r id io n a l"  s e c tio n  is  no t re a d ily  approx im a ted  by  a c ir c u la r  fo rm , 
w h ic h  m ay be de te rm ined  as a com prom ise in  re sp e c t o f the  fo llo w in g  
c r i te r ia : -
(1) The c ir c u la r  c e n tre - l in e  shou ld  rep rese n t th e  "m e r id io n a l"  s e c tio n  
c e n tre - lin e  in  as re a so n a b ly  ba lanced  a m anner as p o s s ib le ,
(2) The edge ang le  o f the  c ir c u la r  s e c tio n  shou ld  be an in te g e r  a n g le , 
c lo s e ly  s im u la tin g  th e  a c tu a l in le t  and o u tle t edge a n g le s .
(3) The ra d ii ra t io  "  A  shou ld  co rrespond  e x a c t ly  to  a v a lu e
fo r  w h ic h  the re  e x is ts  d ire c t ta b u la t io n  o f fu n c tio n s  p e rtin e n t to  
the  a n a ly s is .
The la s t  c r ite r io n  is  re le v a n t where the  na tu re  o f th e  a p p ro x im a tio n  ju s t ­
i f ie s  i t .  On th e se  b a s e s , th e  ra d ii c l  and b  are se le c te d  as shown 
in  F ig . 107 , C L = 3 . 5 i n . ,  b  = 2 . 1  i n . ,  g iv in g  A  = 0 . 6 ,  and the  
edge ang le  f  = 5^ is  ch o se n . T h ickne ss  = 0 . 2  in .  , is  th e n
s e le c te d , s l ig h t ly  more th a n  th e  a c tu a l u n ifo rm  th ic k n e s s .  Th is  is  p a r t ly  
in  an a ttem pt to  com pensate  fo r  the  g re a te r dep th  o f th e  a c tu a l h a lf-b u c k e t 
s e c tio n . F in a l ly ,  th e  m e r id io n a l s e c tio n  o f the  re in fo rc in g  r ib  is  
s im u la te d  by an a s so c ia te d  re c ta n g u la r s e c tio n  r ib  o f about the  same area 
and p ro p o r t io n s , lo c a te d  at th e  co n ve x  o r un sw ept s u r fa c e , on th e  p lane  
o f sym m etry . From F ig s .107 and 108, i t  m ay be sa id  th a t re p re se n t­
a tio n  o f the  m a in  body o f th e  h a lf-b u c k e t by the  a s s o c ia te d  re in fo rce d  open 
to ro id a l s h e ll ,  is  a reasonab le  p rocedure .
C on ce rn ing  th e  a s s o c ia te d  open to ro id a l s h e ll o f the se  F ig s .107,
108, w ith  re in fo rc in g  r ib  te m p o ra r ily  d is re g a rd e d , th e  f i r s t  part o f  th e  s h e ll 
th e o ry  a p p lic a t io n  has a lre a d y  been c o m p le te d . Th is  re fe rs  to  the  
separa ted  open to ro id a l s h e ll h a lf -b u c k e ts , each su b je c te d  to  in -p la n e  
bend ing  moment vn , F ig .1 0 6 (d ), and , ta k in g  P o is s o n 's ra t io  U  = 0 .3  
fo r  b ro n ze , th e  re le v a n t n u m e rica l a n a ly s is  co rresponds to  Case I I ,  
ch a p te r 5 , where th e  re s u lts  are p resen ted  in  s e c tio n  5C and F ig .93 .
F o r /
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For bend ing  moment m  a p p lie d  in  the  sense o f F ig , 106(b) and (d ) , the  
s ig n s  o f s tre ss  re s u lta n t , s tre ss  co u p le s   ^ ^
and m e rid ia n  ro ta t io n  , F ig .9 3 , are a l l  changed . From e q u a tio n  
(5 C .5 ) : -
(7 .1 ) ,
e n a b lin g   ^ to  be found in  te rm s o f m  , and from  e q u a tio n
(5 C .6 ) : -
p Wl”  4- 87 .6 4  ra d ia n s  (7 .2 ) ,
fo r  the  re le va n t d ire c t io n  o f M  . By th e  s ig n  c o n v e n tio n . F ig . 88 (a) ,
(b) , the  d ire c t io n  o f = 5^ co rresponds to  th a t o f F ig .1 0 6 (d ) .
The ro ta t io n a lly  s y m m e tr ica l edge co u p le s  th e re fo re  a c t as shown in
F ig . 106(e) and (f) , fo r  e lim in a t io n  o f a sse m b ly  o f the  h a lf ­
b u cke ts  a t th e  in le t  edge r ig id  jo in t .
i g )
For th e  second pa rt o f  th e  a p p lic a t io n  o f th e  s h e ll th e o ry , CLARK'S
a n a ly s is  o f th e  ro ta t io n a lly  sym m e trica l edge co u p le  case  is  u s e d .
A lthough th is  tre a tm e n t shares c e r ta in  fu n c tio n s  w ith  the  a n a ly s is  g ive n
in  ch a p te r 5 , the  b a s ic  fo rm u la tio n s  o f the  tw o  s o lu tio n s  are ra th e r
d if fe re n t ,  so th a t co rre sp o n d in g  q u a n tit ie s  are d if fe re n t ly  e xp re sse d .
In  o rde r to  use th e  edge co up le  s o lu t io n  o f CLARl^^^ d ir e c t ly ,  th e  fo rm u la tio n
and e xp re ss io n s  p e rtin e n t to  th a t s o lu tio n  are m a in ta in e d . H o w eve r in
*
a p p ly in g  the  s o lu t io n  th ro u gh o u t th is  c h a p te r, th e  n o ta tio n  used is  la rg e ly  
common w ith  th a t o f ch a p te r 5 , and w ith  s e c tio n  5B in  p a r t ic u la r .  The 
s ig n  co n ve n tio n s  p e rtin e n t to  s tre ss  re s u lta n ts ,  s tre ss  co u p le s  and 
d isp la c e m e n t are a ls o  common w ith  th o se  o f ch a p te r 5 , be ing  g ive n  
in  F ig . 88 (e ), (a ), (b) . W here  a p p lic a b le ,  d is t in c t io n s  are c le a r ly  
in d ic a te d  be tw een  e q u a tio ns  here and th e ir  co u n te rp a rts  in  c h a p te r 5,
T h e /
see N om enc la tu re .
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The s o lu t io n  is  c o n v e n ie n tly  a p p lie d  as i l lu s t r a te d  in  F ig .109, 
w h ic h  a ls o  show s th e  s ig n  c o n ve n tio n s  p e rtin e n t to  d isp la ce m e n ts  P  
and "U . . The h a lv e s  o f th e  s h e ll are co n s id e re d  separa ted  on the  
p lane  o f sym m e try , F ig . 109(b) , and edge co u p le  a c ts  o n ly  on the
lo w e r  o n e , c a u s in g  d isp la ce m e n ts  rtLg  ^ a t th e  separa ted  boundary  
^  . These d isp la ce m e n ts  are th e  o n ly  d e fo rm a tio n a i
d is c o n t in u it ie s  be tw een  the  h a lve s  and from  sym m etry , edge a c tio n s  
 ^ ^ ^ 2. ) F ig . 109(c) , are n e ce ssa ry  to  e lim in a te  them  and
e ffe c t a s s e m b ly . The d isp la ce m e n ts  re le v a n t to  th e  assem b led  loaded  
c o n d it io n  are in d ic a te d  in  F ig . 109(d) , from  w h ich  th e  fo llo w in g  d is p la c e ­
m ent c o m p a t ib il i ty  e q u a tio n s  are e v id e n t:-
“U ^ + ULg =
(^ 1 = *1^ 7. (7.3)
For e q u ilib r iu m  a t ^  ="5^ : -
F  ^  0
0  (7 .4 )
W ith  re fe rence  to  F ig . 109(c) , (d) , e q u a tio n s  (7 .3 ) m ay be re -w r it te n  
in  te rm s o f th e  in d iv id u a l d isp la ce m e n ts  due to  each o f th e  a ssem b ly  
a c tio n s  th u s : -
But from  e q u ilib r iu m  e q u a tio ns  (7 .4 ) and from  sym m etry , i t  is  e v id e n t 
t h a t ; -
P f. =  " P
Pm
(7.6)
S u b s t itu t in g /
(p .) .  COMPLETE MEPIDW SECTION OP OPEN
TOBOIfjAU SHELL , SUOWIMg EOSE COUPLE Ma. 
AND -I'VE DIPMS-Of-' RADIAL DgPO aua- ' i t  
& MERIOIAM POTM- 0 . ANAtfôlS IS ALSO 
PULLV APPLICABLE FOR £,pp>cp - O .
(b). SECTION HALVED AT 2 , Ma 
BEIM6 CARRIEO 0NLV'~6V LOWER 
HALF AND CAUSING OEPORM'g--U.-., 
TIHESE APE OEFOPMC-HOISCpNTINUITIEÎ 
BETWEEN HALVES AT % = ~2~- '
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ACTIONS FjjPj,  
AS
SHOWN.
THE ONLY APPUIC'i- 
OF CLAfili*'^' SOLy- 
KieCESSAPY. IS FOR 
HALF 1 TSEATED AS 
A GENERAL CASE.
2
(C ) , DISCONTINUITY ASSEMBLY ACTIONS 
ON HALVES AT A WITH LOAOIMG 
Ma ALSO CARRIED.
FINAL
_ , ; COMMON
FINAL COMMON SLOPE AT 
RADIUS a t  I ASSEMBLY.
ASSEMBLY.' ...
. >
Ue
SUFFIY S DISCONTINUITY 
OISPLACETS- 
SUFFIXES 1,2 ASSEMBLY
DISPLACETë-
(c l) . ANALYSIS OF DISCONTINUITY 6 ASSEMSl.^_ 
DlSPLTg. FOR ASSEMBLY OF HALVES AT 
WITH Ma, a c t in g  .
ri&, 109. DIAGRAM ILLUSTRATING METI-IOD OF ANALYSIS FOR TWE CASE OF
ROTATIONALLY SYMMETRICAL EDGE COUPLE Ma . Fig 10&('f). MAILING 
USE OF CLARK SOLUTION.
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S u b s titu t in g  (7 .6 ) in to  (7 .5 ) g iv e s : -
Z
s_
Z
(7 .7 )
(9)N ow  from  CLARK'S s o lu t io n ,  w h ich  a p p lie s  a ls o  to  th e  case o f a 
u n ifo rm ly  d is tr ib u te d  ra d ia l edge fo rc e , d isp la ce m e n ts  m , may
be re a d ily  found  as l in e a r  fu n c tio n s  o f Fj  ^ re s p e c t iv e ly ,  and 
d e fo rm a tio n a i d is c o n t in u it ie s  m ay be re a d ily  found as l in e a r
fu n c t io n s  o f edge co u p le  lo a d in g  , Then by  e q u a tio n s  (7 . 7) and 
(7 . 4) a l l  th e  a sse m b ly  a c tio n s   ^F ^   ^ M   ^ are found in  te rm s
o f  ^ th u s ,  w ith  re v e rs io n  to  th e  CL ARK s o lu t io n ,  g iv in g  de fo rm a tion s  
and s tre sse s  anyw here  in  th e  s h e l l , F ig . 109 (a) , in  te rm s o f edge coup le  
lo a d in g  M  ^  .
From F ig .109 (c) , i t  is  e v id e n t th a t o n ly  one a p p lic a t io n  o f the  
(9)CLARK s o lu t io n  is  n e c e s s a ry , th is  be ing  in  re sp e c t o f s h e l l - h a l f  1
tre a te d  as a gene ra l case su b je c te d  to  lo a d in g s  the
b o u n d a rie s , as show n .
The re le v a n t e xp re s s io n s  w h ic h  fo l lo w ,  are ta k e n  d ir e c t ly  from  
(9)CLARK , For s tre ss  re s u lta n ts ,  s tre ss  co u p le s  and d is p la c e m e n t:-
|\^ =  -  Wq’F -------
Q   ----------------  A i _ _ . l l } '
^  i  (7 .8 )
N e
k o .E
M r  =
\ a ! . E -y A cos ^  R
1 + X sm ^
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N /\ = .  ^------ ----------------
® l Z b ( \ — u \ + XsivA^
“ AJl =  7^™  ^\+-Xsm ^)(Ne”  v N « ')  
h .c
(7 .8 )
The fo rm u la tio n  o f th e se  equ a tio ns  p e rta in s  o n ly  to  th e  edge a c tio n s
(9)
s o lu t io n  o f CLARK . The s tre ss  e q u a tio ns  shou ld  not be con fused  w ith  
th e ir  c o u n te rp a r ts , eq u a tio n s  (SB. 5 ). Both se ts  are e s s e n t ia l ly  the  same 
o f c o u rs e , bu t p e rta in  to  s h e ll o f re v o lu t io n  s o lu tio n s  fo rm u la te d  s l ig h t ly  
d if fe re n t ly .
In  th e  above e q u a tio n s , the  s o lu t io n  fu n c tio n s  P  and are 
g iv e n  in  te rm s o f the  in dependen t v a r ia b le  \  , b y : -
— - 1  rY  =  ( n  Asmlj.^QjA^U^-CA') + B jU A x )  + + D ,A  1^^).
t - R p
(7.9)
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w here p rim e  ^ means f i r s t  d e r iv a t iv e  w ith  re sp e c t to  % , e xce p t fo r  the
fu n c tio n s  w here i t  means f i r s t  d e r iv a t iv e  w ith  re sp e c t
to  th e  argum ent o f  the  fu n c t io n ,  and w h e re ;-
Q  =  ^ _____
Q Z(l + Xs\V\|)
+ ^ ------------- te rm s in
% q  = ( W
in  th e  re g io n  o f 
- I
=  O .
(7.10)
are a rb itra ry  co n s ta n ts  o b ta in a b le  from  the  
boundary  c o n d it io n s . The fu n c tio n s  Q  , CO are id e n t ic a l to  th e ir  
co u n te rp a rts  in  e q u a tio n s  (5B .1), as a ls o  are fu n c tio n s  ^
to  th e ir  co u n te rp a rts  in  e q u a tio n s  (5 B .2 ) . I t  is  n o te w o rth y  h o w e ve r, th a t 
^  shou ld  no t be co n fu sed  w ith  i t s  co u n te rp a rt in  e q u a tio n s  (5 B .5 ) ,
As w ith  s e c tio n  SB, a l l  re le v a n t ta b u la t io n  is  a v a ila b le  in  OSIPOVA AND 
TUMARKIN .
For th e  g e n e ra l case und e r c o n s id e ra t io n , s h e l l - h a l f  1 o f F ig . 1 0 9 (c ), 
th e  boundary  c o n d it io n s  are as fo l lo w s : -
at ea<je ' M b =  M .  andA ) N
I L
z M b =  M and1 )
-  Q ' 
Q  = - F ,
O
g iv in g  from  e q u a tio n s  (7 ,8 ) ,
C . E
IZb (^ 1”
v A c o s I  f t
1 A s m f
ÿ -
lac^ e
M A
0
(7.11)
k I .E
1 2 W 0 -v 9  1 =
C e
- 2 3 4 -
c x .J \2 0 -^  (t-vX)
W  -  F,
(7.11)
S u b s titu tin g  fo r  , p"  ^ from  e q u a tio n s  ( 7 .9 ) ,  and s o lv in g
the  boundary  c o n d it io n  s im u lta n e o u s  e q u a tio n s  (7.11) , g iv e  a rb itra ry  
c o n s ta n ts   ^ in  te rm s o f edge a c tio n s  F, j F I,
o f th e  fo rm , e .g .
A 3 =  + 3A 3 M ,
(7.12)
w here are c o n s ta n ts .
For a d is p la ce m e n t o r a s tre ss  a t any p o in t in  th e  h a l f - s h e l l ,  due to  
one o f the  edge a c tio n s  a lo n e , th e  re m a in ing  tw o  a c tio n s  are each equated 
to  zero and c o n s ta n ts   ^ B ^  , G ^  , are th u s  in  te rm s o f th e  one
a c tio n  o n ly .  S u b s titu tin g  in to  eq u a tio n s  (7 .9 ) and (7 .8 ) ,  th e n  g iv e s  the  
re qu ire d  q u a n tity  as a l in e a r  fu n c tio n  o f the  a c tio n  co n ce rn e d . In  th is  
w ay^at ^  , d isp la ce m e n ts   ^ are found in  te rm s  o f
F , , M ,  re s p e c t iv e ly ,  and  ^ are found  in  te rm s o f M ^  .
The re la t io n  o f F, ^^d  to  a p p lie d  lo a d in g  , fo llo w s  from  e q u a tio n
(7 .7 ) and by  s u b s titu t in g  in to  e q ua tio ns  o f th e  ty p e  (7 .1 2 ), co n s ta n ts
 ^ J are o b ta in e d  as l in e a r  fu n c tio n s  o f . A n a ly s is
fo r  th e  lo w e r  h a l f - s h e l l .  F ig . 109(c) , now  co n tin u o u s  w ith  th e  upper h a lf  
a t ^  , is  th u s  com p le te  and a l l  q u a n tit ie s  are re a d ily  d e te rm in a b le
in  te rm s o f a p p lie d  edge cou p le  lo a d in g  . C le a r ly ,  a n a ly s is  is  a lso  
v i r t u a l ly  com p le te  fo r  th e  upper h a lf .
The procedure  o u tlin e d  on th ese  la s t  f iv e  p a g e s , and the  e q u a tio ns  
from  (7 .3 ) onward , re fe r  to  the  second part o f th e  a p p lic a t io n  o f s h e ll 
th e o ry /
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th e o ry  to  an open to ro id a l s h e ll s im u la tin g  an u n re in fo rc e d  P e lton  
h a lf -b u c k e t .  N u m e rica l tre a tm e n t o f th is  pa rt is  now  un d e rta ke n  in  
re sp e c t o f th e  open to ro id a l s h e ll w h ic h  is  a s s o c ia te d  w ith  th e  P e lto n  
h a lf -b u c k e t on F ig s . 107 and 10 8, (re in fo rcem e n t m eanw h ile  neg lec ted), 
and fo r  w h ic h  th e  n u m e rica l re s u lts  o f th e  f i r s t  pa rt o f th e  s h e ll th e o ry  
a p p l ic a t io n , are g iv e n  on F ig . 9 3 w ith  s ign s  c h a n g e d , and by  eq u a tio n s
(7.1) and (7 .2 ) .  I t  is  found fo r  th is  case t h a t , at % = " 5 ^   ^ F ig ,109, 
th e  d is c o n t in u ity  a sse m b ly  a c tio n s  F , , are g iv e n  b y : -
^  -  0 - 0 1 0
M ,  =  -  O ' 0 3 8  M p ,
(7.13)
Both F| and M ,  th e re fo re , a c t in  senses o p p o s ite  to  th o se  show n 
in  F ig .1 0 9 (c ) . P roceed ing  now  w ith  a l l  q u a n tit ie s  in  te rm s o f a p p lie d  
edge co u p le  lo a d in g  , i t  is  found f in a l ly  th a t th e  m e rid ia n  ro ta t io n  at 
th e  loa d ed  edge ^  ~ ' F igs .109 (a) and 107, is  g iv e n  b y ; -
P  =  -  1 5 3 7  4 0  radians
' '5 = s «  E  (7 .1 ^
To s a t is fy  a sse m b ly  o f the  tw o  open to ro id a l s h e ll h a lf -b u c k e ts ,
F ig .106(e ) , a t th e  in le t  edge r ig id  jo in t ,  th is  edge ro ta t io n  m ust be 
n u m e r ic a lly  equa l to  the  co rre sp o n d in g  ro ta t io n  re s u lt in g  from  th e  f i r s t  
p a rt o f th e  s h e ll th e o ry  a p p lic a t io n ,  i . e .  as g iv e n  by  e q u a tio n  (7 .2 ) .
T h u s :-
w \ F l /-I
g iv in g  ^ A  O ’ O S T m  (7.15)
Edge co u p le  M p , F ig , 106(f) , is  th u s  found  in  te rm s o f in -p la n e  
bend ing  m oment m  , e n a b lin g  a l l  s tre sse s  due to  M p  to  be c a lc u la te d  
in  te rm s o f VY\ . The v a r ia tio n s  w ith  , o f p e rtin e n t s tre ss  re s u lta n t 
and co u p le s   ^ are d e p ic te d  in  F ig .110. As w o u ld
b e /
INLET
EDGE
PELEVANIT S IGN  
CONVENTIONS APE  
GIVEN IN F ig. 8 8 ( 0 ) .
4 0 -0 4
+0'02 -  +0 *2-
VAU^ES BEVONO 
MEPE APE
NE0UGIBLV SMALL,
6 0 9 0
- 0-02 -J-Û-2J
(9 )
F'lC-. I ! 0 .  APPLICATION! OF CLAGK " SOLUTION POP Tt-IE CJiSE OF F?OTATiOKJALLV 
SYMMETRiCAL EDGE COUPLE Ma ”  0-057m (F)&. lo9) IN RESPECT OF 
OPEN TOROIDAL Sl-iELL l-IALF-SUCLET, FiGSlOvTmS (OEINIFOPCEWE.'Tr NE@LECYEI
DISTRIBUTIONS OF Na^.. WlTi-l Am .l%æ<ss 6 9u.
- 2 3 6 -
be e x p e c te d , the  v a lu e s  are o f m ost s ig n if ic a n c e  at and near th e  in le t  
edge where co u p le  = 0 .0 5 7 m  is  a p p lie d , F ig . 109(a ). At ^  = 9 0 ^ , 
and in  th e  upper h a lf  o f th e  s h e l l .  F ig ,109 , th e  v a lu e s  are n e g lig ib ly  
s m a ll ,
The th ird  and f in a l pa rt o f th is  n u m e rica l a p p lic a t io n  o f th e  s h e ll 
a n a ly s is  c o n s is ts  in  su pe rp os ing  th e  s tre sse s  re s u lt in g  from  th e  f i r s t  
and second p a r ts , and em bodied in  F ig .9 3 , w ith  s ig n s  cha n ge d , e q u a tio n
(7.1) and F ig ,110. The f in a l to ta l s tre ss  re s u lta n t and co u p le s
, are shown in  F ig . I l l ,  p lo tte d  a g a in s t % ove r th e  f u l l
Nc ^m e rid ia n  o f th e  open to ro id a l s h e ll h a lf -b u c k e t .  S tress re s u lta n t 
has no t been p lo tte d  a s , th ro u g h o u t, i t  is  n e g lig ib le  in  com parison  w ith  
th e  o th e r q u a n t it ie s .  T o ta l su rface  s tre sse s  at a ny  Ç are re a d ily  
c a lc u la te d  from  th e se  g ra p h s . I t  is  found th a t th e  m axim um  s tre ss  occu rs
in  th e  c irc u m fe re n tia l o r 0  d ire c t io n  on th e  sw ept su rfa ce  at th e  in le t
e d g e , i . e .  at p o in t A on Fig.111. W ith  re fe ren ce  to  p o in ts  A, B, C on th is  
F ig , , th e  to ta l su rfa ce  s tre sse s  a t the  edges o f th e  h a lf -b u c k e t are as 
fo l lo w s : -
at A , in le t  edge sw ept s u rfa c e , = + 9 . 9 5  m
d |  = + 8 . 55  m
at B, o u t le t edge sw ept s u rfa c e , = + 6 . 5 9 m
a t C ,  o u t le t edge un sw ept s u rfa c e , CT^  == + 1 .75  m (7,16)
lNiLE*î
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7A i  Approx im ate  th e o re t ic a l a n a ly s is  o f th e  e ffe c t iv e n e s s  o f the
"c irc u m fe re n tia l " re in fo rc in g  r ib  on a P e lto n  h a lf-b u c k e t
As has been m e n tio n e d , the  P e lton  b u cke t w h ic h  is  the  s u b je c t o f 
th e  n u m e rica l a p p lic a t io n  o f th e  s h e ll th e o ry , c a rr ie s  a "c irc u m fe re n tia l " 
re in fo rc in g  r ib  on th e  u nsw ep t su rface s  o f each h a l f .  F ig s .107, 108.
Th is  has been d is re ga rd e d  in  the  p rev io u s  s e c tio n  o f the  a n a ly t ic a l 
tre a tm e n t. In  m o s t, but not a l l  d e s ig n s , such re in fo rce m e n t is  p re se n t.
In  re spe c t o f i t s  lo c a t io n  and from  the  genera l bend ing  na tu re  o f the  p rob le m , 
i t s  re in fo rc in g  a c tio n  w ou ld  be expected  to  be f a i r ly  e f fe c t iv e ,  and may be 
co n s id e re d  as te n d in g  to  reduce the  p ro p o rtio n  o f a to ta l a p p lie d  in -p la n e  
bend ing  moment , F ig . 112, c a rrie d  by  the  m ain  s h e ll body o f the
h a lf -b u c k e t .
The b a s is  o f th e  fo llo w in g  app rox im a te  a n a ly s is  is  a p p rop ria te  to  
s im p le  bend ing  th e o ry  o f beam s, and is  i l lu s t r a te d  in  F ig .112. The m ain 
body o f the  h a lf -b u c k e t and the  re in fo rc in g  r ib  are regarded as re p lace d  by 
th e  a s s o c ia te d  open to ro id a l s h e ll and the  s y m m e tr ic a lly  lo c a te d  
a sso c ia te d  re c ta n g u la r  s e c tio n  r ib  re s p e c t iv e ly ,  e . g .  as on F igs .107 , 10 8 . 
The a ss o c ia te d  re in fo rc e d  open to ro id a l s h e ll h a lf -b u c k e t is  i n i t i a l l y  
con s id e re d  to  be separa ted  from  i t s  tw in  a t the  in le t  e d g e i R efe rring  to  
F ig , 112, th e  to ta l in -p la n e  pure bend ing  moment M ^  a p p lie d  to  a 
m e rid io n a l s e c tio n  o f the  re in fo rc e d  s h e ll ,  is  assum ed to  be d is tr ib u te d  
such th a t com ponent VYl is  ta k e n  by the  sh e ll,co m p o n e n t by the
re in fo rc in g  r ib ,  and th e  rem a in in g  com ponent by co u p le  P such
th a t fo rce s  P equa l and o p p o s ite , a c t at p o in t X on th e  n e u tra l 
su rfa ce  o f th e  s h e ll and a t c e n tro id  Y o f th e  r ib .  In  bo th  s h e ll and r ib ,  
th e  s tre sse s  due to  fo rce s  P are co n s id e re d  u n ifo rm ly  d is tr ib u te d  o ve r 
th e  s e c tio n s . The th e o ry  o f ch a p te r 5 is  re le v a n t to  the  s h e ll su b je c te d  
to  moment Wi , and s im p le  beam th e o ry  is  re le va n t to  th e  r ib  under 
m o m e n t/
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moment WlR . For d isp la ce m e n t c o m p a t ib il i ty  at the  in te r fa c e , F ig ,112, 
th e  c irc u m fe re n tia l s tra in s  in  s h e ll and r ib  m ust be equa l and the  
changes in  c u rva tu re s  o f s h e ll and r ib  m ust be e q u a l. R eferring to  
F ig .112, a l l  th e se  c o n d it io n s  are em bodied in  th e  e q u a tio n s :-
Vv\ +  P ( t , + 0  (7.17)
at in te r fa c e ,  , (7.18)
A K ^ “  A K f ^  at in te r fa c e ,  (7 .1 9 ),
where
^ 2  — £  0 ”  E , a p p ro p ria te  to  th e
s h e ll unsw ep t s u rfa c e ,
and 7-
Z
=: N
c o n s is te n t w ith  the  
fo rm u la tio n  o f the  e q u a tio n  
fo r  p reced ing
e q u a tio n  (5A.1) , and from  
e q u a tio n  (5A. 4 ).
R everting  to  ch a p te r 5 fo r  n u m e rica l a p p lic a t io n  o f th is  tre a tm e n t to  
th e  case F ig s .107, 108 i t  is  no ted th a t : -
|< ^  t  & '5 %  from  e q u a tio n  (5C . 5 ).
H ence ™ V  = -1 .8 4  m , on un sw ept s u rfa c e ,
from  F ig .93 w ith  s igns  
c h a n g e d ,
and 'T“^  -  5 .0 1 , from  F ig .9 3 and e q u a tio n  (5A.5) .
T h e n /
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Then w ith  re fe ren ce  to  F ig s .107 and 112, a p p lic a t io n  o f e q ua tio ns  
(7 .1 8 ), (7.19) above i s ,  re s p e c t iv e ly ,  th u s : -
1 .84 m . P 0.1 P
— — r  +
^  — X  0 . 8 X  0.008 E 0.16 E
66 .9 8  m  ^  5.01  )(V\
E S 70 1
Y ^ x  0 .8  X 0 . 0 0 8  E
S o lv ing  th e s e , to g e th e r w ith  e q u a tio n  (7.17) , i t  is  found th a t : -  
Vn = 0 . 7 6  yy\xoT and P = 0 . 3 1  .
Thus the  e ffe c t o f the  a s s o c ia te d  re in fo rc in g  r ib  F ig .107, is  th a t 
th e  open to ro id a l s h e ll i t s e l f ,  c a rr ie s  o n ly  76% o f th e  to ta l a p p lie d  in ­
p lane  bend ing  moment  ^ to g e th e r w ith  a d ire c t c irc u m fe re n tia l te n s ile
s tre ss  equa l to  + 0 . 2 5  m^oT th ro u g h o u t. The s h e ll i t s e l f  may now  be 
regarded as assem b led  to  i t s  tw in  at the  in le t  e d g e , and su b je c te d  to  
Wi = 0 . 7 6  , p lu s  the  d ire c t s tre s s . Then re fe rr in g  to  e q u a tio ns
(7.16) w h ic h  g ive  the  f in a l s h e ll edge s tre sse s  fo r  the  assem bled  s h e lls  
F i g . I l l ,  d is re g a rd in g  th e  re in fo rc in g  r ib ,  th ese  v a lu e s  are m o d ifie d  to  ta ke  
accoun t o f th e  re in fo rce m e n t th u s : -  
a t A , F ig . I l l ,  in le t  edge sw ept s u rfa c e , = + 7 . 81
= + 6 . 4 9  (7 20)
at B, F ig . I l l ,  o u t le t edge sw ept s u rfa c e , = + 5 . 26  vv\ 
a t C ,  F ig . I l l ,  o u t le t edge unsw ep t s u rfa c e , = + 1. 5 8 M  yoT ,
a l l  fo r  the  a s s o c ia te d  re in fo rce d  open to ro id a l s h e ll h a lf - b u c k e t ,
F ig s .107 , 108, assem b led  a t in le t  edge as on F i g . I l l ,  and su b je c te d  to  
in -p la n e  bend ing  moment m-roT*
The e ffe c t iv e n e s s  o f th e  re in fo rc in g  r ib  may be gauged by com paring  
the  s tre ss  m axim a fo r  the  p la in  and re in fo rc e d  s h e ll assem b led  h a lf -b u c k e ts , 
su b je c te d  to  the  same moment For th e  p la in  s h e ll ,  m  in
e q u a t io n s /
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e q u a tio n s  (7.16) e q ua ls  V v^ to t ,  s o  th a t fo r  th e  case  und e r e x a m in a tio n :-
CTm a x . re in fo rc e d  s h e ll h a lf -b u c k e t 7.81 „ ...... — —  ----------------- ------—  -----— —  = --------- = 0 . 79
p la in  s h e ll h a lf-b u c k e t 9 . 9 5  (7.21)
T h is  app rox im a te  assessm en t in d ic a te s  th a t th e  re in fo rce m e n t is  fa i r ly  
e f fe c t iv e  and is  w o r th w h ile .
Th is  a n a ly s is ,  and th a t o f  th e  p re v io u s  s e c t io n , as has been 
m entioned  th e re in ,  are d e rive d  on the  a ssu m p tio n  th a t the  h a lf-b u c k e ts  
are su b je c te d  to  pure in -p la n e  bend ing  m om ent. I t  is  now  assum ed fu rth e r  
th a t ,  in  th e ir  com p le te d  form s as p re se n te d , th e  a n a ly se s  a p p ly  to  cases 
o f c o n tin u o u s ly  v a ry in g  in -p la n e  bend ing  m om ent.
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7B MEASUREMENT OF APPROXIMATE JET LO ADING  STRESSES IN  A BUCKET 
OF A 21 i n . p . c . d .  PELTON WHEEL.
COMPARISON W ITH THEORETICAL RESULTS.
M ore  s tra in  gauges were lo c a te d  on one o f th e  tw o  n o m in a lly  
id e n t ic a l b ronze P e lton  b u cke ts  than  on the  o th e r. The la t te r  p la yed  a 
seconda ry  c h e ck in g  ro le  and , d u rin g  te s t in g ,  gauges on one bucke t served 
as com pensa to rs  w h ile  the  gauges on the  o th e r b ucke t were a c t iv e .  For 
th e  m ost p a r t ,  gauges were lo c a te d  on the  m ain  body o f th e  bucke t at 
s e c tio n s  I ,  I I ,  I I I ,  F ig . 113. On bo th  su rface s  o f th e  edges at a l l  th re e  
s e c t io n s , gauge p a irs  were m ounted p a ra lle l and p e rp e n d ic u la r to  the  
edges a nd , on s e c tio n  I I I ,  ro s e tte s  were m ounted at fo u r  p o in ts  rem ote from  
th e  ed g es . AH the  lo c a t io n s  e xp lo red  fo r  s tra in s  are e v id e n t from  th e  
re s u lts  p resen ted  in  F ig . 115.
As in  th e  Turgo w h e e l, so in  the  P e lton  w h e e l, th e  in te n s ity ,  the  
p o in t o f a p p lic a t io n  and the  d ire c t io n  o f the  re s u lta n t je t  fo rce  on a b u c k e t, 
are dynam ic  in  c h a ra c te r , under norm al w o rk in g  c o n d it io n s .  Thus, in  
th e se  t e s t s ,  where th e  je t  fo rce  was s im u la ted  by  m e ch a n ica l means w ith  
th e  b u cke t s ta t io n a ry , the  lo a d in g  m ay be co n s id e re d  ro u g h ly  as p e rtin e n t 
to  some in s ta n t d u ring  the  dynam ic  c y c le .  The c h a ra c te r o f the  s im u la ted  
je t  lo a d in g  on the  P e lton  b u cke t was such th a t the  lo a d in g  may re a so n a b ly  
be co n s id e re d  as a p p ro x im a tin g  to  the  w o rk in g  c o n d it io n  re le va n t to  the  
m axim um  je t  lo a d in g  s tre ss  in  th e  b u cke t.
The te s t in g  arrangem ents in  re spe c t o f th e  b u cke t lo a d in g  appara tus 
and s tra in  m easuring  e q u ip m e n t, are i l lu s t ra te d  in  F ig . 114, For lo a d in g , 
th e  b ra cke t o f the  b u cke t was c lam ped in  a v i c e ,  as show n , and equa l 
fo rce s  were a p p lie d  to  th e  h a lf-b u c k e ts  v ia  sm a ll p ads ,  s p e c ia lly - fo rm e d  
w e ig h t-h o ld e rs  and d e a d w e ig h ts . The fo rce s  were a p p lie d  in  the  "h o llo w s "  
o f /
îF IG .114. MEASUREMENT OF APPROXIMATE JET LOADING STRESSES IN
A PEL TON BUCKET. PHOTOGRAPHS SHOWING THE TWO BRONZE
BUCKETS. THE STRAIN MEASURING EQ UIPM ENT. AND THE METHOD 
OF APPLICATION OF THE SIMULATED JET LOADING.
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o f th e  h a lf - b u c k e ts , as n e a rly  as p o s s ib le  in  th e  p la ne s  o f sym m etry o f 
th e  a s s o c ia te d  open to ro id a l s h e lls   ^ F ig .107. In  re la t io n  to  m e rid io n a l 
s e c tio n s  at w h ic h  s tra in s  w ere m easured , th e  lo c a t io n  and a tt itu d e  o f the  
re s u lta n t fo rce  on a h a lf-b u c k e t are shown in  F ig .113. The fo rce  was 
p o s it io n e d  to w a rd s  the  b u cke t t ip  to  produce a re la t iv e ly  h ig h  in -p la n e  
bend ing  a c tio n  on th e  m ain  body o f the  h a lf - b u c k e t , and to  co rrespond  
ro u g h ly  w ith  th e  re s u lta n t o f the  h y d ra u lic  lo a d in g  d e p ic te d  on F ig . 29 .
U s in g  th is  method o f lo a d in g , i t  was p o s s ib le  to  a p p ly  a m aximum  
fo rce  o f 140 lb  per h a lf -b u c k e t .  As is  e v id e n t from  the  m easured v a lu e s  
show n in  F ig . 115, t h is ,  and s m a lle r  lo a d s , w ere p e r fe c t ly  adequate to  
produce a s c u ra te ly  m easurab le  s t ra in s , and a t a l l  lo c a t io n s  e x p lo re d , the  
s tra in / lo a d  g raphs w ere found to  be l in e a r .  H o w e ve r, fo r  th is  bucke t in  
the  21 in . w h e e l a t norm al w o rk in g  c o n d it io n s  und e r th e  m aximum  ra ted  h e a d , 
the  m aximum  re s u lta n t je t  fo rce  pe r h a lf -b u c k e t is  about 700 lb .  In  o rde r 
to  re la te  the  te s t  re s u lts  to  th e se  norm al w o rk in g  c o n d it io n s  th e re fo re , 
the  s tra in s  a p p ro p ria te  to  the  m aximum  a p p lie d  te s t  lo a d in g  o f 1401b per 
h a lf - b u c k e t , have been m u lt ip lie d  by a fa c to r  o f 5 . C o rrespond ing  s tre sse s  
have been de te rm ined  u s in g  the  v a lu e s , fo r  h ig h  te n s ile  b ro n z e :-
E = 1 6 x 1 0 ®  lb / in ?  = 0 .3
o b ta in e d  from  re le v a n t l i te ra tu re .  These m easured s im u la te d  je t  lo a d in g  
s t r e sse s ,  p e rtin e n t to  th e  norm al w o rk in g  c o n d it io n  o f th e  b u c k e t, are 
p resen ted  in  F ig .115. They are the  s tre sse s  show n on the  upper h a lf ­
b u c k e t. A ll th e  v a lu e s  are w e ll w ith in  the  e la s t ic  l im i t  o f th e  bucke t 
m a te r ia l.
For c o m p a riso n , the  co rre sp on d ing  th e o re t ic a l je t  lo a d in g  s tre sse s  
in  the  m ain  body o f the  h a lf -b u c k e t ,  are shown on th e  lo w e r  h a lf-b u c k e t 
o f F ig .115. These s tre sse s  have been de te rm ined  from  th e  a n a lyse s  o f the  
p re v io u s  s e c tio n s  7A and 7A i  a p p lie d  to  th is  case  o f an in -p la n e  bend ing 
moment v a ry in g  c o n tin u o u s ly  o ve r the  m ain  body o f th e  h a lf -b u c k e t ,  and so 
o v e r /
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ove r the asso c ia te d  re in fo rced  open to ro id a l s h e ll.  From F ig .113, the
va lue  o f the  in -p la n e  bending moment ac tin g  at any o f the  sec tions I ,  I I ,
I I I ,  is  g ive n  by the product o f the s im u la ted  je t  fo rce  and the  pe rpend icu la r
d is ta n ce  from  the cen tro id  o f the se c tio n  to  the lin e  o f a c tio n  o f the fo rce .
This va lue  is  then  take n  as in  the a n a ly tic a l sec tio ns  7A and 7 A i,
from  w hich the appropria te  th e o re tic a l s tresses are re a d ily  de term ined.
For exam ple , at se c tio n  I I I ,  F ig .113, fo r a s im u la ted  je t  fo rce  o f 700 lb
per h a lf -b u c k e t , “  1610 lb , in . ,  so th a t from equa tions (7 .2 0 ), the
maximum th e o re tic a l s tress at the  sec tio n  is  = + 7 . 81 x  1610 =
2
+ 12,500 lb / in .  , on the in le t  edge.
On account o f th e ir  g rea te r s ig n if ic a n c e , measured and th e o re tic a l
s tresses on the bucket edges are fu rth e r compared in  F ig .116, where the
th e o re tic a l s tresses are shown as edge surface s tress d is tr ib u tio n s  o f
lin e a r  fo rm , in  accordance w ith  F ig . 113. These s tresses act p a ra lle l to
the edges, o f cou rse . As was to  be expected , the measured stresses
pe rpe nd icu la r to  the  edges were found to  be n e g lig ib ly  s m a ll. At the
in le t  edge, th is  f in d in g  is  in e v ita b ly  at va riance  w ith  the th e o ry , w h ich
shows a fa ir ly  h igh  s tress  there  in  the Ç -  d ire c t io n , as may be seen
from equations (7 .2 0 ). This how ever, is  a m atter o f l i t t le  im portance .
I t  is  in te re s tin g  to  compare the measured edge s tre sse s . F ig .116,
(4)
w ith  those measured by PERRIG , F ig . 2, fo r  a bucket w ith o u t r im s , 
sub jected  to  s im u la ted  je t  lo a d in g . Both sets o f measured re s u lts ,
F ig s .116 and 2 , show approx im a te ly  lin e a r s tress d is tr ib u tio n s  on the 
in le t  edges, w ith  the maximum measured stresses lo ca te d  at the hub ends 
o f the in le t  edges. P E R R IG m a x im u m  stress  is  + 12,200 Ib / in ^ ,  
compared w ith  a maximum o f + 9 ,700  lb / in  , F ig .116. The measured 
s tresses on the unsv/ept surface o f an o u tle t edge, are v e iy  sm all and 
te n s ile  on F ig , 2, but are ve ry  sm all and com pressive on F ig . 116.
The buckets o f F ig s . 2 and 116 are fa ir ly  d iffe re n t in  d e s ig n , and tha t of 
F ig . 2 /
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F ig . 2 is  th ree  tim es  as la rge  as th a t o f F ig . 116.
For the  non-edge p r in c ip a l stresses at se c tio n  I I I ,  F ig .115, 
q u a n tita tiv e  agreement between experim entand theo ry  is  best tow ards an 
o u tle t edge, but is  not good on the w h o le . This is  h a rd ly  s u rp r is in g , 
s ince  the  ac tu a l and assoc ia ted  th e o re tic a l m erid iona l c ro s s -s e c tio n s  o f 
the h a lf-b u c k e t.  F ig .107, are ra the r a remote m atch , and corresponding 
non-edge lo c a tio n s  thereon are d i f f ic u lt  to  d e f in e . Q u a lita tiv e  agreement 
between measured and th e o re tic a l s tresses how ever, is  reasonab ly good.
I t  may be remarked th a t the measured stresses on sec tio n  I I I  o f the Felton 
h a lf -b u c k e t , F ig .115, show e x c e lle n t q u a lita t iv e  correspondence w ith  the 
s tresses measured on a m erid iona l sec tio n  o f the Turgo w heel bu cke t,
F ig . 48. The lo a d in g s  re levan t to  both buckets are ra the r s im ila r . The 
measured stresses on the m erid iona l sec tions  o f both b u cke ts , and the 
th e o re tic a l s tresses in d ica te d  on the  lo w e r h a lf-b u c k e t o f F ig .115, are in  
accord in  e x h ib it in g  non-edge stresses o f much lo w e r va lue s  than the 
assoc ia ted  stresses on the swept surfaces o f the edges.
The most s ig n if ic a n t measured and th e o re tic a l s tresses on the Felton 
bucket are those on the edges, F ig .116, and fo r  th o s e , agreement o f 
experJ.ment w ith  the o ry  is  reasonab ly  good. Since i t  is  not po ss ib le  to  
lo ca te  a s tra in  gauge d ire c t ly  on the edge , i t  is  not su rp ris in g  tha t the 
measured va lue s  a re , on the w h o le , le ss  than  th e ir  th e o re tic a l coun te rpa rts . 
In  the main body o f the bu cke t, measurement and the o ry  both show stress 
maxima at the hub end o f the in le t  e d g e , the th e o re tic a l maximum being 29% 
in  excess o f the measured maximum. At th is  lo c a t io n , the ac tua l and the 
th e o re tic a l bucket geom etries are ap p re c iab ly  d if fe re n t,  as may be seen in  
F ig .107. The ac tua l in le t  edge is  sharp o f cou rse , and in  w ay o f th is  edge, 
the h a lf-b u c k e ts  are connected by a so lid  w eb. N everthe less i t  seems 
l ik e ly  tha t the ac tu a l stress behaviour on , and in  the reg ion  o f, the in le t  
edge w i l l  conform  g e n e ra lly  to  the pattern o f tha t assumed by the th e o ry , 
a n d /
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and embodied in  F ig . 106,
The e ffe c t o f the  sharpness o f the  in le t  edge is  d i f f ic u lt  to  a sse ss , 
but i t  seems ra ther im probable th a t sharpness, o f i t s e l f ,  would cause the 
s tresses to  be s ig n if ic a n tly  h ighe r than the correspond ing ones on the 
swept surface o f the o u tle t edge. I t  is  no tew orthy th a t,  in  the 
experim en ta l re su lts  fo r  Turgo wheel b u cke ts , chap te r 4, the h ighest 
s tress on the sharp in le t  edge is ,  in  gene ra l, co n s id e ra b ly  lo w e r than  the 
correspond ing h ighes t s tress on the b lun t o u tle t edge.
" 2 4 6 “
CHAPTER 8.
IMPLICATIONS OF RESULTS IN  RELATION TO THE DUTIES AND THE 
STRENGTH DESIGN OF TURGO IMPULSE WHEELS AND PELTON WHEELS,
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IMPLICATIQNS OF RESULTS IN  RELATION TO THE DUTIES AND THE 
STRENGTH DESIGN OF TURGO IMPULSE WHEELS AND PELTON WHEELS
In fo rego ing  cha p te rs , approxim ate s h e ll th e o re tic a l trea tm ents have 
been deve loped , w h ich  e xp la in  the w ork ing  stress behaviours o f the 
buckets o f im pu lse  w a te r tu rb ine s  . Furtherm ore, and in  e s p e c ia l, 
experim enta l and approxim ate th e o re tic a l ana lyses have been app lied  to  
determ ine stresses and deform ations in  p a rtic u la r s ize s  o f im pu lse  w a te r 
tu rb in e s , at norm al w ork ing  con d itio n s  under p a rt ic u la r  maximum rated 
he ad s .
In  the lig h t  o f the p o s s ib il i ty  o f adopting increased maximum head 
ra t in g s , and in  the lig h t  o f the  re la tio n sh ip  o f geom etrica l s im ila r ity  w h ich  
commonly e x is ts  between d iffe re n t-s iz e d  tu rb ine s  o f a k in d , i t  is  h ig h ly  
re levan t now to  con s id e r the va r ia tio n s  o f norm al w o rk ing  s tresses w ith  
head and w ith  s iz e . These co n s id e ra tio n s , w h ich  are s im ple in  essence 
and w h ich  produce s a t is fy in g ly  s im ple re s u lts , are presented he re in .
I t  is  an in d ic a tio n  o f the exten t to  w h ich  strength aspects o f w a te r tu rb ine  
des ign  have been ne g le c te d , tha t the author has searched the lite ra tu re  in  
v a in , fo r  ev idence o f such re la t iv e ly  s im ple but h ig h ly  s ig n ific a n t exe rc ises 
having been undertaken , in  respect o f any type  o f w a te r tu rb in e .
T heore tica l ana lyses are in h e re n tly  approxim ate and, as has been 
p re v io u s ly  m entioned, the experim enta l re su lts  are o f the most d ire c t 
s ig n ific a n c e . These la t te r  g ive  re lia b le  m agnitudes o f im portan t s tresse s . 
However the im p lic a tio n s  o f experim enta l re su lts  in  re la tio n  to  strength 
design o f the im pu lse  w a te r tu rb in e , are best in te rp re ted  in  the lig h t  o f 
corresponding th e o ry . This is  p a rt ic u la r ly  so when cons ide ring  the resu lts  
w ith  a v ie w  to  a lte r in g  des ign  fo r the express purpose o f reducing s ig n ific a n t 
w ork ing  s tre sse s . Recommendations fo r such des ign  a lte ra tio n s  m ust, o f 
cou rse , be re a lis t ic ,  and such as to  in vo lve  l i t t le  o r no in te rfe rence  w ith  
the h yd ra u lic  c h a ra c te ris tic s  o f the tu rb in e .
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SA VARIATIONS OF NORMAL WORKING STRESSES IN  IMPULSE WATER 
TURBINES WITH SIZE AND WITH HEAD
The fo llo w in g  analyses apply to  both Turgo im pu lse  w heels and Pelton 
w h ee ls . The ana lyses are on broad sim ple lin e s  b u t, in  essence , are 
s im ila r  to  fu l l  d im ensiona l analyses throughout rigorous th e o re tic a l tre a t­
m ents. As is  ev iden t from these subsequent co n s id e ra tio n s , the re su lts  
deduced hereby, w i l l  be expected to  be the same as those w h ich  would be 
g iven  by the fu l l  de ta ile d  approach.
I t  is  assumed th a t: -
(1) A ll im pulse w a te r turb ines, in  a group o f one k in d , are ge o m e trica lly  
s im ila r .
e .g .  fo r current des ign  Turgo w hee ls , a l l d im ensions o f a 6 3 i in
6 3~p .c .d .  w heel say , are S =  tim es the corresponding dim ensions
o f a l e i  in. p . c .d .  w hee l.
As thus d e fin e d , S in  ge ne ra l, is  the D im ension Ratio.
(2) The normal w ork ing con d ition s  o f a ll im pu lse  w a te r tu rb ine s  in  a
group o f one k in d , are synonymous w ith  the maximum e ff ic ie n c y
c o n d itio n s , i . e .  a l l such tu rb ines  work at a constan t v e lo c ity  ra t io :-
wheel P.O. peripheral velocity _ "NELr q ^
jet velocity
For a g iven  h e a d , there fore  a g iven je t v e lo c ity  , there fore  a
g iven  wheel p .c .  pe riphe ra l v e lo c ity  , the corresponding angular
v e lo c it ie s  Où o f v a r io u s ly -s iz e d  w heels o f a k in d , are d ire c t ly
p ropo rtiona l to  1 ; —
S
%
C e n trifu g a l Force is  d ire c t ly  p roportiona l to  (volume x CO X  ra d iu s ) ,
3
i . e .  to  S X J__ X S 
i . e .  to  ST
J e t /
-249-
Jet Force is  d ire c t ly  p ropo rtiona l to  (je t mass f lo w  x  change in  je t
v e lo c i ty ) ,
i . e .  to  (nozzle  area) x  '\T ^  x (d im e n s io n le ss  constan t x  )
i . e .  to  ST
Now d ire c t s tresses (T , a rise  m a in ly  due to  in te rn a l d ire c t forces 
F  and bending moments M g  o r, in  sh e ll n o ta tio n , due to  in te rn a l 
d ire c t s tress re su lta n ts  N  fo rc e /u n it  le n g th , and stress coup les M m om ent/ 
u n it le n g th . A ll o f these in te rn a l actions are d ire c t ly  p ropo rtiona l to  
C e n trifu g a l Force and Jet Force. Hence com preh en s ive ly , and from above:
in te rn a l d ire c t fo rces F  are d ire c t ly  p ro po rtion a l to  S^,
in te rn a l bending moments M g  are d ire c t ly  p ro po rtiona l to  S ^ S i . e . t o  S ,
in te rn a l s tress resu ltan ts  N  are d ire c t ly  p ropo rtion a l to  ^  i . e .  to  S ^
in te rn a l s tress coup les M  are d ire c t ly  p ro po rtiona l to  S ^ S_ i . e . t o
S
Therefore d ire c t s tresses (T  are g iven  b y :-
c r  .  E   .  M s  , _ N -------  ,  t M
ro s s -s e c tio n a l se c tio n  modulus. th ic k n e s s  th ickn e ssc
area.
= prop, to = prop, to S = prop, to S = prop, to S
prop, to prop, to S prop, to S prop, to S
= unaltered, and independent of S .
Thus, under the same head, a l l s izes o f g e o m e trica lly  s im ila r ,  normal 
w o rk in g , im pu lse  w a te r tu rb ine s  ca rry  the same s tre sse s .
For a g iven  s ize  o f tu rb in e , d ire c t s tress CT is  d ire c t ly  p ropo rtiona l 
to C e n trifu g a l Force and Jet Force.
%
Now C e n tr ifu g a l Force is  d ire c t ly  p ropo rtiona l to  CO fo r  a g iven 
s ize  o f w h e e l.
%
i . e .  is  p ropo rtiona l to  ^
*2.
i . e .  is  p ropo rtiona l to  .
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Also Jet Force is  d ire c t ly  p ropo rtiona l to  fo r  a g iven
w heel (and the re fo re  nozzle) s iz e .
%
Therefore d ire c t s tress CT is  d ire c t ly  p ropo rtiona l to  , and
so d ire c t s tress CT is  d ire c t ly  p ropo rtiona l to  head.
Thus the  normal w ork ing  stresses in  an im pu lse  w a te r tu rb ine  va ry  
in  d ire c t p ropo rtion  to  the head.
These tw o  sim ple but im portan t f in d in g s  above, may be summarised 
by the fo llo w in g  s ta tem ent:-
For a ll s izes  o f g e o m e trica lly  s im ila r  im pu lse  w a te r tu rb ine s  w ork ing 
under the same head, at the same v e lo c ity  ra tio  , the stresses
carried  are the same. The stresses increase in  d ire c t p ropo rtion  to  the 
head, fo r v e lo c ity  ra tio  rem ain ing c o n s ta n t.
A lth o i^h th e  statem ent app lies  fo r any constan t v e lo c ity  ra tio  ^
its  most im portan t a p p lic a tio n  in  re la tio n  to  se rv ice  l i f e  is ,  o f cou rse , to  
the normal w ork ing  c o n d it io n , fo r w h ich  = 0 .5 .  In  g e n e ra l, an
im pu lse  w a te r tu rb ine  w i l l  operate co n tin u o u s ly  at the  normal w ork ing  
c o n d itio n , fo r  ve ry  long pe rio ds .
I t  is  ev iden t from the above sim ple ana lyses th a t,  i f  the separate 
c e n tr ifu g a l and je t  lo a d in g  s tresses be know n, fo r a g iven  wheel at a g iven  
speed, under a g iven  je t  fo rc e , then the stresses in  the  w heel at any o ther 
speed and at any o ther je t  fo rce  may be re a d ily  found . M ore s ig n if ic a n t ly ,  
the s tresses re levan t to  another g e o m e trica lly  s im ila r  w h e e l, at any speed 
and under any je t  fo rc e , may a lso  be re a d ily  deduced.
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8B IMPLICATIONS OF RESULTS IN  RELATION TO THE DUTIES AND 
STRENGTH DESIGN OF TURGO IMPULSE WHEELS
From the p rev ious s e c tio n , and from measured re su lts  quoted in  
chap te r 4 and subsequen tly . F ig . 117 has been d e rive d , re la tin g  to  the 
va r ia tio n s  o f the maximum normal w ork ing and overspeed stresses w ith  
head, fo r  a l l s izes  o f g e o m e trica lly  s im ila r  current des ign  cas t s tee l 
Turgo w h ee ls . F ig .117 thus represents some o f the most im portan t 
in fo rm a tio n  sought in  the s tress in v e s tig a tio n s  on the Turgo im pu lse  w h e e l, 
and prov ides the  e sse n tia l s tress da ta , in  the  lig h t  o f w h ich  a d e c is io n  may 
be reached concern ing  the adoption o f a maximum rated head in  excess o f 
the present 700 f t,v a lu e . Such a d e c is io n  w ould be ta ke n , m ind fu l o f the 
experim enta l bas is  o f F ig . 117, as sta ted the reon , and o f severa l o ther 
fa c to rs  in c lu d in g  the fo llo w in g :-
(1) At the present maximum rated head, the maximum and o ther 
s ig n ific a n t normal w ork ing  stresses as found by these in v e s t­
ig a t io n s , are not h ig h , At the lo c a tio n s  o f maximum and o ther 
s ig n if ic a n t s tre sse s , the s ig n ific a n t va lues  are o f a lo c a lis e d  
ch a ra c te r, the stress va lues in  the surroundings o f these lo ca tio n s  
being o f an a p p re c ia b ly  sm a lle r order.
(2) The maximum and o ther s ig n ific a n t norm al w o rk ing  s tresses are 
p a rtly  o f a c y c lic  nature {see F ig . 122). At overspeed, the  
maximum and o the r s ig n ific a n t s tresses are s teady and h ig h .
The overspeed c o n d itio n , i f  i t  occurs at a l l , w i l l  do so o n ly  
once or tw ic e  in  the l i fe  o f the w hee l.
The experim enta l and approxim ate th e o re tic a l re su lts  prompt severa l 
fa ir ly  obvious suggestions fo r im provem ent from the strength  v ie w p o in t. 
F irs t ly ,  s ince c e n tr ifu g a l s tress predom inates, m anufacture o f w heels in  
b ro n ze , /
K1.B. MAX. STRESSES ARE BASED ON
RESULTS OF STRAIN  MEASUREMENT 
INVOLVING S IM ULATIO N O F J E T  LOADING 
BY MECHANICAL MEANS, WHERE APPPOPRIATÊ.
20
M A X ,S T R E S S  
A T OVERSPEEO,
z
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I
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F ig. 117. VARIATIONS OF MAVIMUM NORMAL WORKINS AND OVERSPEED STRESSES 
WITH HEAP.FOR ALL Cl'TCGV»- 1 Zw L*n f GECWSTOICALLV SIMILAR ) OF- CURREW
DESIGN CAS
-A
S EEL TURGO WHEELS. NORMAL WORKING CONDITION
VfcLOCrTy / j e f  VELÛCITS'.?G-5,REFERS TO CONSTANT RATIO LWHEt 
OVERSPEEO i - 8  X  NORMAL WORKING SPEED
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bronze , w h ich  is  a lm ost 10% more dense than cas t s te e l, is  un tenab le .
A lso , i t  is  not fa n c ifu l to  recommend co n s id e ra tio n  o f the use o f lig h te r  
m a te ria ls , l ik e  hard a lum in ium  a llo y s . S econdly, in  im portan t stress 
con cen tra tion  reg ions at the ju n c tio n s  o f the bucket o u tle t edge w ith  
hub and w ith  r im , generous f i l le t s  should be in co rp o ra te d . In  F ig . 118, 
present des ign  and recommended d e s ig n , in  respect o f f i l le t s  at these 
s tress co n ce n tra tio n s , are con tras ted . T h ird ly , b e tte r surface f in is h  
should be ach ieved in  areas o f s ig n ific a n t s tre s s . Care should be taken 
to  avo id or e lim in a te  id e n ta tio n s , scratches and n icks  on the swept 
surfaces o f bucket edges, and at the stress co n ce n tra tio n s .
The re su lts  h ig h lig h t the strength aspects o f bas ic  fea tu res o f the 
w heel geom etry. For in s ta n c e , the h ig h ly  e s s e n tia l part p layed by the 
rim  has been am ply dem onstra ted , w ith  regard to  both c e n tr ifu g a l and je t 
lo a d in g  s tre sse s . I t  is  ev iden t tha t a lte ra tio n s  to  d im ensions and 
geom etry cou ld  be f irm ly  recommended fo r  the  purpose o f ach iev ing  
reductions  in  s ig n if ic a n t s tre sse s , but such a course would be in v a lid  in  
is o la t io n  from p a ra lle l con s id e ra tion s  o f p o ss ib le  e ffe c ts  on h yd ra u lic  
c h a ra c te r is t ic s . Suffice i t  tha t the strength e ffe c ts  o f any apprec iab le  
des ign  m o d ific a tio n  may be rough ly  assessed by a p p lic a tio n  o f the 
approxim ate th e o re tic a l trea tm ents o f chap te r 3, se c tio n  6B i i  o f chap te r 6, 
and Appendix 7.
A vo id ing con s id e ra tio n  o f changes in  respect o f b u cke ts , the strength 
e ffe c ts  o f a lte ra tio n s  pe rtine n t to  the rim  may be w o rth y  o f some a tte n tio n . 
A lthough in  the  e x is tin g  d e s ig n , the ro le taken by the rim  is  an e ffe c tiv e  
o n e , i t  is  l ik e ly  tha t th is  would be enhanced i f  the rim  were o ffse t 
tow ards the in le t  side to  a le s s  e x te n t. For exam ple , i t  may be in s tru c tiv e  
to  app ly  the approxim ate theo ry  to  assess the  e ffe c t o f lo c a tin g  the 
e q u iva len t e x is tin g  rim  on the lin e  o f cen tro ids  o f the  eq u iva le n t pa rabo lic  
sec tio n  bu cke t. F ig . 12, a lthough such an a lte ra tio n  in  geom etry would 
p robably be too ra d ica l from the h yd ra u lic  s tandp o in t.
V
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A more re a lis t ic  a lte rn a tive  may be to  m a in ta in  the rim  in  i ts  
e x is tin g  p o s itio n ^  and to  cons id e r a lte ra tio n s  in  rim  d im en s ion s . From 
the  re s u lts , i t  is  u n lik e ly  th a t such a lte ra tio n s  w ould a ffe c t bucket je t 
lo a d in g  s tresses to  much e x te n t, but the y  may have a fa ir  in flu e n ce  on 
bucket c e n tr ifu g a l s tre sse s . Both experim ent and th e o ry . F ig s .70 and 
99 , re f le c t the f le x ib i l i t y  o f the rim  in  respect o f ro ta tio n  in  the planes 
o f c ro s s -s e c tio n s  ( th e o re tic a lly , under assem bly moment ac tio n  ^
F ig .13, and se c tio n  3B i i i , chap te r 3), In  th is  p a rt ic u la r  re s p e c t, the 
e x is tin g  rim  may not be a ve ry  e ffe c tiv e  re s tra in t on the  b u cke t, as may 
be p a r t ia l ly  in d ica te d  by the tendency fo r  bucket c e n tr ifu g a l stresses to  
be h ig h e r on the o u tle t edge than on the in le t .  This aspect o f the rim  
re s tra in t m ight be im proved by in c re a s in g  the a x ia l d im ensions o f the  rim , 
an a lte ra tio n  w h ich  cou ld  be made, irre s p e c tiv e  o f h yd ra u lic  co n s id e ra tio n s , 
as is  ev iden t from F ig . 119.
C oncern ing c e n tr ifu g a l s tre sse s , an in d ic a tio n  o f the  l im it  o f the 
e ffe c ts  to  be expected from increases in  rim  sec tio n  s iz e s , may be obtained 
by assum ing a rim  much more m assive than a b u cke t, so th a t in  th e o ry , 
the deform ations o f the m assive rim  under the  assem bly a c tio ns  F ig .13 
(and sec tio n  38 i i i ,  chap te r 3) may be taken as zero . For a rim  o f m ass ive , 
but com pact, a lm ost sym m etrica l se c tio n , de form ation  in  the free ro ta ting  
c o n d itio n . F ig . 14 (and sec tio n  3B i ,  chapte r 3) is  independent o f section  
d im en s ions . Such an a p p lic a tio n  o f the th e o ry , se c tio n  SB v ,  chapte r 3, 
in v o lv e s  the rep lacem ent by ze ro , o f the term s  ^  ^ 0 ^ ,
on the le ft-h a n d  sides o f equations (SB. 81) to  (SB. 84) in c lu s iv e .
On th is  b a s is , fo r the 16^ in .c a s t s tee l w heel at normal w orking 
speed, F ig . 120 shows the re su ltin g  d is tr ib u tio n  o f "m a ss ive " rim  to ta l 
c e n tr ifu g a l s tresses on the bucket edges, as compared w ith  the 
correspond ing to ta l s tresses from F ig . 26, pe rtinen t to  the bucket w ith  the 
equ iva len t rim  o f the e x is tin g  de s ig n . The "m a ss ive " rim  to ta l s tress 
d is t r ib u t io n /
EXISTING
RIM.
SUSSE:
R IM .
BUCKET.
F ig. 119. CURRENT DESIGN TUP>QO IMPULSE WI-IEEL. SUGGESTED
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d is tr ib u tio n  is  the  same fo r both edges o f co u rse , and shows con s id e ra b ly  
lo w e r va lue s  than the d is tr ib u tio n s  fo r  the e x is tin g  d e s ig n . Even so, 
the "m assive " rim  va lue s  are apprec iab le  and re fle c t c h a ra c te ris tic s  
o f the r im , inhe ren t and independent o f i ts  se c tio n  d im en s ion s , nam ely 
i t s  free ro ta tin g  de form ation  and i ts  in a b il i ty  to  re s tra in  bucket lin e a r 
ta n g e n tia l d isp lace m e n t.
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8C IMPLICATIONS OF RESULTS IN  RELATION TO THE STRENGTH DESIGN 
OF PELTON WHEELS
Some strength des ign  recom m endations proposed fo r the Turgo wheel 
are a lso  a p p lica b le  to  the Pelton w hee l. A lthough in  the la t te r ,  ce n trifu g a l 
s tresses are appa ren tly  o f m inor im portance , fo r  Pelton w heels a ls o , the 
use o f bronze as a m anufacturing m ate ria l should be abandoned in  favour 
o f cas t s tee l o r l ig h te r  m a te ria ls . A lso , concern ing  the surface f in is h  o f 
Pelton b u cke ts , care should be exe rc ised  to  avo id  or e lim in a te  notches and 
sc ra tch e s , p a r t ic u la r ly  on the  swept surfaces o f edges. I t  is  worth 
m ention ing  th a t the  genera l f in is h  on swept surfaces o f Pelton bu cke ts , is  
in v a r ia b ly  much sup e rio r to  tha t on correspond ing surfaces o f Turgo wheel 
b u cke ts . This is  undoub ted ly  because Pelton bucket surfaces are much 
more e a s ily  a c c e s s ib le .
The approxim ate th e o re tic a l treatm ent o f chap te r 7 , prov ides a means 
o f rough assessm ent, from the strength v ie w p o in t,  o f the e ffe c ts  o f a lte rin g  
bucket d im ensions and geom etry. The bucket fea ture  most appropriate 
fo r  exam ina tion  in  th is  regard , is  o f cou rse , the "c irc u m fe re n tia l"  
re in fo rc in g  r ib .  From sec tio n  7Ai and F ig , 112, i t  is  ev iden t th a t the 
re in fo rc in g  e ffe c t o f the r ib  is  g reatest when i ts  depth is  g re a tes t. 
Q u a n tita tive  assessm ent in  th is  re sp e c t, is  prov ided by F ig .121, w h ich 
in d ic a te s  re su lts  ob ta ined by extend ing  the num erica l a p p lic a tio n  a n a ly s is ,
se c tio n  7 A i ,  to  con s id e ra tio n  o f va rious  depths o f the re in fo rc in g  r ib .
. . .  . . .  maximum stress in  re in fo rced bucketF ig . 121 shows the v a r ia t io n  o f r a t i o ----------- :---------- :--------- :------ — — :---- :—:—maximum stress in  p la in  bucket
w ith  depth o f the re in fo rc in g  r ib ,  fo r the th e o re tic a l Pelton bucket o f 
F ig s .107, 100, sub jected  to  a g iven  in -p la n e  bending moment and having 
re in fo rc in g  r ib  o f constan t w id th  0 .8  in .  A deep re in fo rc in g  r ib  is  c le a r ly  
e f fe c t iv e .
In e v ita b ly /
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In e v ita b ly ,  h yd ra u lic  fac to rs  impose l im its  on re in fo rc in g  r ib
dep th . For in s ta nce  , the r ib ,  F ig . 121, re leva n t to  the ac tua l bu cke t,
would p o s s ib ly  have a maximum pe rm iss ib le  depth o f around 0 .5  in .
The general in fe rence  from F ig . 121 is  c le a r how ever, -  th a t des ign  o f a
Pelton bucket should be such as to  incorpora te  "c ircu m fe re n tia l "
re in fo rc in g  rib s  o f the maximum depth (and w id th ) p e rm iss ib le ,
(4)The re su lts  fo r  the Turgo w h ee l, and the data o f PERRIG , F ig . 2,
in d ic a te  th a t the  use o f rim s on Pelton w hee ls w i l l  be h ig h ly  b e n e fic ia l
(4)
from the strength  asp ec t. I f  PERRIG'S s tress measurements fo r  the
rimmed Pelton w heel are accep ted , and on the bas is  o f Turgo wheel re s u lts ,
i t  is  ev ide n t th a t th is  des ign  m o d ifica tio n  alone m ight w e ll produce a
reduc tion  o f over 50% in  maximum normal w ork ing  bucket s tre s s , or
a lte rn a tiv e ly  promote a commensurate increase  in  maximum rated head.
Furtherm ore, i t  is  l ik e ly  th a t the predom inant c y c lic  je t  lo ad in g  stress in
the bucket would be the component most in flu e n ce d  in  th is  w ay. I t  is
(4)
u se fu l to  note tha t PERRIG has shown the h yd ra u lic  c h a ra c te ris tic s  o f 
a Pelton wheel to  be co m p le te ly  unaffected  by the in co rp o ra tio n  o f rim s round 
the bu cke ts . The fa c t th a t rimmed Pelton w heels are so uncommon, im p lie s  
th a t the unrimmed v a r ie ty  has proven more th a n  adequate ly  strong fo r the  
d u tie s  demanded o f i t .
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8D COMMENTARY WITH REFERENCE TO FUTURE WORK DERIVING FROM
THESE INVESTIGATIONS
W ith  regard to  th e o ry , the  so lu tio n  developed in  chap te r 5 fo r the 
in -p la n e  bending o f a genera l open to ro id a l s h e ll,  has been app lied  on ly  
to  sh e lls  o f c irc u la r  m erid ian  and un iform  th ic k n e s s . A ssocia ted  more 
d ire c t ly  w ith  Turgo w heel bucket geom etry, a case o f a va ry ing  th ic k n e s s , 
c irc u la r  m erid ian  s h e ll w ould be a u se fu l one to  ana lyse  in i t ia l ly ,  
subsequent to  p reparing ta b le s  o f the  necessary fu n c tio n s . F o llow ing  th is ,  
perhaps va ry in g  th ic kn e ss  sh e lls  o f m erid iona l cu rva tu res o the r than 
c irc u la r ,  should be in v e s tig a te d  us ing  the th e o ry .
H ow ever, apart from  i t s  re la tio n s h ip  to  the  w o rk ing  s tress and 
de fo rm a tiona l behav iour o f im pu lse  w a te r tu rb in e  b u cke ts , the open 
to ro id a l s h e ll in -p la n e  bending problem is  o f in t r in s ic  in te re s t as an 
exe rc ise  in  the developm ent and a p p lic a tio n  o f s h e ll th e o ry . The co rres­
ponding tra n sve rse -p la n e  bending and tw is t in g  prob lem , apparen tly  la c k in g  
any s o lu t io n , is  in  the same ca te go ry . I t  w ou ld  be ir ra t io n a l to  regard 
the in -p la n e  bending approxim ate s o lu t io n , w h ich  is  p resen ted , as the 
most s a tis fa c to ry  and accurate so lu tio n  ob ta inab le  w ith in  the con fines  o f 
th in  s h e ll th e o ry . Further work should be undertaken to  exp lore  im proved 
general s o lu t io n s , and perhaps to  approach c e rta in  aspects o f the problem 
a fre sh , from a d iffe re n t s tan d p o in t. In  a d d itio n , d ire c t experim enta l 
com parisons should be sought. As has been found w ith  the corresponding 
c losed  s h e ll p rob lem , fu l ly  s a tis fa c to ry  experim en ta l co n d itio n s  may not be 
easy to  a c h ie v e .
A fea tu re  common to  so lu tio n s  o f the c losed  s h e ll problem and to  the 
so lu tio n  g iven  fo r the correspond ing open sh e ll p rob lem , is  th a t stress 
d is tr ib u tio n s  are assumed in v a r ia n t w ith  c irc u m fe re n tia l angle ©  .
T h is /
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This is  one main re sp e c t, concern ing w h ich  there are s t i l l  d iscrepanc ies  
between theo ry  and experim ent fo r the c losed  sh e ll p rob lem , desp ite  the 
many in v e s tig a tio n s  w h ich  have been conducted .
Pursuing fu tu re  developm ents in  the th e o re tic a l a n a lys is  o f w ork ing 
s tresses and deform ations in  im pulse w ate r tu rb in e s , i t  is  h ig h ly  l ik e ly  
th a t assumed geom etries and load ings  w i l l  conform  c lo s e s t to  re a li ty ,  fo r 
so lu tio ns  w h ich  w i l l  be derived us ing  num erica l a n a lys is  methods in  
co n ju n c tio n  w ith  com puters. Advances in  com puterised num erica l a n a lys is  
techn iques must be made, before the undertak ing  o f com puter so lu tio n s  fo r 
such com plex problem s cou ld  be considered fe a s ib le . I t  seems ce rta in  
th a t such progress w i l l  be ach ieved . In th is  co n n e c tio n , the " f in ite  
e lem en t" techn ique  o f com puterised th e o re tic a l s tress a n a lys is  ho lds out 
some prom ise .
On the experim en ta l s id e , fo r  both Turgo w hee l and Pelton w hee l, 
know ledge o f dynam ic w ork ing  pressure d is tr ib u tio n s  on je t  loaded buckets 
is  e n t ire ly  la c k in g . This know ledge is  necessary  to  the correc t under­
stand ing o f the je t  lo a d in g  stress behaviour o f these tu rb in e s . H ighest 
p r io r ity  m ust, o f cou rse , be g iven  to  the a tta inm ent o f succe ss fu l 
s ig n if ic a n t experim en ta l s tress analyses under ac tua l w o rk ing  co n d itio n s .
The re la ted  Russian w ork c ite d  in  chapter 1 has c o n tr ib u te d  l i t t le  in  th is  
re sp e c t, and i t  appears th a t no such in v e s t ig a t io n , w ith  s tra in  gauges at 
im portan t lo c a tio n s  on bucket swept su rfaces , has been s u c c e s s fu lly  
undertaken . Perfect p ro te c tio n  o f a s tra in  g a u g e /w ir in g  system  aga inst 
the e ffe c ts  o f w a te r je t  a c tio n , may be ach ieved by re la t iv e ly  sim ple means, 
but to  ach ieve i t  co n s is te n t w ith  n e g lig ib le  in te rfe ren ce  to  f lo w  cond ition s  
is  ve ry  d i f f ic u l t .  P a rticu la r d i f f ic u lty  a ttaches in  the case o f s tra in  
gauges on edges o f buckets o f sm all or m ed ium -s ized  im pu lse  w a te r tu rb in e s .
W ithou t s ig n if ic a n t ly  a ffe c tin g  the stress behaviour on s u ff ic ie n t ly  
la rge  tu rb in e s , sh a llo w  recesses may be cut on swept su rfaces , to  
accom m odate /
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accommodate s tra in  gauges and w ir in g . W ate rp roo fing  m ate ria ls  are
then  app lied  to  com plete a p e rfe c tly  f lu s h  su rfa ce . Russian
, (15, 16, 20, 21, 22) ^ 1 .  u .in v e s tig a to rs  have used th is  techn ique  fo r w ork ing
experim enta l s tress ana lyses o f la rge ra d ia l- f lo w  and a x ia l- f lo w  w a te r
tu rb in e s .
In  re la tio n  to  w ork ing  experim enta l s tress  ana lyses o f im pu lse  w ate r 
tu rb in e s , the re su lts  he re in  are o f va lue in  seve ra l im portan t resp ec ts .
The lo c a t io n s , natures and approxim ate m agnitudes o f s ig n if ic a n t s tresses 
are know n. Furtherm ore, fo r  the Turgo w h e e l, the th e o re tic a l and e xp e ri­
m ental re su lts  pe rtinen t to  the supporting ro le  p layed by the bucket in  
respect o f je t lo a d in g  s tre sse s , have a s ig n if ic a n t im p lic a t io n . On account 
o f th is  ro le , the to ta l dynam ic w ork ing  s tresses recorded from a po in t on a 
bu cke t, w i l l  not in  gene ra l, be reso lvab le  in to  c e n tr ifu g a l and je t  load ing  
components on the  bas is  o f the w ork ing  te s t da ta  a lone . For i l lu s t ra t io n ,
F ig .122 has been com piled  from experim en ta l re su lts  F ig s . 66 and 87, and 
in  p a rt ic u la r  from experim enta l re su lts  F ig .77 . From th is  la s t F ig . , 
q u a n tita tive  assessm ents .may re a d ily  be made o f some approxim ate w orking 
supporting  bucket s tre sse s , and th e ir  v a r ia tio n s  as the 16 i in ,c a s t  s tee l 
w hee l ro ta te s . Thus fo r  lo c a tio n s  a , b , c ,  d ,  e on bucket N o . l o f the w h e e l, 
F ig .77 , v a r ia tio n s  o f approxim ate to ta l w o rk ing  stresses w ith  w heel ro ta tio n  
may be de te rm ined , and so s im u la ted record ings o f "dynam ic" to ta l 
s tresses may be draw n.
Two such s im u la ted  dynam ic w ork ing  s tress  record ings are shown in  
F ig .122, fo r the maximum stress lo c a tio n  on the bucket (unswept surface 
o f o u tle t edge at its  ju n c tio n  w ith  hub) and fo r  a s ig n if ic a n t s tress lo c a tio n  
on the bucket in le t  edge. I f  experim enta l s im u la tio n  o f d ire c t je t  load ing  
on a bucket has been reasonab ly  rep resen ta tive  o f r e a l i ty , these "re co rd in g s " 
w i l l  c lo s e ly  resem ble correspond ing ac tua l dynam ic w ork ing re co rd in g s , free 
from v ib ra tio n  e ffe c ts . W ork ing  stress record ings are to ta l,  o f course .
I t  is  ev iden t then from F ig .122, th a t,  from the  record ings a lon e , accurate 
re s o lu t io n /
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re so lu tio n  in to  c e n tr ifu g a l and je t  lo ad in g  com ponents is  not p o s s ib le .
I f  the m inimum to ta l s tress o f a record ing were ta ke n  as the ce n tr ifu g a l 
com ponent, e .g .  fo r  the in le t  edge lo c a tio n  (dotted cu rve ), th is  m ight 
e v id e n tly  be e xce ss ive  by an erro r o f 14%. For co rrec t in te rp re ta tio n  o f 
a c tu a l dynam ic w ork ing  s tress record ings from a Turgo w h e e l, i t  is  c le a r 
th a t the  re su lts  o f the c e n tr ifu g a l experim enta l s tress a n a lys is  are 
e s s e n tia l.
The s im u la ted re co rd in g s . F ig .122, may be compared w ith  F ig . 4 
w h ich  shows ac tua l dynam ic w ork ing  stress reco rd ings from a po in t on 
the  attachm ent bracket o f a bucket on a Fe lton  w h e e l. The record ings 
o f F ig . 4, o f cou rse , show both the steady c e n tr ifu g a l s tress component 
and the "peaked" je t  lo ad in g  s tress component, in  con tras t to  the 
co n tin u o u s ly  va ry in g  natures o f the "re co rd in g s " o f F ig .122.
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APPENDIX 1
PROPERTIES OF THE "EQUIVALENT" PARABOLIC SECTION OF THE BUCKET 
PERTINENT TO THE APPROXIMATE THEORETICAL ANALYSES FOR CENTRIFUGAL 
AND TET LOADING STRESSES AND DEFORMATIONS IN  A TURGO IMPULSE WHEEL
The genera l "e qu iva len t " pa rab o lic  se c tio n  o f the  bucket is  shown
referred to  axes 0% . and In  F ig . A l . l .  The fo llo w in g  is  the
nom encla ture adopted fo r  the  pe rtine n t p rope rties  o f the sec tio n  : -
S  d is ta nce  from o r ig in  O  along parabola to  po in t (% ^ 'y  ) .
t  th ic kn e ss  o f se c tio n  at S , where t  =  +  C ,
A area o f se c tio n .
%  d is ta n ce  from O  along 0 %  to  cen tro id  G  o f se c tio n ,
second moment o f area o f sec tio n  about a x is  YY.
second moment o f area o f sec tio n  about a x is  Ox-
X e ith e r o r as appropria te .
^ pe rpe nd icu la r d is tance  from neu tra l ax is  Y  Y or neu tra l ax is  O x
to  a f ib re  o f the  s e c tio n , as appropria te .
f ir s t  moment o f area about Y Y  o f the part o f the sec tio n  
between X  = % and X  — b  , in  the shear stress equation
^ .2 t  ; which applies for shearing force V  
acting in  O x .
shear s tra in -e n e rg y  c o e ff ic ie n t o f the sec tio n  assoc ia ted  w ith  
shearing fo rce  V  a c ting  in  Ox.
f i r s t  moment o f area about- O x  o f the part o f the sec tio n  between 
and X =  t> fo r+ v e  , in  the shear s tress equation
<  „  V
"y y w h ich  app lies  fo r shearing force V
a c tin g  through shear centre  ^ p a ra lle l to  O n j .
shear strain-energy coefficient of the section associated with 
shearing force V  acting through shear centre , paralle l to O ij.
Q  e ith e r /
f  VECTOC ALOKia 
AT S , IN OIRGCTiON  
OF INCREASING 6 .
F A E A 60L IC  M ID -L IN K  
01- SECTION,
•u^  " 4coc.
0 -  ORIGIN OF X ,  U AXES
& OP PARABOLA -u '= 4 a 3 C .
G  -  CENTROID OF SECTION. .
SWEAR CENTRE  
OF SEC TIO N .
AT D ISTANCE S FROM 0 \
ALONG PARABOLA, U .  AT ( x , y )
PiG A l.l. G E N E R A L  EQ UIVALENT PARABOLIC SEC TIO N  OP BUCKET DEFERRED 
TO OgTLOgONAL AXES 0 %  AKID Oi i.'WÏTM TWICKhJESS t  OF Ti-!£'
SECTION VABYING LINEABl.Y WITW .X . TWE P'iGUBE SNOWS T',!E
BASIS ON WMICW TW £ PES T IN E N T  P C 0 P E 2 T IE 5  OF T L« ifC TIO N
ARE! DERIVED.
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Q  e ith e r o r as appropriate,
Cg d is ta n ce  from  O  along the  *% -a x is  to  shear centre  of
sec tion ; l ie s  to  le f t  o f O  as shown in  F ig .A l. l  but is  g iven 
Fve s ign.
T  St. Venant to rs io n  constan t o f section . 
t iT  w arp ing o f the sec tion  due to  non -u n ifo rm  to rs io n , 
r  w arp ing constan t o f sec tion .
(3 *2  d ire c t s tress d is tr ib u tio n  in  section  due to  w arp ing re s tra in t.
"tg, shear s tress d is tr ib u tio n  in  sec tion  due to  w arp ing re s tra in t.
The p rope rties  o f the pa rab o lic  sec tion  are derived as fo llo w s :-
(yw-ATc)(-x+g.) .d x ,
—  W \b^ V n a X b -^ o )  +  o .(^ 2 c - ^  m o )L o o  b  .. 1
L J
A = 2  rt.ds
r o- JU
z \ t .% .d s  _  2  j / .
X. =  -J ~  4
A A
I S 4. % J. J
v^AaXb-t'CLy +  Xab"^(ma *-Zc)(b-^<:^.) 
A  ) 3 4^*
(w\a.-Zc]L(Xj
-L J. 
2.[bt- o.^  + b
<
*2,
2 j t y : a s  -  A % ^  - 1
'^ Z a  w\a)(b4-a) ■ .p Zo?(% C - &  h\a) — f \ %■7.
CL
MAX
X  — — 2|4a(vv\'}C'Vc)(pc + Q‘y  %, c l x
— 26 4"
O-X"
^  So.yZvv\b^(t>'^ay +  - ^ b ^ (c -  ^  vvka)(bt-o.]^^ X  ab^ (^ a -Z c )(b 4 -o .j
+ -^ CL (lA'&a,-2.c) Log ^
4a Ax
s.MA7C.
Q  =  Z  -fc (% -% )c ls  =  2. l(M T C + c ) t^ + ^ ( -x -a )d %  =  Ç{x),
j
5 “
=  0c4-(\ ]  ^  w \ a [ o c + a ]  — j^o . (yv \a -2 c ) - ?i.(Zc-zw\c^?c(i4ra)
_ | i : a ^ o . - 2 c . ) -  a%  (Z c—^ vna^Locj
K
O
^MAX
^  ^ 2. in  genera l term s
A  21 t.as = -A
13 :2  4 1 ^  ' Z X ^ '\Y Y'f
W  ( % + A "  a-,6
(yv\T(+c)%-^ '
where Q ^  =  Fl?:') g iv e n  p re v io u s ly .
Th is  in te g ra l is  best e va lu a te d  by S im pson 's  Rule in  a p p lic a t io n s .
b
Q ^ = h a
i. 4
Za"^'(w^oc4:c:)(x4-oL) . d x  =  .
4o? <5 w (b * V a )X (^ a -c ) [b + a )  -  Wr(x4' a ^ a -  X(^vv\g. -  c )(a+ a )
J
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Ka *“  I'C ^.dA  in  gene ra l te rm s .
A - z
V
b
’ _ y l _  i Q j t j s  u q T  A-,. 
- Y . t "  I :  ] ( . * » « - )
w here -  c jbc) g iv e n  p re v io u s ly .
Th is in te g ra l is  bes t e va lu a te d  by S im pson 's  Rule in  a p p lic a t io n s .
f
•max
by equating moment about O  of the 
ds \  d%/ shear stress distribution over
the section, to ( ) .
- A ^ ) a ? : ’ :aT6 _  Is Z : , w here Q ^ =  ^ I x )
o?c 0% g ive n  p re v io u s ly
_  4 a  j x  w \U^(b+o)^- 4.(w\a-c')|;?(b+a)''’ — X  m c -  ^ b ^ ( b ^ u )
I O'Jt
_ ( i^ W \a - -L c ^ a . lo g
A. 1 1 •z.(b+a)%- b
as g iv e n  has +ve s ig n , but l ie s  to  the  le f t  o f O  in  F ig .A l . l .
J  = -w X 2 W^ as. = a t:
i  3 j  X -
— ÇV'A b'^(b'Vay-p (% vv7c-^ ' a- (m < ^ -^  v\^ca-v--™--mo.^)b^ [b+a)^
4-(;^v\Aca---^vvnco. w\a?+.^c )b^(b+o)
? ■.ds
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(33 34)by d e f in it io n   ^ ' m easuring  S from  th e  a x is  o f
sym m etry where the  w a rp in g  is  z e ro ,a n d  ta k in g  ^  +ve 
fo r  the  v e c to r  a long ta n g e n t, p o in t in g  in  the  in c re a s in g  
“ S d ire c t io n  . c lo c k w is e  about . (as in  F ig . A l . l ) .
S = ang le  o f tw is t  per u n it  le n g th  o f tw is t in g  m ember.
(see C h a p te r 3 , s e c tio n  3 B iv ) .
4%.
ds
o
X f  X -A
« -■ S
-v r is  exp ressed  in  te rm s o f fo r  g e n e ra lity  o ve r th e  w ho le  s e c tio n
r = 2j( f
O
■b
(3 3 , 34).
by d e f in it io n
r  J- T.
=• 2 j4 -o i% ^ b % - (wtc+ c )h + a .y i doc
<£■
%
&
2 4 (3  0?- 30 Q -  cj.
L 4
I
“ 2 6 7 -
(T, =  1 b y  d e f in it io n l^ ^ '^ ^ ^ ( s e e  C h a p te r 3 , s e c tio n  3Biv)
k ^ d ^ l’ -V ■& j
is  exp re sse d  in  te rm s o f y  fo r  g e n e ra lity  o ve r the  w ho le  s e c tio n .
V S
E < ^6  
t  \CdSl^
3Biv- r  =  —§ - - ^ ' i f - ^ k . a s  by d e f i n i t i o n ^ ? ^ ( s e e  C h a p te r 3 , s e c tio n
z  t  kd^l  /
^ j t . a s  +
* f  J- ■*■
“ ha^h% -ej')(vw '!C  + c)(T(;+aya'^ -V-C'
-
w here co n s ta n t C  is  e va lu a te d  from  the  boundary  c o n d it io n  “  0 .
f a V  \  J.,
£ l i f a 2 V 4 g  J 4 r '^
(W\2C4- c )
TCP! b
-  5 ( ^ - 1  l^+ ah•4
r* X ^  V
Xg. is  exp ressed  in  te rm s o f " i j  fo r  c o n s is te n c y  w ith
For the  e q u iv a le n t p a ra b o lic  s e c tio n  bucke t o f th e  16& in .  w hee l 
(see F ig . 11) , the  d e f in it iv e  param eters have the  fo llo w in g  v a lu e s :-  
CL “  1 .3 2  in .  b  ”  1 .80  in ,  Yr\ = - 0 .2 8  C = 0 .6 5  in
The p ro p e rtie s  o f the  p a ra b o lic  s e c tio n  are then  found to  have 
the  fo llo w in g  v a lu e s ; -
A /
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A
2
3 .3 9 8 8 8  in .
X 0 .4 8 7 9 8  in .
I
YV
= 0 .7 6 7  87 In .
= 8 .7 5 7 3 5  in .
K = 4 .8 3 8 8 9
K , z= 1 .3 2 8 5 3
= 0 .31706  i n .
J
4
0 .31842  in .
r 0 .2 1062  in .
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APPENDIX 2
PROPERTIES OF THE "EQUIVALENT" RECTANGULAR SECTION OF THE RIM 
PERTINENT TO THE APPROXIMATE THEORETICAL ANALYSES FOR CENTRIFUGAL 
AND TET LO AD IN G  STRESSES AND DEFORMATIONS IN  A TURGO IMPULSE WHEEL
I
The gene ra l "e q u iv a le n t"  re c ta n g u la r s e c tio n  o f the  rim  is  shown 
re fe rred  to  axes X  X  and X Y  in  F ig . A 2 .1 . The fo llo w in g  g ive s  the  
nom enc la tu re  adopted fo r  th e  p e rtin e n t p ro p e rtie s  o f th e  s e c t io n , and 
p resen ts  th e ir  d e r iv a t io n :-
area o f s e c tio n . A , "
 ^ I  \  —r*  ^ I i ^
I , , second moment o f area o f s e c tio n  about a x is X X  . “ Tz ‘ »XX
I v V  second moment o f area o f s e c tio n  about a x is  Y Y .
Q)^t f i r s t  moment o f area about X X  o f th e  pa rt o f  the  s e c tio n
be tw een  and in  th e  shear s tre ss  e q u a tio n
 ^ w h ich  a p p lie s  fo r  sh ea rin g  fo rce  V y i
a c tin g  in  Y  Y . Q_\ =  Zt>,
K y i shea r s tra in -e n e rg y  c o e f f ic ie n t  o f the  s e c tio n  a sso c ia te d  w ith
sh e a ring  fo rce  \C \  a c tin g  in  Y 'Y '.
-u \  T   ^ . d lA j = f  fo r  a re c ta n g u la r s e c tio n .
J ^
— O I I
Q ^ i f i r s t  moment o f area about Y Y  o f the  part o f th e  s e c tio n  be tw een 
and % = b , / ^   ^ in  the  shear s tre ss  e q u a tio n
“T" \  /U —-------- n----- ) w h ic h  a p p lie s  fo r  shea ring  fo rce  a c tin g
^ y 'y • in  X 'x b  r  , n
4 /  U
shear s tra in -e n e rg y  c o e ff ic ie n t  o f the  s e c tio n  a sso c ia te d  w ith  
s h e a iln g  fo rce  a c tin g  in  X X .
\< _  As 1 T  ^  J a _ â fo r  a re c ta n g u la r s e c tio n  .
PU>\K1£ OP 
TH E  Q lM .
X
CEMTROID-^/
di -  2 b
X
FiG . A 2 .  i . GEMEQAU E Q U IV A LE N T PECTAKIGuU^vQ SECTION 
OP RIM REPEQ REO  TO ORTHOGONAL AXES x 'x '  AMO Y*Y*.
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S t, Venant to rs io n  co n s ta n t o f s e c tio n , = 0 . 229  ^ fo r
C30 ^  /
a re c ta n g u la r  s e c tio n  w ith  -  2 .
For the  e q u iv a le n t re c ta n g u la r  s e c tio n  rim  o f the  16^ in , w hee l ^
F ig .12, = 1 .25 in , 2 . 5 in ^
g iv in g  th e  va lu e s  fo r  the  s e c tio n  p rop e rtie s  as fo l lo w s : -
2A , = 3.125 i
X K
'YY
n
X , , =  1 .62760  in ^
I j '=  0. 40690 in
f
J.  = 1 .11 9 04  i nf
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APPENDIX 3
(a) SOLUTION OF THE NON-UNIFORM TORSION DIFFERENTIAL EQUATION FOR 
ASSEMBLY ACTION Fa ON THE BUCKET.
(b) DERIVATION OF THE NON-UNIFORM TORSION STRAIN-ENERGY COMPONENTS 
OF DISPLACEMENT S-Tg BY THE D U M M Y  LOAD METHOD,
—  BOTH PERTINENT TO THE APPROXIMATE THEORETICAL ANALYSES OF 
CHAPTER 3 .
(a) For a c t io n  at the  ju n c t io n  p o in t on the  b u c k e t, F ig . 21, the
n o n -u n ifo rm  to rs io n  d if fe re n t ia l e q u a tio n  is  g iv e n  by  (3B,36)
k  d î t  ^  ^
w here 4r
(A3.1)
The e q u a tio n  is  a fa i r ly  e le m en ta ry  th ird -o rd e r  o rd in a ry  l in e a r  n o n -
hom ogeneous d if fe re n t ia l e q u a tio n  w ith  co n s ta n t c o e ff ic ie n ts  and as su ch ,
th e  gene ra l s o lu t io n  is  g ive n  by th e  sum o f th e  com p lem en ta ry  fu n c t io n  and
th e  p a r t ic u la r  in te g r a l . The com plem enta ry  fu n c tio n  is  th e  s o lu tio n  o f th e
e q u a tio n  w ith  R .H .S . -  O , w h ich  s o lu t io n  may re a d ily  be shown to  be
g iv e n  b y : -  KSl - k j i ''
0  =  C,^e +  CgC +  Cg ,
where F  . H - a  , P . Ç
and , Cg and are co n s ta n ts  o f in te g ra t io n .
T ry ing  a p a r t ic u la r  in te g ra l o f the  fo rm :-  
0  -  C ^cosS l  ^ where are c o n s ta n ts , the
p a r t ic u la r /
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p a r t ic u la r  in te g ra l is  re a d ily  found to  be g iv e n  b y : -
=% F r (  -  M  .3 cos A )
H -t-p
The ge n e ra l s o lu t io n  o f th e  d if fe re n t ia l e q u a tio n  is  th e re fo re  
g iv e n  b y ; -  ^
The boundary  c o n d it io n s  to  w h ic h  n o n -u n ifo rm  to rs io n  o f th e  b u cke t is  
s u b je c t are as fo l lo w s : -
At fu l ly - f ix e d  end = O the re  is  no ang le  o f tw is t ,  . . ^  0  •
th e re  is  no w a rp in g  o f the  s e c t io n , . . -u T  “  O ,
SI- 0
^  O  - 
VdvST/^^o
At free  endS l™ *^ : -  th e re  is  no w a rp ing  re s tra in t d ire c t s tre s s ,
A p p ly in g  th e se  c o n d it io n s  to  th e  above s o lu t io n ,  c o n s ta n ts  o f in te g ra t io n  
 ^ C g  , are found  to  be g iv e n  b y :-
L, , where L, = ■
K''-tn+-PXe'^“‘ +
Cs= F , » F , . w t o »  h  -
Ko<
/ \  . / K4 -l<pi\ > /- K=t -Ks*
C =  Fo ’'- s ,  , where S  - T-?VNaSiv\«<-M-iCos»0-KNtVg - e  
^  3 >w nere  ^ K ^ L H + P 'l( e '^ + e '^ )
(b) /
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(b) By a p p lic a t io n  o f th e  dummy loa d  m e thod , th e  n o n -u n ifo rm  to rs io n  
s tra in -e n e rg y  com ponents o f a genera l d isp la ce m e n t o f  th e  b u cke t due to  
a c tio n   ^ F ig , 21, are th e  la s t  tw o  te rm s o f e q u a tio n  (3 B .4 0 ) :-
,àSL +• J -
ÔQ
ASl
To de te rm ine  th ese  com ponents fo r  ta n g e n tia l d isp la ce m e n t 5- 
at th e  ju n c t io n  p o in t ,  th e  to rq u e  due to  and to  fo rce  Q
ta n g e n t ia lly  at as show n do tte d  in  F ig . 21, is  g iv e n  b y : -
where and are as g iv e n  fo r  eq u a tio n  (A 3 .1).
The co rre sp o n d in g  form  o f the  n o n -u n ifo rm  to rs io n  d if fe re n t ia l 
e q u a tio n  is  th e n :-
k  dSL k?
(A3 .2 ) ,
w h ic h  is  o f form  e x a c t ly  s im ila r  to  e qu a tio n  (A 3 .1 ). The g iv e n  s o lu t io n  
o f (A3.1) may th e n  be ta k e n  as th e  s o lu tio n  o f (A 3 .2 ), p rov ided  th a t 
c o e ff ic ie n ts  and o f (A3 .1) are re p la ce d  th roug ho u t
re s p e c t iv e ly  by th e  co rre sp o n d in g  c o e ff ic ie n ts  “  Q a n d
Q o f  (A3. 2 ). The re le v a n t c o n s ta n ts  o f in te g ra t io n
and C j in  the  s o lu t io n  o f e q u a tio n  (A3. 2) are th e n  g iv e n  b y :-
Q L   ^where is  as g ive n  p re v io u s ly  and ,
^ 5  “  ) where is  as g ive n  p re v io u s ly  and ,
4- T  K  M 3 G
K<X
T h e n /
- 2 7 4 -
Then,
•Kil
= K (F « L ,+  Q L je  -K (F « F ,+  Q FO e
+ + cn<..r? +  s in T l
H+P H+P
V «
and,
d J I  /p
^  F 4.r,TVl r- Ky,
-  & ! M ^ s i v ^ . n  4. FR M ,-Q N ^ 
H+P -  HTP COS9.
(A3,3) ,
From th e se  e q u a tio n s :-
and
5Q \d S lj pR+d
3
3Q /p^+q.
Sion:
(A3.4)
KJl -KJl
=KUe -KEe + M s o o s ji "  N^sm51 
H4-'p
K^L e + K F nJ^cqsJI
from  e q u a tio n s  (A3 . 3) and (A3 . 4) fo r  Q%= O . A ll the  d e r iv a t iv e s  under
th e  in te g ra l s ign s  o f the  n o n -u n ifo rm  to rs io n  s tra in -e n e rg y  com ponents are
now  a v a ila b le  as fu n c tio n s  o f u2_ . M u lt ip ly in g  th e  d e r iv a t iv e  fu n c tio n s
as a p p ro p r ia te , in te g ra t io n  is  c a rrie d  out s tra ig h tfo rw a rd ly .  The n o n -
r
^T-Z.u n ifo rm  to rs io n  s tra in -e n e rg y  com ponents o f d isp la ce m e n t 
found to  b e :-
are
-275
F )  -  K CL4F3+LjFJ"^  - - | - ( l,U^-FjFJ
R
KoC
~F(/ p f c k 'V '0 kN^(Kcasu.+ si»k) +  (Lq.M;-L3N3)(Ksm'* -  cos^')]
+ FjM^XKco&i- s w j  +  F iN^(KsM  <<+005.4^
, "2.N\.^N.%siA2«< +  (M-3 ~  Nl^ Xl — cos7.-()
«j Ch + p X
“ " ( ' V + F, ) n J
+  k X l^^Fj +'L^fJ 'C
" + q M ^ lK s in -t-c o s c l)  -  ( ^ M ^ -  q N j(K c o s , t  + s<w<)]
+  -  F^Nj(,Kcos4 -
_ ZM-aN? FmZoC + (H3~~ N t ) ( l~  c-osZ^)
4 -lH + P X
-  jâîÿm f.^lï'-'''i''**'' * K lv f^ M ,-KtU,-F,^NJ
+  F .P
Ko(,
where K ,  H ,  P L ^ ,  L  , F , and p  are a i l as g iven) ‘3 ) ' ’*3 ) i  ) ) 3
in  th is  A p pe n d ix ,
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APPENDIX 4 
BRITTLE LACQUER TECHNIQUE 
\ P a rtly  on accou n t o f the  re la t iv e ly  lo w  Y oung 's  M o d u li o f the
V'
e xp e rim e n ta l co m po n e n ts , i t  w as con s id e red  w o rth w h ile  to  a p p ly  b r it t le  
la c q u e r  te c h n iq u e s  in  a ttem p ts  to  o b ta in  in i t ia l  in d ic a t io n s  o f te n s ile  
s tra in  m agn itudes and d is t r ib u t io n s .  Of th e  re le v a n t l i te ra tu re  c o n s u lte d , 
(37 , 38 , 39, 40)  ^ w o rk  o f L IN G E ^^^^, w h ic h  has an e x te n s iv e  b ib l io ­
g ra p h y , w as found  p a r t ic u la r ly  in s t ru c t iv e .  An a p p a re n tly  s u ita b le  la c q u e r 
w as s e le c te d , a sam ple o b ta in e d  and a s a t is fa c to ry  te ch n iq u e  was 
d e v e lo p e d .
The la c q u e r used w as B r it t le  Lacque r RV519 , o b ta in e d  from  
M e s s rs . Robert Ingham  C la rk ,  9 3 -97  New C a ve n d ish  S tre e t, London, W . l .  
T h is  w as an in o ffe n s iv e  v a rn is h  p roduc ing  a good c o a tin g  o f l ig h t  s tra w  
c o lo u r ,  fre e  o f a ir  b u b b le s . I t  was capab le  o f a p p lic a t io n  by e ith e r  sp ray 
o r b ru sh . In  o rde r to  make the  la c q u e r s u f f ic ie n t ly  s t ra in -s e n s it iv e  , the  
la cq u e re d  p a rts  re q u ire d  s to v in g  fo r  a tim e  in  an oven o r under in fra - re d  
la m p s . The fo llo w in g  was e s ta b lis h e d  as th e  gen e ra l p ro ce d u re :-
(1) The su rfa ce s  o f in te re s t and from  s ix  to  e ig h t c a n t ile v e r  c a lib ra t io n  
bars were th o ro u g h ly  c leaned  and degreased w ith  T r ic h lo re th y le n e . 
A lum in ium  b a rs , o f w h ic h  the  c ro s s -s e c t io n  and Y oung 's  M o du lu s  
w ere m easured , were used as c a n t ile v e r  c a lib ra t io n  specim ens fo r  
d e te rm in in g  th e  s t r a in - s e n s it iv i ty  o f the  la c q u e r ,  th is  be ing  the  
v a lu e  o f s tra in  fo r  in i t ia l  c ra c k in g .
(2) La cq ue r RV519 was brushed o n , a p rocedure  w h ic h  re qu ired  p r io r  
p ra c t ic e .  At f i r s t ,  sp ray ing  had been a ttem pted  but found to  be 
ra th e r im p ra c t ic a b le , e s p e c ia lly  in  the  case  o f the  16y in .T u rg o  w hee l 
w ith  i t s  re s tr ic te d  a cce ss  to  some o f the  b u cke t su rfa ce s . W ith  the  
b ru s h /
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brush, a fa s t a c tio n  was u s e d , the  b rush  be in g  c lea n ed  fre q u e n tly  
in  T r ic h lo re th y le n e , Three co a ts  w ere g iv e n , one be ing  a llo w e d  to  
d ry  be fo re  a su cce e d in g  one w as a p p lie d . Th is  produced a c o rre c t 
co a tin g  th ic k n e s s  o f 0 .0 0 3  in . to  0 .0 0 6  in .
(3) The la cq u e re d  pa rts  were s toved  in  a c lo s e d  oven fo r  40 hours at 
lO S ^F . I t  w as found  th a t th e  la c q u e r became more s t ra in -s e n s it iv e  
th e  h ig h e r th e  s to v in g  tem pera tu re  and th e  lo n g e r  th e  s to v in g  t im e , 
but i t  a ls o  th e n  became more prone to  c ra z in g , w ith  r is k  o f th e  
la c q u e r be ing  rendered u s e le s s . A fte r s lo w  c o o lin g  to  am bien t 
te m p e ra tu re , subsequent to  s to v in g , the  la cq u e re d  com ponents were 
ready  fo r  lo a d in g ,
(4) H a lf  the  num ber o f c a lib ra t io n  bars w ere te s te d  by  lo a d in g  them  as 
c a n t i le v e rs ,  c ra c k in g  o f the  la c q u e r be in g  o b ta in e d  fo r  e s tim a tio n  
o f s t r a in - s e n s i t iv i t y . The part o f in te re s t w as th e n  loaded  
a p p ro p r ia te ly  and exam ined fo r  c ra c k in g  o f th e  la c q u e r. S u b sequen tly  
th e  re m a in in g  c a lib ra t io n  bars were te s te d  and c ra c k in g  o f th e  la c q u e r 
o b ta in e d . Throughout these  te s ts  on th e  pa rt o f in te re s t and on the  
c a lib ra t io n  b a rs , lo a d s  were a p p lie d  in  s u c c e s s iv e ly  in c re a s in g  
in c re m e n ts , o f f - lo a d in g  to  zero and re s tin g  th e  la c q u e r fo r  a fe w  
m om ents be tw een  each in c re m e n t. T h is  w as done to  m in im ise  e ffe c ts  
w h ic h  m igh t have been produced i f  the  la c q u e r had tended  to  c re e p .
I t  w as found th a t th e  c ra cks  w h ich  occu rred  in  th e  la c q u e r were 
perm anent and o f good d e f in it io n .
(5) In  th e  c a lib ra t io n  te s ts  , fo r  a g iv e n  lo a d in g  W^- on the  c a n t ile v e r  
b a r. F ig .A 4 .1 , th e  p o in t on the  c racked  la c q u e r re le v a n t to  
m easurem ent o f th e  s t r a in - s e n s i t iv i t y , was ta k e n  as the  p o in t m idw ay 
be tw een  the  c ra c k  nea res t the  lo a d  and th e  fu l ly -a c ro s s  c ra ck  nearest
th e  lo a d , as show n in  the  F ig . Th is  w as adopted  on the 
recom m endatic 
c o n s e rv a t iv e /
(37)tion  o f LING E as g iv in g  a more c o n s is te n t and
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c o n s e rv a tiv e  in d ic a t io n  o f s t r a in - s e n s it iv i t y  th a n  th a t g iv e n  by 
ta k in g  th e  s t r a in - s e n s it iv i t y  p o in t to  be th e  c ra ck  ne a re s t the  lo a d . 
O nly w hen such c ra ck  was fu l ly -a c ro s s  th e  ba r was i t  ta ke n  as th e  
s t r a in - s e n s i t iv i t y  p o in t.
For each c a n t ile v e r  b a r, lo c a tio n s  o f s t r a in - s e n s it iv i t y
p o in ts  w ere m easured at about e ig h t v a lu e s  o f lo a d  W c. . The
co rre sp o n d in g  s t r a in - s e n s it iv i t y  v a lu e s  w ere ob ta in e d  s tra ig h tw a y
by p lo t t in g  the  re s u lts  on a p r io r i y  co n s tru c te d  graph such as
F ig .A 4 .1 , Th is  show s lo a d  on th e  c a n t i le v e r  on a base o f
d is ta n c e  Lg a long  the  c a n t ile v e r  from  th e  lo a d  p o in t .  By
a p p lic a t io n  o f s im p le  bend ing  th e o ry  to  the  bars u s e d , l in e s  o f
co n s ta n t s tra in  £  on the  ba r have been d raw n  on th is  f ie ld  fo r
v a lu e s  in  th e  range 0 ,0 0 0 2  &  £  ^  0 .0 0 1 0 , By w ay o f
i l lu s t r a t io n  a se t o f re le va n t c a lib ra t io n  re s u lts  is  show n p lo tte d  on
F ig .A 4 ,1 , T h is  se t re fe rs  to  the  la c q u e r used  in  th e  c e n tr ifu g a l
te s t  on th e  1 6 i in .T u rg o  w hee l and shows th a t th e  s t r a in - s e n s it iv i t y
w as be tw een  0 . 00 0 4 and 0.000 6. Such lo w  o rde r v a lu e s  are reckoned
(37)to  be about as good as can  re a so n a b ly  be a c h ie v e d . LING E draw s 
n o tic e  to  the  te n d e n c y  o f th e  s t r a in - s e n s it iv i t y  v a lu e  to  be lo w e r  in  
re g io n s  o f lo w  s t ra in -g ra d ie n t , Th is  is  e x h ib ite d  by th e  re s u lts  
sho w n , where th e  s t r a in - s e n s it iv i ty  at the  lo w  lo a d s , and th e re fo re  
lo w  s tra in -g ra d ie n t s , te nd s  to  be o f the  o rde r o f 0 .0004 o r le s s ,  
w h ile  at the  h ig h  lo a d s  the  v a lu e  m ay be about 0 .0006 o r m ore.
Because o f the  p o s s ib i l i t y  in  the  c e n tr ifu g a l te s t ,  o f th e  w hee l a c tin g  
l ik e  a fa n  and s u b je c tin g  the  b r i t t le  la c q u e r to  a ir  d ra u g h ts , a sm a ll 
p re lim in a ry  te s t  w as c a rr ie d  out to  in v e s tig a te  p o s s ib le  e f fe c ts .  Jets o f 
a ir ,  from  a hose con ne c ted  to  an a ir  co m pre sso r, were a p p lie d  to  la cq u e re d  
c a lib ra t io n  bars be fo re  and d u ring  te s t in g ,  but th is  was found n e ith e r  to  have 
any e ffe c t on s t r a in - s e n s it iv i t y  no r to  a ffe c t the  te n d e n c y  o f the  la c q u e r  to  
c ra z e . The a ir  v e lo c it ie s  a v a ila b le  from  the  h o s e , h o w e ve r, were th o ug h t 
to  have been som ew hat s m a lle r  th a n  some w h ic h  m igh t o c c u r d u iln g  sp in n in g
o f the  w h e e l.
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APPENDIX 5
THE ROTATING WEDGE : A METHOD OF OBTAINING STRAIN-FREE LOCATIONS 
IN  A CENTRIFUGAL FIELD
See p o cke t a ttached  to  in s id e  o f back co ve r o f th e s is .
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APPENDIX 6
ANALYSIS OF MEASURED STRAINS TO DETERMINE CENTRIFUGAL ACTIONS ON 
FOUR MERIDIONAL SECTIONS OF BUCKET OF 16? in .  A LU M IN IU M  TURGO WHEEL 
ROTATING AT 1 ,300  r .  p ■ m .
F ig s . 63 and 64 in d ic a te  lo c a tio n s  w here c e n tr ifu g a l s tra in s  were 
m easured , re le v a n t to  m e rid io n a l se c tio n s  o f th e  bu cke t at ©  = 5 7 ^ ,
7 4 ° , 9 2 °  and 1 1 1 ° . From th e se  s tra in s ,  th e  s tre sse s  norm al to  th e  s e c tio n s  
( i . e .  th e  c irc u m fe re n tia l s tre sse s) were c a lc u la te d ,  and th e n  a n a ly s e d , 
a cco rd in g  to  th e  m ethod o u tlin e d  p re v io u s ly  in  s e c tio n  4 A i i ,  to  de te rm ine  
d ire c t fo rce  and bend ing  moment a c tio n s  on th e  s e c t io n s .
A s lig h t  d iffe re n c e  h e re , w as th a t the  moment a c tio n s  were ta k e n  
about axes Y Y and , th e  o r ig in  be ing  G , the  c e n tro id  o f th e  e q u i­
v a le n t p a ra b o lic  s e c t io n , and no t the  c e n tro id  o f each m e rid io n a l 
s e c tio n  (see F ig . 50 and e .g .  F ig . AS. 1(a) ) .  The e q u iv a le n t p a ra b o lic  
s e c tio n  is  th e  same fo r  a l l  v a lu e s  o f ©  , be ing  th a t show n in  F ig . 11.
Thus o r ig in  G was chosen  as a datum  common to  a l l  fo u r m e rid io n a l 
s e c t io n s , — th e  datum  a p p rop ria te  to  th e  d ire c t co m pa rison  o f th e  e x p e r i­
m en ta l re s u lts  w ith  co rre sp o n d in g  th e o ry . As w o u ld  be e x p e c te d , in  a l l  
fo u r  s e c tio n s  G  and G ^ l ie  c lo s e  to g e th e r .
The f u l l - s iz e  d ra w in g s  o f the  s e c tio n s  and the  graphs p e rta in in g  to  
th e  a n a lyse s , are p resen ted  as fo l lo w s : -
For m e rid io n a l s e c tio n  a t ©  = 5 7 ° , F ig s . A6.1 (a) to  (d).
For m e rid io n a l s e c tio n  a t ©  - 7 4 ° ,  F ig s . A 6 .2  (a) to  (d).
For m e rid io n a l s e c tio n  at ©  = 9 2 ° ,  F ig s . A 6 .3  (a) to  (d).
For m e rid io n a l s e c tio n  a t ©  =111° , F ig s . A 6 .4  (a) to  (d).
In  th ese  F ig s :-  %  co rresponds  to  o f F ig ,5 0 (b ) ,  and s e c tio n  4 A i i ,
Y  co rresponds  to  Y ^  o f F ig .5 0 (b ) ,  and s e c tio n  4 A i i ,
M y  co rresponds to  K l ^ ^ o f  F ig . 5 0 (b ), and s e c tio n  4 A i i ,
P  co rresponds to  o f F ig .5 0 (b ) ,  and s e c tio n  4 A i i ,
co rresponds to  F ig .5 0 (b ) , and s e c tio n  4A i i  .
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The s ig n s  o f M y   ^ and co rrespond  re s p e c t iv e ly  to  the
s ig n s  o f  ^ and ° f  F ig . 50 (b ).
The fo llo w in g  ta b le  sum m arises the  c e n tr ifu g a l a c tio n s  on the  m e rid io n a l 
s e c t io n s , d e rive d  from  th e se  a n a ly s e s :-
Tab le  A6 .1
E xpe rim en ta l c e n tr ifu g a l a c tio n s  on m e rid io n a l s e c tio n s  o f bucke t o f 
I 62 in .a lu m in iu m  Turgo w h e e l, ro ta tin g  at 1 ,300  r . p . m .
L o c a tio n  o f m e rid io n a l s e c tio n  
(F ig s . 9 and 12)
C e n tr ifu q a l a c tio n  on s e c tio n
*
lb . in .
p \ *
lb . Ib .iii.
57 + 40 + 225 -  600
74 + 500 + 925 -  650
92 1080 + 940 -  1300
111 ■H 580 + 1190 -  1350
*  In  re sp e c t o f na tu res  and s ig n s , th e se  co rrespond  re s p e c tiv e ly  
to  M y t ^  ) , M j< ; j^ ,F ig . 5 0 (b ).
W ith  regard to  in -p la n e  bend ing  moment î ^ y  on th e  s e c t io n s , the  
p ro p o rtio n s  due to  membrane and bend ing  a c tio n s  are g iv e n  in  Table A 6 .2 :-
Tab le  A6 .2
E xpe rim en ta l c e n tr ifu g a l in -p la n e  bend ing moment M y  on m e rid io n a l 
s e c tio n s  o f bucke t o f l o i  in .a lu m in iu m  Turgo w h e e l, ro ta tin g  at 1300 r .p .m  
P ropo rtions  o f membrane and bend ing a c t io n s .
L o c a tio n  o f m e rid io n a l s e c tio n
( F ig s . 9 and 12)
Percentage o f M y  ta ke n  b y :-
membrane a c tio n
j
bend ing  a c tio n
57 + 300 -  200
74 80 20
92 86 14
111 78 22
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APPENDIX 7
A MORE REALISTIC APPROXIMATE THEORETICAL ANALYSIS OF THE TET 
LOADING STRESSES IN  THE BUCKETS OF TPIE TURGO IMPULSE WIIEEL
From chapte r 4,  measurement o f approxim ate je t  load ing  stresses 
susta ined by a bucket when d ire c t ly  lo ad ed , and when ac tin g  as a 
supporting bucket fo r  o ther loaded b u c k e ts , c le a r ly  shows th a t the th e o re t­
ic a l trea tm ent o f the rim  on the rem ainder o f the  w h e e l, as a 180*^ fu l ly -  
fix e d  arch (sec tio n  3C i i i )  bears l i t t le  re la tio n  to  the  ac tua l s tress behav­
io u r o f the w hee l under je t  lo a d in g . Any agreement between re su lts  based 
on th is  th e o re tic a l trea tm e n t, and the correspond ing  experim en ta l va lues  is ,  
to  some e x te n t, a d v e n tit io u s .
The re s tra in t on a loaded bucket provided by the rim  on the rem ainder 
o f the w h e e l, may be trea ted  th e o re tic a lly  by an approxim ate method more 
in  accordance w ith  the experim enta l in d ic a tio n s  and easy to  develop from 
some prev ious co n s id e ra tio n s . Under je t  a c tio n  a bucket susta ins stresses 
due to  i ts  be ing d ire c t ly  loaded and due to  i t s  a c tin g  as a supporting bucket 
fo r  the rim  w h ich  res tra ins  o ther je t  loaded b u cke ts . In  harmony w ith  the 
e s s e n tia l s im p lic ity  o f the approxim ate th e o re tic a l approaches o f chapte r 3, 
i t  is  reasonable to  make the fo llo w in g  assum ptions :-
(1) That in  co n s id e rin g  tra n sm iss io n  o f a c tio ns  from  a je t  loaded bucket 
to  supporting b u cke ts , deform ation o f the rim  i t s e l f  may be neg lec ted . 
The lo w  average magnitude o f re levan t measured s tresses in  the rim  
(sec tio n  4C i i .  F ig . 86) lends support to  th is  assum ption .
(2) That the 3 buckets on w h ich  the je t im p inges su s ta in  id e n tic a l 
s tresses due to  d ire c t lo a d in g , and id e n tic a l stresses in  th e ir  ro les 
as supporting b u cke ts . This la tte r  part o f the  assum ption in fe rs  tha t 
a l l the supporting  buckets are assumed to  ca rry  the same s tre sse s . 
Such a th e o re tic a l s itu a tio n  would a rise  i f ,  subsequent to  the rim less  
j e t /
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je t  loaded co n d itio n  (section  3C i i )  the d isp lacem ent d is c o n tin u it ie s  
at the je t  loaded b u cke t/r im  ju n c t io n  were considered to  be 
e lim in a te d  s im p ly  by b o d ily  ro ta tion  o f the r im , on the supporting 
b u cke ts , about the ax is  o f the w hee l. T heo re tica l support fo r such 
a s im p lify in g  assum ption is  in d ica te d  by the nature o f the  ro ta tio n a l 
d is c o n tin u ity  (sec tion  3C i i  at the end) and by the fa c t tha t
the  m ajor d isp lacem ent d is c o n tin u ity  at the ju n c tio n  is  th a t o f 
ta n g e n tia l d e fle c tio n , • Experim ental support fo r  the
assum ption , how ever, is  not much in  ev idence in  re levan t re s u lts .
F ig . 77.
The in fe rence  th a t a l l the supporting buckets are assumed to  be 
id e n t ic a lly  loaded at th e ir  po in ts  o f ju n c tio n  w ith  the r im , im p lie s  an 
approxim ate th e o re tic a l treatm ent on the same lin e s  as th a t in  w h ich  the 
re s tra in t exerted on the  je t  loaded bucket by the rim  on the  rem ainder o f the 
w h e e l, was considered to  be due o n ly  to  2 c o - l in e a r  b u c k e ts ,— the 
"u n re a lis t ic a lly  f le x ib le  re s tra in t"  case o f se c tio n  3C v .  On the bas is  o f 
the above assum ptions , any 1 o f the 3 buckets on w h ich  the je t im p in g e s , 
may be considered to  be re s tra ine d , at the b u c k e t/r im  ju n c tio n  p o in t, by 
the  rem ain ing 21 b u cke ts— a ll regarded as c o - l in e a r  w ith  the je t  loaded 
bucket con ce rn ed , and as r ig id ly  connected to  i t  at the ju n c tio n  p o in t . 
S im ila r ly  to  the 2 c o - l in e a r  supporting buckets case (sec tion  3C v) the 
e s s e n tia l re su lts  fo r 21 c o - lin e a r  supporting buckets may be derived from 
the  re su lts  fo r  fu l ly - r ig id  re s tra in t at the ju n c t io n .
For the 16 i in .c a s t s tee l Turgo wheel under norm al working c o n d itio n s . 
F ig . A7 .1 shows due to  rim less  je t  load ing  (for load ing  F ig . 30) , th is
curve com ing d ire c t ly  from F ig . 31, and a ris in g  from the assem bly
ac tions  exerted by a fu l ly - f ix e d  support at the b u c k e t/r im  ju n c tio n . 
Superposition  o f the ord ina tes o f these two curves g ives  curve I I  o f F ig . 39. 
By appropria te  a p p lic a tio n  o f the assem bly co n d itio n  c o m p a tib ility  and 
e q u ilib r iu m /
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e q u ilib r iu m  equations (3C .40) to  (3C.51) in c lu s iv e ,  to  the case o f 21
c o - lin e a r  supporting buckets exe rting  re s tra in t at the je t  loaded b u c k e t/
21lim  ju n c t io n , the re levan t assem bly ac tions are re a d ily  found to  be —  tim es 
the corresponding assem bly ac tions fo r the  fu l ly - r ig id  re s tra in t case .
H ence , fo r  in -p la n e  bend ing , the re su ltin g  assem bly  a c tio n  bending 
moment d is tr ib u tio n  on the je t  loaded b u cke t, (21 supporting
buckets) has ord ina tes ^ X th e  corresponding o rd ina tes o f the 
( fu lly - f ix e d  support) curve o f F ig .A 7 .1 . The form er curve is  thus
re a d ily  ob ta ined and is  shown in  F ig .A 7 ,2 . S uperposition  o f i t s  ord ina tes 
w ith  those o f curve (rim less je t  load ing ) g ives  the to ta l in -p la n e
bending moment on the bucke t, due to  its  being d ire c t ly  loaded
by the j e t .
Since the je t  im p inges on 3 buckets how ever, any 1 o f these 3 d ire c t ly  
loaded buckets a lso  acts as a supporting b u cke t, e xe rting  re s tra in t at the 
ju n c tio n  po in ts  o f the o ther 2 d ire c t ly  loaded b u cke ts . Now the bending 
moment d is tr ib u tio n  o f F ig . A7. 2 a rises  from assem bly ac tions
exerted on the je t loaded bucket by the 21 supporting  b u cke ts . Equal and 
opposite  to ta l ac tio ns  are exerted on the 21 supporting  buckets by the je t 
loaded bucke t. Therefore the in -p la n e  bending moment d is tr ib u tio n  on any 
1 supporting b u cke t, when ac tin g  w ith  the o the r 20,in  support o f 1 d ire c t ly  
loaded b u cke t, is  found by m u ltip ly in g  b y “^ ,  the correspond ing  ord ina tes o f 
M gYz *) F ig . A7 . 2 , and changing the s ig n s . For any o f the buckets
2supporting 2 d ire c t ly  loaded bu cke ts , the m u lt ip ly in g  fa c to r is  t h e n - ^  , 
and fo r the case o f any o f the buckets ac ting  s o le ly  in  a supporting c a p a c ity ,
3
fo r  the 3 d ire c t ly  loaded b u cke ts , the fa c to r is
The in -p la n e  bending moment d is tr ib u tio n  on any 1 o f the buckets 
ac ting  in  support o f 2 loaded b u c k e ts , has been thus determ ined from 
F ig . A7 . 2, The va lues  have been superim posed on the curve 
the bucket d ire c t ly  loaded o n ly , to  g ive the curve M e x  -roT , the to ta l 
in -p la n e /
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in -p la n e  bending moment due to  d ire c t je t lo ad ing  on the bucket and due 
to  the  same bucket ac tin g  in  support o f the  o th e r 2 je t  loaded b u cke ts .
I t  is  c le a r from the va lues th a t,  as m ight be expec te d , th is  la t te r  co n d itio n  
o f a bucket is  a more severe one than  th a t where the bucket is  not d ire c t ly  
loaded at a l l ,  but acts o n ly  in  a supporting c a p a c ity , a lb e it fo r 3 loaded 
b u cke ts . Corresponding stresses are re a d ily  ca lcu la te d  from the curves
M 0 Y.TOT o f F ig , A7. 2.
The fo rego ing  procedure is  d e ta ile d  fo r  in -p la n e  bending moment 
a c tio n  on the  bucke t. The procedure re leva n t to  the  le s s  s ig n if ic a n t 
d ire c t fo rce  a c tio n  is  on e x a c tly  s im ila r  l in e s .
A lthough th is  approxim ate th e o re tica l trea tm ent fo r  je t lo a d in g  
stresses is  much more re a lis t ic  than i ts  equ iva le n t in  chapte r 3 , i t  
cons ide rs  o n ly  in -p la n e  ac tio ns  on the b u c k e t, and so su ffe rs  from the  
d isadvan tage th a t id e n tic a l s tress d is tr ib u tio n s  are p red ic ted  fo r  the tw o  
edges o f the bucke t.
-287-
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